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Abstract

In several studies in reliability and in medical science, the cause of
failure/death of items or individuals may be attributable to more then
one cause. In this paper, we will study the competing risks model when
the data is progressively Type-II censored with random removals. We
study the model under the assumption of independent causes of failure
and exponential lifetimes, where the number of items or individuals re-
moved at each failure time follows binomial distribution. The maximum
likelihood estimators of the unknown parameters included in the model
and their asymptotic distributions are derived. A set of real data is
provided for illustrative purpose.

Keywords: Maximum likelihood estimator, variance covariance matrix,
goodness of fit

1 Introduction

In medical studies or in the analysis of reliability data, the failure time of
individuals or items may be attributable to more than one cause or factor.
These risk factors in some sense compete for the failure of the experimental
unit. Consider the example of Hoel (1972), based on a laboratory experiment
in which mice were given a dose of radiation at 6 weeks of age. The causes
of death were recorded as Thymic Lymphoma, Reticulum Cell Sarcoma, or
other. Another example is from a study of breast cancer patients Boag (1949),
where the cause of death was recorded as cancer or other. There are numerous
examples in reliability experiments, where items may fail due to one of several
causes. In traditional analysis of these data sets, the researcher is primarily
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interested in the distribution of lifetimes under one specific cause of failure,
say cancer, and all other causes are combined and treated as censored data.
In recent years, however, models have been developed to assess the lifetimes
of a specific risk in the presence of other competing risk factors. The data
for these ”competing risk models” consist of the failure time and an indicator
variable denoting the specific cause of failure of the individual or item. The
causes of failure may be assumed to be independent or dependent. In most
situations, the analysis of competing risk data assumes independent causes
of failure. Even though the assumption of dependence may be more realis-
tic, there is some concern about the identifiability of the underlying model.
Kalbfleisch and Prentice (1980), Crowder (2001) and several other authors,
such as Sarhan (2007) and Sarhan et al. (2008), have argued that without in-
formation on covariance, it is not possible using data to test the assumption of
independent failure times. See Crowder (2001) and the monograph by David
and Moeschberger (1978) for an exhaustive treatment of different competing
risks models.

Censoring is inevitable in life-testing and reliability studies because the
experimenter is unable to obtain complete information on lifetimes for all indi-
viduals. For example, patients in a clinical trial may withdraw from the study,
or the study may have to be terminated at a pre-fixed time point. In indus-
trial experiments, units may break accidentally. In many situations, however,
the removal of units prior to failure is pre-planned in order to provide savings
in terms of time and cost associated with testing. The two most common
censoring schemes are termed Type-I and Type-II censoring.

In this paper, we consider competing risk data under progressively Type-II
censoring. The censoring scheme is defined as follows: first, the experimenter
places n units or individual on test. The first failure is observed at X1:m:n and
then R1 of surviving unites is randomly selected and removed. When the i-th
failure unit is observed at Xi:m:n, Ri of surviving units are randomly selected
and removed, i = 2, 3, ..., m. This experiment terminates when the m-th failure
unit is observed at Xm:m:n and Rm = n−m−∑m−1

i=1 Ri of surviving units are all
removed, when the censoring scheme R1, R2, · · · , Rm are all pre-fixed, Cohen
(1963). But in some reliability experiments, the number of patients dropped
out the experiments cannot be pre-fixed and they are random.

At the time of each failure, one or more surviving units may be removed
from the study at random. The data from a progressively Type-II censored
sample is as follows: (X1:m:n, δ1, R1), (X2:m:n, δ2, R2), · · · , (Xm:m:n, δm, Rm),
where x1:m:n < x2:m:n < · · · < xm:m:n denote the m observed failure times,
δ1, δ2, · · · , δm denote the causes of failure, and R1, R2, · · · , Rm denote the
number of units removed from the test at the failure times x1:m:n < x2:m:n <
· · · < xm:m:n. Note that the complete and Type-II right censored samples
are special cases of the above scheme when R1 = R2 = · · · = Rm = 0, and
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R1 = R2 = · · · = Rm−1 = 0, Rm = n − m, respectively. For an exhaustive list
of references and further details on progressive censoring, the reader may refer
to the book by Balakrishnan and Aggarwala (2000).

