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Abstract
We consider the sequence of polynomials which belong to P :=

{(fn); there is a sequence (cn) such thatfn(z) = z(zd + cn)}. Given
any sequence (fn) ∈ P, we want to discuss the behavior of iterates
Fn := fn ◦ · · · ◦ f1 depending on the underlying sequence (cn).
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1 Introduction

In this paper we discuss sequence of polynomials which belong to

P := {(fn); there is a sequence (cn) such that fn(z) = z(zd + cn)}.
Given any sequence (fn) ∈ P, we denote the composition fn ◦ · · ·◦f1 by Fn. In
this paper we want to discuss the behavior of (Fn) depending on the underlying
sequence (cn). We call the set

F := {z ∈ Ĉ; (Fn) is normal in some neighborhood of z}
the Fatou set and its complement J := Ĉ − F the Julia set. Components
of the Fatou set are called stable domains. If ∞ belong to the Fatou set, we
denote the corresponding stable domain by A(∞). For any stable domain V
we denote the set of all limit functions by G(V ). If all elements of G(V ) are
constant functions, we call V a contracting domain, otherwise an expanding
domain. A hyperbolic domain M ⊂ Ĉ is called invariant, if fn(M) ⊂ M for
all n ∈ N.
For further examinations it will be useful to make the following classification.
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Definition 1.1 Given a sequence (fn) ∈ P we say that (fn) belongs to

• class PI , if there is an invariant domain M,∞ ∈ M , such that Fn →
∞(n → ∞) locally uniformly in M ,

• class PII , if Fn → ∞(n → ∞) locally uniformly in some neighborhood
of ∞,

• class PIII , if ∞ ∈ J .

It is obvious that no sequence (fn) ∈ P is contained in two different classes,
but it is not yet clear if every sequence belongs to one of these classes.
Notation. We will use the following denotations Dr + +(z0) := {z ∈ C; |z −
z0| < r}, Dr := Dr(0) and D := D1.

2 Main Result

The following theorem shows that every sequence (fn) ∈ P belongs to one of
these classes.

Theorem 2.1 Let (fn) ∈ P, and (cn) be a sequence of complex numbers
such that fn(z) = z(zd + cn). Then (fn) belongs to

1. class PI , if and only if (cn) is bounded,

2. class PII if and only if (cn) is not bounded,but log+ |cn| = O(dn)

3. class PIII , if and only if lim supn→∞(log+ |cn|)/dn = +∞.

In particular, P is the disjoint union of PI ,PII and PIII .
Proof. Step 1. Let (cn) be bounded by positive constant C. Then we get for
all z ∈ M := {z ∈ Ĉ; |z| > (1 + C)1/d}. It follows that

|fn(z)| ≥ |z|(|z|d − |cn|) > |z|.
Hence, M is an invariant domain, ∞ ∈ M , and Fn → ∞(n → ∞) uniformly
in M , i.e., (fn) belongs to class PI .
Now let (fn) be in class PI . We denote the corresponding invariant set by
M . Let z0 ∈ C − M . If (cn) is an unbounded sequence, any sequence (wn)
satisfying wn(wn + cn) = z0, will also be unbounded. Therefore, we can find
n ∈ N such that wn ∈ M . Thus, we get z0 = fn(wn) infn(M) ⊂ M , which
contradicts z0 /∈ M . This proves (1).
Step 2. Let (cn) be a sequence which satisfies log+ |cn| = O(dn), i.e, there is a
positive a such that log+ |cn| ≤ adn. We show that

|Fn(z)| > 2 exp(adn+1) (1)



