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Abstract

In this paper we introduce the geometric notion of a differential sys-
tem describing surfaces of a constant negative curvature and describe a
family of pseudo-spherical surface for the unstable nonlinear Schrödinger
equations with constant Gaussian curvature −1. Travelling wave solu-
tion for the above equation, is obtained by using a sech-tanh method
and the Wu’s elimination method.
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1. Introduction

The theory of integrable systems has been an active area of mathematics
for the past thirty years. Different aspects of the subject have fundamental
relations with mechanics and dynamics, applied mathematics, algebraic struc-
tures, theoretical physics, analysis including spectral theory and geometry.

In recent decades, a class of transformations having their origin in the
work by Bäcklund in the late nineteenth century has provided a basis for
remarkable advances in the study of nonlinear partial differential equations
(NLPDEs)[1-11]. The importance of Bäcklund transformations (BTs) and
their generalizations is basically twofold. Thus, on one hand, invariance under
a BT may be used to generate an infinite sequence of solutions for certain
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NLPDEs by purely algebraic superposition principles. On the other hand,
BTs may also be used to link certain NLPDEs [12-20] (particularly nonlinear
evolution equations (NLEEs) modelling nonlinear waves) to canonical forms
whose properties are well known [21].

Nonlinear wave phenomena have attracted the attention of physicists for a
long time. Investigation of a certain kind of NLPDEs has made great progress
in the last decades. These equations have a wide range of physical applications
and share several remarkable properties [22]: (i) the initial value problem can
be solved exactly in terms of linear procedures, the so-called ” inverse scattering
method (ISM)”; (ii) they have an infinite number of ” conservation laws ”; (iii)
they have ”BTs”; (iv) they describe pseudo-spherical surfaces (pss), and hence
one may interpret the other properties (i-iii) from a geometrical point of view;
(v) they are completely integrable [3,24,25]. This geometrical interpretation is
a natural generalization of a classical example given by Chern and Tenenblat
[25] who introduced the notion of a differential equation (DE) for a function
that describes a pss, and they obtained a classification for such equations of
type ut = F (u, ux, ..., uxk) (uxk = ∂ku/∂xk). These results provide a systematic
procedure to obtain a linear eigenvalue problem associated to any NLPDE of
this type [26-32].

Sasaki [22] gave a geometrical interpretation for inverse scattering prob-
lem (ISP), considered by Ablowitz et al.[33], in terms of pss. Based on this
interpretation, one may consider the following definition.

Let M2 be a two-dimensional differentiable manifold with coordinates (x, t).
A DE for a real function u(x, t) describes a pss if it is a necessary and sufficient
condition for the existence of differentiable functions fij , 1 ≤ i ≤ 3, 1 ≤ j ≤ 2,
depending only on u and a finite number of derivatives, such that the one-forms

ωi = fi1dx + fi2dt, 1 ≤ i ≤ 3, (1)

satisfy the structure equations of a surface of constant Gaussian curvature
−1

dω1 = ω3 ∧ ω2, dω2 = ω1 ∧ ω3 dω3 = ω1 ∧ ω2. (2)

A DE for a real valued function u(x, t) is kinematically integrable if it is the
integrability condition of a one-parameter family of linear problems [24-30]

νx = P (η)ν, νt = Q(η)ν, (3)

in which P (η) and Q(η) are SL(2, R)-valued functions of x, t and (u and its
derivatives) up to a finite order. Thus, an equation is kinematically integrable
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if it is equivalent to the zero curvature condition

∂P (η)

∂t
− ∂Q(η)

∂x
+ [P (η), Q(η)] = 0, (4)

where trP (η) = trQ(η) = 0, for each η (spectral parameter or eigenvalue). In
addition a DE will be said to strictly kinematically integrable if it is kinemat-
ically integrable and diagonal entries of the matrix P (η) introduced above are
η and −η.

The main aim of this paper is to explain the relationships between local
differential geometry of surfaces and integrability of evolutionary NLEEs. A
new travelling wave solution for the unstable nonlinear Schrödinger (UNLS)
equation which describe pss is obtained.

The paper is organized as follows. The correspondence between UNLS
equation and their families of pss is established in section 2. In section 3, a
new exact soliton solutions are obtained for the UNLS equation by using a
sech-tanh method and the Wu’s elimination method. Finally, we give some
conclusions in section 4.