The main aim of this paper is to analysis progressively Type-II censored
data with binomial random removals in the presence of competing risks model.
It is assumed here that the causes of failures follow exponential distributions.
We derive the maximum likelihood estimators (MLE) for different parameters.
The asymptotic confidence bounds of each parameter are obtained. Further,
we derive Bayes estimators and the two sided-Bayesian probability intervals of
each parameter. It is assumed in Bayes analysis that the exponential param-
eters are assumed to be independent and having gamma priors.

The organization of the paper is as follows. In Section 2, we describe
the model. The maximum likelihood and asymptotic confidence bounds are
presented in section 3. Section 4 discusses theBayes approach. Data analysis
is given in section 5. Section 6 discusses some extensions and generalization
of our results. Finally, some conclusions are drawn in section 7.

2 Model assumptions

The model studied in the paper satisfies the following assumptions.

1. We put n independent and identical unites on the life test. The test is
terminated when m ≤ n, m is pre-specified, units failed. There are two
independent causes of failure directed to each unit.

2. The lifetime of unit i is denoted as Xi, i = 1, 2, · · · , n. The time at
which the unit i fails due to cause j is Xij , j = 1, 2. That is, Xi =
min{Xi1, Xi2}.

3. The distribution of the random variable Xji is exponential with param-
eter αj , j = 1, 2 and i = 1, 2, · · · , n. That is, the pdf of Xij, j = 1, 2, for
each i = 1, 2, · · · , n, is

fj(x) = αje
−αjx x ≥ 0, αj > 0 (2.1)

and the survival function, sf, and the hazard rate function, hrf, are re-
spectively

F̄j(x) = e−αjx, hj(x) = αj . (2.2)

4. When the first failure occurs: (1) we observe two quantities X1:m:n and
δ1 ∈ {1, 2, ∗}; (2) R1 of surviving unites are randomly selected and re-
moved, where R1 follows binomial distribution with parameters n − m



968 A. M. Sarhan, M. Alameri and I. Al-Wasel

and p. When the i-th failure occurs, i = 2, 3, · · · , m − 1: (1) we ob-
serve two quantities Xi:m:n and δi ∈ {1, 2, ∗}; (2) Ri of surviving unites
are randomly selected and removed, where Ri follows binomial distribu-
tion with parameters n − m −∑i

�=1 R� and p. This experiment termi-
nates when the m-th failure occurs. When the m-th failure occurs: (1)
we observe the two quantities Xm:m:n and δm ∈ {1, 2, ∗}; (2) the rest
Rm = n − m −∑m−1

i=1 Ri surviving units are all removed from the test.
Here, δi = j, j = 1, 2 means the unit i has failed at time Xi:m:n due to
cause j, while δi = ∗ means the cause of unit i to fail is unknown. The
parameter p for binomial distribution is assumed to be the same for all
removals.

5. The failure times are from the same population as in the complete data.
that is, the population remain unchanged irrespective of the cause of
failure.

Based on the above assumptions, the available data is a progressively Type-
II censored sample which contains the following: (X1:m:n, δ1, R1), (X2:m:n, δ2, R2),
· · · , (Xm:m:n, δm, Rm), where X1:m:n < X2:m:n < · · · < Xm:m:n denote the m
observed failure times, δ1, δ2, · · · , δm denote the causes of failures, and R1,
R2, · · · , Rm denote the number of units removed from the test at the failure
times X1:m:n < X2:m:n < · · · < Xm:m:n. To simplify the notation we will use
henceforth Xi instead of Xi:m:n.