Classification of the composition 3

for all n ∈ N and z ∈ Q := {z ∈ Ĉ; |z| > exp(ad)}. Obviously, (1) is true for
n = 0. If we assume that (1) is valid for n, then we get for z ∈ Q,
|Fn+1(z)| > 2 exp(adn+1)((2 exp(adn+1))d−|cn+1|) ≥ 2 exp(adn+1)((dexp(adn+2)−
exp(adn+1)) ≥ 2 exp(adn+1)(2d−1 exp(adn+2)) ≥ 2 exp(adn+2), � which
proves (1) by induction. Hence, (Fn) converges to ∞ uniformly in Q. This
shows that, if (cn) is an unbounded sequence satisfying log+ |cn| = O(dn), and
(fn) belongs to class PII .
For converse, let (cn) be a sequence which does not satisfy log+ |cn| = O(dn).
We choose an ∈ R∪{−∞} such that |cn| = exp(andn), where we set exp(−∞) :=
0. By assumption, we get lim supn→∞ = +∞. As shown in Step 1, (fn) cannot
belong to class PI . We want to prove that (fn) is not contained in class PII .
We suppose that (fn) is in class PII . Therefore, we can find a positive r such
that Fn → ∞(n → ∞) uniformly in {z ∈ C∞; |z| ≥ r}. This means that there
is n0 ∈ N such that 0 /∈ Fn({z ∈ C∞; |z| ≥ r}) for all n ≥ n0. We set r0 := r
and rn := rn−1(rn−1+|cn|) for n ∈ N. It follows that sup{|z|; z ∈ Fn(Dr)} ≤ rn.

Furthermore, we choose ρn ∈ R such that rn = exp(ρndn). If
rd
n−1

|cn| < 1, then

Fn(Dr) ⊂ Drd
n−1

(cn) and 0 /∈ Fn(Dr). Since Fn has at least one zero, there is

z0 ∈ C − Dr such that Fn(z0) = 0. By definition of n0, this is possible only if
n < n0. Hence, we have rd

n−1/|cn| ≥ 1 for all n ≥ n0. Since

1 ≤ rd
n−1

|cn| = exp(dρn−1d
n−1 − andn) = exp(dn(ρn−1 − an)),

it follows that ρn−1 ≥ an for n ≥ n0. Therefore, we get the inequality
exp(ρndn) = rn = rn−1(r

d
n−1 + |cn|) = exp(ρn−1d

n−1)(exp(ρn−1d
n)+ exp(andn))

≤ d exp(ρn−1d
n) = exp(ρn−1d

n + log d).
It follows that ρn ≤ ρn−1 + (log d)/dn, which gives ρn ≤ ρn0 + log d. Hence,
the sequence (ρn) is bounded. Since an ≤ ρn−1 for all n ≥ n0, we get a
contradiction because (an) is not bounded.
Step 3. In order to prove (iii) it only remain to show that every sequence (fn) ∈
P belong to one of the three classes PI ,PII and PIII . If we know this, (iii)
follows using (i) and (ii), which we have already proved. It is sufficient to show
that the point ∞ is contained in the Julia set if the sequence ((log |cn|)/dn) is
not bounded. We set Kr := C∞ − D. According to Step 3 we know that for
every positive r there is a positive integer n such that 0 ∈ Fn(Kr). Therefore,
we can find a strictly increasing sequence (nk) of positive integers such that
0 ∈ Fnk

(Kk) for all k ∈ N.
We suppose that ∞ is contained in the Fatou set, i.e., (Fn) is normal in some
neighborhood U of ∞. We may further assume that (Fnk

) converges locally
uniformly in U to the limit F , which is holomorphic in U . Since F is continuous
and F (∞) = ∞, we can choose r > 0 sufficiently large such that Kr ⊂ Uand
|F (z)| ≥ 2 for all z ∈ Kr. Because (Fnk

) converges uniformly in Kr, there
is a positive integer k0 such that |Fnk

(z)| ≥ 1 for all k ≥ k0. Hence, we get
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0 /∈ Fnk
(Kr) for all k ≥ k0, which is a contradiction because 0 ∈ Fnk

(Kk) ⊂
Fnk

(Kr) for all k ≥ r.
This completes the proof of Theorem. �
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