2. The UNLS equations that describe pss

The inverse scattering method (ISM) was introduced first for the Korteweg-
de Vries equation (KdVE) [31]. Later it was extended by Zakharov and Sha-
bat [32] to a 2 × 2 scattering problem for the NLS equation and that was
subsequently generalized by Ablowitz, Kaup, Newell and Segur (AKNS) [33]
to include a variety of NLEEs. Khater, et al. [30] generalized the results of
Konno and Wadati [34] by considering ν as a three component vector and Ω as
a traceless 3 × 3 matrix one-form. The above definition of a DE is equivalent
to saying that the DE for u is the integrability condition for the problem

dν = Ων, ν =

⎛
⎝

ν1

ν2

ν3

⎞
⎠ , (5)

where ν is a vector and the 3 × 3 matrix Ω (Ωij , i, j = 1, 2, 3) is traceless

trΩ = 0, (6)

and consists of a one-paramter (η), family of one-forms in the independent
variables (x, t), the dependent variable u and its derivatives. Khater et al. [30]
introduced the inverse scattering problem (ISP):

ν1x = f31ν2 − f11ν3, ν2x = −f31ν1 − ην3, ν3x = −f11ν1 − ην2, (7)
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ν1t = f32ν2 − f12ν3, ν2t = −f32ν1 − f22ν3, ν3t = −f12ν1 − f22ν2. (8)

The associated integrability conditions for Eq. (3) or (5), which are obtained
by cross differentiation, then take the matrix form

dΩ − Ω ∧ Ω = 0, (9)

or in component form

f12,x − f11,t = f31f22 − ηf32, (10)

f22,x = f11f32 − f12f31, (11)

f32,x − f31,t = f11f22 − ηf12. (12)

We will restrict ourselves to the case where f21 = η. More precisely, we say
that a DE for u(x, t) describes a pss if it is a necessary and sufficient condition
for the existence of functions fij , 1 ≤ i ≤ 3, 1 ≤ j ≤ 2, depending on
u(x, t) and its derivatives, f21 = η, such that the one - forms in equation (1),
satisfy the structure equations (2) of a pss. It follows from this definition that
for each nontrivial solution u of the DE, one gets a metric defined on M2,
whose Gaussian curvature is −1.

It has been known, for along time, that the sine-Gordon (SG) equation
describes a pss. In this paper we extend the same analysis to include the
UNLS equation.

Example: Let M2 be a differentiable surface, parametrized by coordinates
x, t.

(a) The UNLS equation

Consider
ω1 = 2wdx + (−4ηw + 2vt)dt,

ω2 = 2ηdx + (2(v2 + w2) − 4η2)dt, (13)

ω3 = −2vdx + (4ηv + 2wt)dt.

Then M2 is a pss iff u satisfies the UNLS equation

iux + utt + 2| u |2u = 0, where u = v + iw. (14)

3. Travelling wave solution for the UNLS equation
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Now we shall find a travelling wave solutions u(x, t) for the UNLS equation
(14). The solutions of UNLS equation possesses their actual physical applica-
tion, this is the reason why so many methods, such as Wiss-Tabor-Carnevale
transformation method [35], tanh-function method [36], Truncated expansion
method [37] and so on, have been applied to obtained the solution to UNLS
equation. In this section we obtain a new travelling wave solution class for
UNLS equation by using a sech-tanh method [38,39] and Wu’s elimination
method [40]. The main idea of the algorithm is as follows. Given a PDE of
the form

f(u, ux, ut, uxx, uxt, utt, · · · ) = 0, (15)

where f is a polynomial. By assuming travelling wave solutions of the form

u(x, t) = φ(ρ), ρ = λ(t − kx + c), (16)

where k, λ are constant parameters to be determined, and c is an arbitrary
constant, from the two Eqs. (17) and (18) we obtain an ODE

f(φ′, φ′′, φ′′′, · · · ) = 0, (17)

where φ′ =
dφ

dρ
. According to the sech-tanh method [38-41], we suppose that

Eq. (19) has the following formal travelling wave solution

φ(ρ) =
n∑

i=1

sechi−1ρ (Bi sechρ + Ai tanh ρ) + A0 , (18)

where A0 , · · · , An and B1 , · · · , Bn are constants to be determined. Then we
proceed as follows:

(i) Equating the highest order nonlinear term and highest order linear partial
derivative in (19), yield the value of n.