3 Maximum likelihood procedure

Given the available data obtained in section 2, the likelihood function can be
written as

L(θ;x, δ;R) = L1(θ;x, δ|R = r) P (R, p) , (3.1)

where

L1(θ;x, δ|R = r) = C
m∏

i=1

[
f1(xi) F̄2(xi)

]I(δi=1) [
f2(xi) F̄1(xi)

]I(δi=2)

[
f1(xi) F̄2(xi) + f2(xi) F̄1(xi)

]I(δi=∗) {
F̄ (xi)

}ri ,(3.2)

where C = n(n−r1−1) · · · (n−r1−· · ·−rm−1−m+1) and F̄ (x) = F̄1(x)F̄2(x).
Using the relation between the pdf, sf and hrf given by

f(x) = h(x)F̄ (x) ,
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one can write L1(θ;x, δ|R = r) as

L1(θ;x, δ|R = r) = C
m∏

i=1

[h1(xi)]
I(δi=1) [h2(xi)]

I(δi=2)

[h1(xi) + h2(xi)]
I(δi=∗) { F̄1(xi) F̄2(xi)

}1+ri .(3.3)

Substituting (2.2) into (3.3) we get

L1(θ;x, δ|R = r) = Cαn1
1 αn2

2 (α1 + α2)
n12e−(α1+α2)

�m
i=1 xi(ri+1) , (3.4)

where nj =
∑m

i=1 I(δi = j), j = 1, 2, and n12 =
∑m

i=1 I(δi = ∗).

Now the number of items randomly removed at each failure time where it
has a binomial distribution such that

P (R1 = r1) =

(
n − m

r1

)
pr1(1 − p)n−m−r1,

and

P (Ri = ri|Ri−1 = ri−1, · · · , R1 = r1) =

(
n − m −∑i−1

�=1 r�

ri

)
pri−1(1−p)n−m−�i

�=1 r�

where 0 ≤ ri ≤ n − m −∑i−1
�=1 r�, i = 1, 2, · · · , m − 1. The remaining items,

if there are some, are all removed from the test at the m-th failure with prob-
ability one. Further, it is assumed here that Ri is independent of Xi for all
i.Then

P (R, p) = P (Rm = rm|Rm−1 = rm−1, · · · , R1 = r1) × · · ·
×P (R2 = r2|R1 = r1) P (R1 = r1)

Therefore

P (R, p) =
(n − m)!

(n − m −∑m−1
i=1 ri)!

∏m−1
i=1 ri!

p
�m−1

i=1 ri(1 − p)(m−1)(n−m)−�m−1
i=1 (m−i)ri .

(3.5)

Substituting (3.4) and (3.5) into (3.1), the likelihood function takes the fol-
lowing form

L(θ;x, δ;R)) = C∗αn1
1 αn2

2 (α1 + α2)
n12e−(α1+α2)

�m
i=1 xi:m:n(ri+1) ×

p
�m−1

i=1 ri(1 − p)(m−1)(n−m)−�m−1
i=1 (m−i)ri , (3.6)

where C∗ = (n−m)!C

(n−m−�m−1
i=1 ri)!

�m−1
i=1 ri!
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Thus, the log-likelihood function takes the following form

L = n1 ln α1 + n2 ln α2 + n12 ln(α1 + α2) − (α1 + α2)
m∑

i=1

xi(ri + 1) +

m−1∑
i=1

ri ln p +

(
(m − 1)(n − m) −

m−1∑
i=1

(m − i)ri

)
ln(1 − p). (3.7)

The first partial derivatives of L with respect to α1, α2 and p are

∂L
∂α1

=
n1

α1
+

n12

α1 + α2
−

m∑
i=1

xi(ri + 1) ,

∂L
∂α2

=
n2

α2
+

n12

α1 + α2
−

m∑
i=1

xi(ri + 1) ,

∂L
∂p

=

∑m−1
i=1 ri

p
− (n − m)(m − 1) −∑m−1

i=1 (m − i)ri

(1 − p)
.

