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Abstract
We briefly describe how time averages of arbitrary spatial averages

in dynamical systems, with respect to Lebesgue measure, can be under-
stood through a suitable variation of the concept of Young measure.

1 Introduction

It is well-known that in the study of dynamical systems, time averages of the
type

lim
n→∞

1

n

n−1∑
j=0

φ(f (j)(x))

play a central role. Here f : Ω → Ω is a continuous map on a certain bounded
subset Ω ⊂ RN , f (j) stand for the succesive iterates of f , and φ is any continu-
ous observable. We have placed ourselves on this specific context of a bounded
set of an euclidean space from the beginning for the sake of simplicity although
much more general frameworks can also be treated. Birkhoff’s ergodic theo-
rem ([5]) ensures that such time averages exists a.e. with respect to f -invariant
measures. In this situation the above limit, depending on the base point x,
can be represented by an action on continuous mappings φ

〈φ, νx〉 = lim
n→∞

1

n

n−1∑
j=0

φ(f (j)(x)), μ− a.e. x ∈ Ω,

where νx is a certain probability measure on Ω. If we consider the collection
of all such probability measures ν = {νx}x∈Ω, then it can be shown that∫

Ω

∫
Ω

φ(λ) dνx(λ) dμ(x) =

∫
Ω

φ(λ) dμ(λ),
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for all such φ’s. This is essentially the ergodic decomposition theorem (see for
instance [7]).

Within this scenario, we are forced to work with an underlying probability
measure μ on Ω which must be f -invariant. If we now turn to a different
mapping g : Ω → Ω, we should accordingly change the underlying measure
to be g-invariant. But sometimes it might be interesting to stay with a given
important measure regardless of the mapping we are studying. Certainly when
Ω is a subset of RN , we would like to work with the Lebesgue measure, and
state facts on time averages with respect to Lebesgue measure instead of, or
rather in addition to, considering invariant measures with respect to the given
map. This has been examined in some circumstances in [10] and [17].

In this note, we would like to indicate that Young measures ([2], [13],
[11], [15], [16]), or rather a suitable modification, can help somehow in this
endeavor. A Young measure is a family of probability measures ν = {νx}x∈Ω

just as above, but connected to Lebesgue measure (or any other given measure
on Ω) instead of to an f -invariant measure for a fixed map f . This tool has
been used in non-convex optimization problems ([3], [8], [9], [12]) where it
has shown its power. The main property it enjoys is related to its ability to
reproduce weak limits of compositions with non-linear quantities. Namely, if
uj : Ω → Rm is a given, uniformly bounded sequence of functions, we can
always find a certain subsequence, which we do not care to relabel at this
stage, and a family of probability measures ν = {νx}x∈Ω such that for any
Carathéodory map ψ(x, λ) : Ω × Rm → Rd (continuous in λ and measurable
in x), we have

lim
j→∞

∫
Ω

ψ(x, uj(x)) dx =

∫
Ω

∫
Rm

ψ(x, λ) dνx(λ) dx.

In particular, the weak limits of the compositions {φ(uj)} for any continuous
φ are represented by the underlying Young measure in the form

φ(x) =

∫
Rm

φ(λ) dνx(λ).

Our idea is to explore the Young measure that one gets when we replace the
sequence of trivial measures δuj(x) by the sequence of atomic measures

1

n

n−1∑
j=0

δf(j)(x)

associated with the sequence of iterates of a certain map f .

There are two main results that we would like to stress.
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Theorem 1 Let Ω ⊂ RN be a measurable, non-negligible set, and let f : Ω →
Ω be a measurable mapping such that

sup
j

∫
Ω

h
(∣∣f (j)(x)

∣∣) dx < +∞,

where h : [0,∞) → [0,+∞] is a continuous, non-decreasing function with

lim
t→+∞

h(t) = +∞.

Then there exists a subsequence {jk} and a family of probability measures ν =
{νx}x∈Ω such that for any Carathéodory integrand ψ(s, λ) for which

{
ψ(x, f (j)(x))

}
is equiintegrable in L1(Ω), we have

lim
k→∞

1

jk

jk−1∑
i=0

∫
Ω

ψ(x, f (i)(x)) dx =

∫
Ω

∫
Ω

ψ(x, λ) dνx(λ) dx. (1)

There are two important aspects in this result that deserve some comment.
One is the appearance of subsequences. This is unavoidable because the same
phenomenon occurs when time averages do not exist. See [14] for a standard
example. The other one is related to weak convergence versus strong conver-
gence. Notice the difference between the two statements

lim
k→∞

1

jk

jk−1∑
i=0

∫
E

φ(f (i)(x)) dx =

∫
E

∫
Ω

φ(λ) dνx(λ) dx, for any measurable E ⊂ Ω,

and

lim
k→∞

1

jk

jk−1∑
i=0

φ(f (i)(x)) =

∫
Ω

φ(λ) dνx(λ), for a.e. x ∈ Ω,

and how the second one implies the first one. Yet when this strong convergence
does not hold, we always have (under the appropriate technical assumptions)
weak convergence that can be understood through the family of probability
measures ν = {νx}x∈Ω. The above result can only yield, in general, the first
convergence which amounts to saying that time averages of arbitrary spatial
averages (modulus subsequences) converge. The second is strong convergence
for a.e. x ∈ Ω (with respect to Lebesgue measure). Birkhoff’s ergodic theorem
establishes this strong convergence in a.e. point with respect to f -invariant
measures.