(ii) Substituting Eq. (20) into (19), we obtain a polynomial equation involving
tanh ρ sechi ρ, sechiρ for i = 0, 1, 2, · · · , n, (with n being positive integer)

(iii) Setting the constant term and coefficients of sechρ, tanh ρ, sechρ tanh ρ,
sech2ρ, · · · , in the equation obtained in (ii) to zero, we obtain a system of alge-
braic equations about the unknown numbers k, λ, A0, Ai, Bi for i = 1, 2, · · · , n.

(iv) Using the Mathematica and the Wu’s elimination methods, the algebraic
equations in (iii) can be solved.

These yield the solitary wave solutions for the system (19). We remark that
the above method yield solutions that includes terms sechρ or tanh ρ, as well
as their combinations. There are different forms of those obtained by other



912 G. M. Gharib

methods, such as the homogenous balance method [42,43]. We assume formal
solutions of the form

u(x, t) = φ(ρ), ρ = λ(t − kx + c), (19)

where k, λ are constant parameters to be determined later, and c is an arbitrary
constant. Now we shall find a travelling wave solutions u(x, t) for the UNLS
equation (16), Eq. (16) can be written in the real form as follows u = v + iw:

vx + wtt + 2(v2 + w2)w = 0,
−wx + vtt + 2(v2 + w2)v = 0.

(20)

We assume formal solutions of the form

v(x, t) = φ(ρ), w(x, t) = θ(ρ), ρ = λ(t − kx + c), (21)

where k, λ are constant parameters to be determined later, and c is an arbitrary
constant. Substituting from (29) into (28), we obtain two ODEs

−kλφ′ + λ2θ′′ + 2(φ2 + θ2)θ = 0,
kλθ′ + λ2φ′′ + 2(φ2 + θ2)φ = 0.

(22)

(i) Equating the highest order nonlinear term and highest order linear partial
derivative in (30), yield n = 1. Then Eq. (30) has the following formal
solutions

φ(ρ) = A0 + A1 sech ρ + B1 tanh ρ,
θ(ρ) = a0 + a1 sech ρ + b1 tanh ρ.

(23)

(ii) With the aid of Mathematica, substituting Eqs. (31) into (30), then we ob-
tain a polynomial equation involving tanhi ρ sechjρ for i = 0, 1, j = 0, 1, 2, 3.

−kλφ′ + λ2θ′′ + 2(φ2 + θ2)θ = (2a3
0 + 2a0A

2
0 + 4b1A0B1 + 6a0b

2
1 + 2a0B

2
1)+

(λ2a1 + 6a2
0a1 + 2a1A

2
0 + 4a0A0A1 + 6a1b

2
1 + 4b1A1B1 + 2a1B

2
1) sech ρ+

(2b3
1 + 6a2

0b1 + 4a0A0B1 + 2b1A
2
0 + 2b1B

2
1) tanh ρ + (kλA1 + 12a0a1b1+

4b1A0A1 + 4a1A0B1 + 4a0A1B1) sech ρ tanh ρ + (6a0a
2
1 + 4a1A0A1+

2a0A
2
1 − 6a0b

2
1 − kλB1 − 4b1A0B1 − 2a0B

2
1) sech2ρ + (−2λ2b1 + 6a2

1b1 − 2b3
1+

2b1A
2
1 + 4a1A1B1 − 2b1B

2
1) sech2ρ tanh ρ + (−2λ2a1 + 2a3

1 + 2a1A
2
1−

6a1b
2
1 − 4b1A1B1 − 2a1B

2
1) sech3ρ = 0,

(24)

kλθ′ + λ2φ′′ + 2(φ2 + θ2)φ = (2a2
0A0 + 6A0B

2
1 + 2A0B

2
1 + 4a0b1B1 + 2A3

0)+
(λ2A1 + 6A2

0A1 + 2A1b
2
1 + 4a0a1A0 + 6A1B

2
1 + 4a1b1B1 + 2A1a

2
0) sech ρ+

(2B3
1 + 6A2

0B1 + 4a0A0b1 + 2B1a
2
0 + 2b2

1B1) tanh ρ + (−kλa1 + 12A0A1B1+
4a1A0b1 + 4a0a1B1 + 4a0A1b1) sech ρ tanh ρ + (6A0A