Equating the first partial derivatives to zero, we get the likelihood equa-
tions. Solving these equations in α1, α2 and p, we get the MLE of α1, α2 and
p as in the following forms

α̂j =
n1 m

(n1 + n2)
∑m

i=1 Xi:m:n(Ri + 1)
, j = 1, 2, (3.8)

and

p̂ =

∑m−1
i=1 Ri

(n − m)(m − 1) −∑m−1
i=1 (m − i)Ri +

∑m−1
i=1 Ri

. (3.9)

Confidence bounds In spit of the MLE of the element of the vector of un-
known parameters θ = (α1, α2, p), are obtained in closed forms, we do not
derive the distributions of these estimators. So, for that reason, we derive the
approximate confidence intervals of the parameters based on the asymptotic
distributions of the MLE of the parameters. It is known that the asymptotic
distribution of the MLE θ̂ is given by, see Miller (1981),

((α̂1 − α1), (α̂2 − α2), (p̂ − p)) → N3

(
0, I−1(α1, α2, p)

)
(3.10)

where I−1 (α1, α2, p) is the variance-covariance matrix of the vector of unknown
parameters θ = (α1, α2, p). The elements of the 3×3 matrix I−1, Ij�(α1, α2, p),
j, � = 1, 2, 3, can be approximated by Ij�(α̂1, α̂2, p̂), where
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Ij�(θ̂) = −E

[
∂2L(θ)

∂θj∂θ�

]
(3.11)

That is,

I11 =
n1

α̂2
1

+
n12

(α̂1 + α̂2)2
,

I22 =
n1

α̂2
1

+
n12

(α̂1 + α̂2)2
,

I33 =

∑m−1
i=1 ri

p̂2
+

(n − m)(m − 1) −∑m−1
i=1 (m − i)ri

(1 − p̂)2
,

I12 = I21 =
n12

(α̂1 + α̂2)2
,

I13 = I31 = I23 = I32 = 0 .

Therefore, the approximate 100(1− γ)% two sided confidence intervals for α1,
α2 and p are, respectively, given by

α̂j ± Zγ/2

√
I−1
jj (α̂1, α̂2, p̂) , j = 1, 2, p̂ ± Zγ/2

√
I−1
33 (α̂1, α̂2, p̂)

Here, Zγ/2 is the upper (γ/2)th percentile of a standard normal distribution.

4 Data analysis

We consider in this section a real-life data set from Lawless (2003, p. 441).
This data consist of times to failure or censoring times for 36 small electrical
appliances subjected to an automatic life test. Failures were classified into
18 different modes, though among the 33 observed failures only 7 modes were
represented, and only modes 6 and 9 appeared more than twice. We are mainly
focus on the failure mode 9. Therefore, the data consist of two causes of failure,
δ = 1(failure mode 9), δ = 2(all other failure mode), and δ = 0(failure time is
censored). The following shows the ordered failure times and cause of failure
if available.

Data Set.
(11, 2), (35, 2), (49, 2), (170, 2), (329,2), (381, 2), (708, 2), (958, 2), (1062, 2),
(1167, 1), (1594, 2), (1925, 1), (1990, 1), (2223, 1), (2327, 2), (2400, 1), (2451,
2), (2471, 1), (2551, 1), (2565, 0), (2568, 1), (2694, 1), (2702, 2), (2761, 2),
(2831, 2), (3034, 1), (3059, 2), (3112, 1), (3214, 1), (3478, 1), (3504, 1), (4329,
1), (6367, 0), (6976, 1), (7846, 1), (13403, 0).
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Here we have n = 36, n1 = 17, n2 = 16, n12 = 3,
∑n

i=1 xi = 99245.

Using the above data, without censoring, we computed the MLE of the
parameters α1, α2, corresponding variances of these estimates and the 95%
C.I. of α1, α2. Table 1 gives the results obtained.

Table 1: Estiamtions using the original sample.
parameter MLE Var 95% C.I.

α1 1.8687 × 10−4 1.9659 × 10−9 [9.9964 × 10−5, 2.7377 × 10−4]
α2 1.7587 × 10−4 1.8551 × 10−9 [9.1456 × 10−5, 2.6029 × 10−4]

We used the original set of data to generate random sets of Type-II pro-
gressively censoring with random removals. In these sets we assumed m =
15, 20, 25 and p = 0.2, 0.5, 0.8. Table 2 gives the random samples obtained.

The random samples given in the above table are used to compute the MLE
and confidence intervals of the parameters. The results obtained are shown in
table 3.

Based on the results shown in table 3, one can recognize that:

1. increasing the value of m gives a better estimate, in the sense of having
smaller variance.

2. Binomial removal with different p gives estimate with different accuracy.
To study the effect of p on the accuracy of the MLE of the parameters,
we need to use more simulation studies.
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Table 2: Progressive Type-II censoring samples with binomial removals.
m = 15, p = 0.2

R [2, 5, 2, 2, 3, 3, 2, 1, 0, 0, 1, 1, 1, 1, 0, 0]
(X, δ) (11, 2), (1062, 2), (1925, 1), (2327, 2), (2551, 1), (2565, ∗), (2702, 2), (2831, 2)

(3034, 1), (3059, 2), (3214, 1), (3504, 1), (6367, ∗), (6976, 1)(13403, ∗)
m = 15, p = 0.5

R [10, 7, 2, 1, 0, 0, 1, 0, 0, 0, , 0, 0, 0, 0, 0, 0]
(X, δ) (11, 2), (2551, 1), (2565, ∗), (2702, 2), (2831, 2), (3034, 1), (3059, 2), (3214, 1)

(3478, 1), (3504, 1)(4329, ∗), (6367, 1), (6976, 1), (7846, 1), (13403, ∗)
m = 15, p = 0.8

R [16, 5, 0, 0, 0, 0, 0, 0, 0, 0, , 0, 0, 0, 0, 0, 0]
(X, δ) (11, 2), (2565, ∗), (2761, 2), (2831, 2), (3034, 1), (3059, 2), (3112, 1), (3214, 1)

(3478, 1), (3504, 1)(4329, 1), (6367, ∗), (6976, 1), (7846, 1), (13403, ∗)
m = 20, p = 0.2

R [1, 4, 5, 1, 1, 0, 0, 0, 1, 0, 0, 2, 0, 1, 0, 0, 0, 0, 0, 0]
(X, δ) (11, 2), (708, 2), (1990, 1), (2327, 2), (2451, 2), (2471, 1), (2551, 1), (2565, ∗),

(2568, 1), (2702, 2), (2761, 2), (2831, 2), (3112, 1), (3214, 1), (3504, 1), (4329, 1),
(6367, ∗)(6976, 1), (7846, 1), (13403, ∗)

m = 20, p = 0.5
R [7, 4, 3, 1, 0, 1, 0, 0, 0, 0, , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

(X, δ) (11, 2), (1990, 2), (2451, 1), (2551, 2), (2565, 2), (2568, 1), (2702, 1), (2761, ∗),
(2831, 1), (3034, 2), (3059, 2), (3112, 2), (3214, 1), (3504, 1), (3504, 1), (4329, 1),

(6367, ∗)(6976, 1), (7846, 1), (13403, ∗)
m = 20, p = 0.8

R [13, 2, 1, 0, 0, 0, 0, 0, 0, 0, , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
(X, δ) (11, 2), (2451, 2), (2551, 1), (2565, ∗), (2568, 1), (2694, 1), (2702, 2), (2761, 2),