2
1 + 4a0a1A1+

2A0a
2
1 − 6A0B

2
1 + kλb1 − 4b1a0B1 − 2A0b

2
1) sech2ρ + (−2λ2B1 + 6A2

1B1 − 2B3
1+

2B1a
2
1 + 4a1A1b1 − 2B1b

2
1) sech2ρ tanh ρ + (−2λ2A1 + 2A3

1 + 2a2
1A1−

6A1B
2
1 − 4b1a1B1 − 2A1b

2
1) sech3ρ = 0,

(25)
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(iii) Setting the constant term and coefficients of tanhi ρ sechjρ for i = 0, 1, j =
0, 1, 2, 3, in the equation obtained in (ii) to zero, we obtain a system of algebraic
equations about the unknown numbers A0, A1, B1, a0, a1, b1 and k.

2a3
0 + 2a0A

2
0 + 4b1A0B1 + 6a0b

2
1 + 2a0B

2
1 = 0,

λ2a1 + 6a2
0a1 + 2a1A

2
0 + 4a0A0A1 + 6a1b

2
1 + 4b1A1B1 + 2a1B

2
1 = 0,

2b3
1 + 6a2

0b1 + 4a0A0B1 + 2b1A
2
0 + 2b1B

2
1 = 0,

kλA1 + 12a0a1b1 + 4b1A0A1 + 4a1A0B1 + 4a0A1B1 = 0,
6a0a

2
1 + 4a1A0A1 + 2a0A

2
1 − 6a0b

2
1 − kλB1 − 4b1A0B1 − 2a0B

2
1 = 0,

−2λ2b1 + 6a2
1b1 − 2b3

1 + 2b1A
2
1 + 4a1A1B1 − 2b1B

2
1 = 0,

−2λ2a1 + 2a3
1 + 2a1A

2
1 − 6a1b

2
1 − 4b1A1B1 − 2a1B

2
1 = 0,

(26)

2a2
0A0 + 6A0B

2
1 + 2A0B

2
1 + 4a0b1B1 + 2A3

0 = 0,
λ2A1 + 6A2

0A1 + 2A1b
2
1 + 4a0a1A0 + 6A1B

2
1 + 4a1b1B1 + 2A1a

2
0 = 0,

2B3
1 + 6A2

0B1 + 4a0A0b1 + 2B1a
2
0 + 2b2

1B1 = 0,
−kλa1 + 12A0A1B1 + 4a1A0b1 + 4a0a1B1 + 4a0A1b1 = 0,

6A0A
2
1 + 4a0a1A1 + 2A0a

2
1 − 6A0B

2
1 + kλb1 − 4b1a0B1 − 2A0b

2
1 = 0,

−2λ2B1 + 6A2
1B1 − 2B3

1 + 2B1a
2
1 + 4a1A1b1 − 2B1b

2
1 = 0,

−2λ2A1 + 2A3
1 + 2a2

1A1 − 6A1B
2
1 − 4b1a1B1 − 2A1b

2
1 = 0.

(27)

(iv) Now we solve the above set of Eqs. (34) and (35) by using Mathematica
and the Wu’s elimination method, we obtain the following solution

A0 = A1 == a1 = b1 = 0, a0 = ±λ B1 = ±iλ, k = ∓iλ (28)

Substituting (36) into (31), we obtain

v(x, t) = φ(ρ) = ±iλ tanh ρ, w(x, t) = θ(ρ) = ±λ, (29)

then, the solution of UNLS equation (16) takes the form

u(x, t) = ±iλ(1 + tanh ρ), ρ = λ(t ± iλx + c). (30)

4. Conclusions

A soliton is a localized pulse-like nonlinear wave that possesses remarkable
stability properties. Typically, problems that admit soliton solutions are in the
form of evolution equations that describe how some variable or set of variables
evolve in time from a given state. The equations may take a variety of forms, for
example, PDEs, differential difference equations, partial difference equations,
and integro-differential equations, as well as coupled ODEs of finite order.

We may hope to find relationship between UNLS equation and their families
of pss. In this paper, we obtained a new travelling wave solution to the UNLS
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equation of the pseudo-spherical class by using a sech-tanh method and the
Wu’s elimination method.
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