(2831, 2), (3034, 1), (3059, 2), (3112, 1), (3214, 1), (3478, 1), (3504, 1), (4329, 1),
(6367, ∗)(6976, 1), (7846, 1), (13403, ∗)

m = 25, p = 0.2
R [0, 0, 2, 3, 2, 3, 1, 0, 0, 0, 0, 2, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

(X, δ) (11, 2), (35, 2), (329, 2), (1062, 2), (1925, 1), (2400, 1), (2451, 2), (2551, 1), (2565,
∗), (2568, 1), (2694, 1), (2702, 2), (2761, 2), (2831, 2), (3034, 1), (3059, 2), (3112, 2),

(3214,2),(3478, 1), (3504, 1), (4329, 1), (6367, 1)(6976, ∗), (7846, 1), (13403, ∗)
m = 25, p = 0.5

R [0, 0, 2, 3, 2, 3, 1, 0, 0, 0, 0, 2, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
(X, δ) (11, 2), (1062, 2), (1925, 1), (2327, 2), (2400, 1), (2451, 2), (2471, 1), (2551, 1), (2565,

∗), (2568, 1), (2694, 1), (2702, 2), (2761, 2), (2831, 2), (3034, 1), (3059, 2), (3112, 1),
(3214,1),(3478, 1), (3504, 1), (4329, 1), (6367, ∗)(6976, 1), (7846, 1), (13403, ∗)

m = 25, p = 0.8
R [7, 3, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

(X, δ) (11, 2), (1925, 1), (2223, 1), (2327, 2), (2400, 1), (2451, 2), (2471, 1), (2551, 1), (2565,
∗), (2568, 1), (2694, 1), (2702, 2), (2761, 2), (2831, 2), (3034, 1), (3059, 2), (3112, 1),

(3214,1), (3478, 1), (3504, 1), (4329, 1), (6367, ∗)(6976, 1), (7846, 1), (13403, ∗)
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Table 3: The MLE, variances and C.I. for the data in table 3.
for m = 15, p = 0.2

parameter MLE Var 95%C.I.
α1 7.4260 × 10−5 8.2719 × 10−10 [1.7890 × 10−5, 1.3063 × 10−4]
α2 7.4260 × 10−5 8.2719 × 10−10 [1.7890 × 10−5, 1.3063 × 10−4]

for m = 20, p = 0.2
parameter MLE Var 95%C.I.

α1 1.1345 × 10−4 1.1735 × 10−9 [4.6307 × 10−5, 1.8059 × 10−4]
α2 7.9413 × 10−5 8.4527 × 10−10 [2.2430 × 10−5, 1.3640 × 10−4]

for m = 25, p = 0.2
parameter MLE Var 95%C.I.

α1 1.4391 × 10−4 1.4801 × 10−9 [6.8506 × 10−5, 2.1932 × 10−4]
α2 9.9631 × 10−5 1.0488 × 10−9 [3.6158 × 10−5, 1.6310 × 10−4]

for m = 15, p = 0.5
parameter MLE Var 95%C.I.

α1 1.0557 × 10−4 1.2073 × 10−9 [3.7465 × 10−5, 1.7367 × 10−4]
α2 5.2783 × 10−5 6.5007 × 10−10 [1.7367 × 10−5, 2.8105 × 10−4]

for m = 20, p = 0.5
parameter MLE Var 95%C.I.

α1 1.3038 × 10−4 1.3953 × 10−9 [5.7164 × 10−5, 2.0359 × 10−4]
α2 7.1114 × 10−5 7.9824 × 10−10 [1.5739 × 10−5, 1.2649 × 10−4]

for m = 25, p = 0.5
parameter MLE Var 95%C.I.

α1 1.8687 × 10−4 1.6943 × 10−9 [7.9579 × 10−5, 2.4093 × 10−4]
α2 9.1575 × 10−5 1.0025 × 10−9 [2.9518 × 10−5, 1.5363 × 10−4]

for m = 15, p = 0.8
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