There are also other technical points like the equiintegrability, the minimal
assumptions on Ω and f , and the uniform bound in terms of h. We can
state a less general result that avoids some of these issues while keeping the
main ingredients. We state it for the convenience of readers not familiar with
subleties of weak convergence.
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Corollary 2 Suppose Ω is bounded, as well as measurable and non-negligible,
in RN , and let f : Ω → Ω be continuous. Then there exists a subsequence {jk}
and a family of probability measures ν = {νx}x∈Ω such that

lim
k→∞

1

jk

jk−1∑
i=0

∫
E

φ(f (i)(x)) dx =

∫
E

∫
Ω

φ(λ) dνx(λ) dx.

for every measurable E ⊂ Ω and every continuous φ.

Our second main result is concerned with the intimate connection of the
family of measures ν and the map f that generate them through its iterates.

Theorem 3 Let Ω and f be as in the previous corollary. Then if ν = {νx}x∈Ω

is a family of probability measures associated with some subsequence of averages
of iterates as before, for a.e. x ∈ Ω, νx is f -invariant and ergodic. In addition,
νx = νf(x).

Here, ergodic is taken as extreme measures of the convex set of f -invariance
measures. Notice the first part of this statement refers to the inner structure of
each individual member νx while the second one indicates some compatibility
of the whole collection of measures over Ω.

The proofs of these results are easy. Indeed, the proof of Theorem 1 is
a slight adaptation of the proof for Young measures that can be found in
[4]. We have included in Section 2 some of those ingredients for the sake of
completeness. The proof of Theorem 3 is a direct consequence of the main
property (1) of these families of measures. See [1] for more on the relationship
between Young measures and erodic theory. We have also included in Section
3, a natural fact related to conjugacy by homeomorphisms.

Many of the typical concepts in dynamical systems like generic orbits,
bassins of atraction, attractors, periodicity, stability, chaos, etc, can be un-
derstood as is usually done through the family of such measures. Notice how-
ever that these notions may depend on the subsequence we have to take to
ensure existence of such family of probability measures. The geometry and
the dynamics associated with the map f are somehow encoded in the family of
measures νx. There are two main issues: the structure of each individual νx as
concerns for instance the absolutely continuous part with respect to Lebesgue
measure, the singular part, the Cantor part, fractality; but also the dependence
of those probability measures on x providing for instance bassins of attraction,
stability, or attractors, and how they all fit together in Ω. The first issue is
intimately connected to the geometry of each attractor while the second is
more concerned with the dynamics itself. The most profound results in Young
measure theory consist in showing what families of measures can occur when
we restrict attention to particular classes of sequences of functions ([9]). In our
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framework, it would be a relevant result to show what properties the family of
probability measures ν needs to verify so that it is associated to a certain map
f , and how to recover one such generating map from ν. Results in this direc-
tion may depend on Ω. Birkhoff’s ergodic theorem can indeed be interpreted
from this point of view by saying that the family of probability measures ν in
Therorem 1 associated with a given map f is a suitable enumeration, given
also by f itself, of all ergodic f -invariant measures in Ω. The interest of such
a characterization result is evident, for instance, to design routes to chaos “on
demand” or to eliminate chaos or undesirable effects.

2 Sketch of the proof of Theorem 1

We do not claim any new aspect in this proof, but it has been included for
the completeness. As remarked earlier, it is just an adpatation of the proof in
[4]. We follow here literally the discussion in [9]. The theorem remains valid
for any sequence of functions {uj} not necessarily the iterates of a single map.
For this reason, we will replace in the comments that follow f (j) by uj.

We need to recall a few basic notions of Lp-spaces when the target space
for functions is some general Banach space X with dual X ′. For Ω ⊂ RN we
write

Lp(Ω;X) = {f : Ω → X : f is strongly measurable and∫
Ω

‖f(x)‖p
X dx <∞

}
.

Such a function f is said to be strongly measurable if there exists a sequence
of simple (i.e., taking a finite number of values), measurable functions {fj}
such that fj(x) → f(x) a.e. x ∈ Ω and∫

Ω

‖fj(x) − fk(x)‖p
X dx→ 0, j, k → ∞.

We write

Lp
w(Ω;X) = {f : Ω → X : f is weakly measurable, ‖f(x)‖X is a measurable

function of x and

∫
Ω

‖f(x)‖p
X dx <∞

}
.

A function f is weakly measurable if for every T ∈ X ′ the function of x,
x 	→ 〈f(x), T 〉 is measurable. In the same way

Lp
w∗(Ω;X ′) = {f : Ω → X ′ : f is weakly * measurable, ‖f(x)‖X′ is a

measurable function of x and

∫
Ω

‖f(x)‖p
X′ dx <∞

}
.

Lp(Ω;X), Lp
w(Ω;X) and Lp

w∗(Ω;X ′) are Banach spaces under the Lp-norm.
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Theorem 4 [6] Let X be a separable Banach space with dual X ′. Then

(Lp(Ω;X))′ = Lq
w∗(Ω;X ′), 1 ≤ p <∞,

1

p
+

1

q
= 1,

under the duality

〈f, g〉 =

∫
Ω

〈f(x), g(x)〉 dx

where f ∈ Lp(Ω;X) and g ∈ Lq
w∗(Ω;X ′).

The particular case we are interested in is

X = C0(R
m) =

{
f : Rm → R : lim

λ→∞
f(λ) = 0

}
,

X ′ = M(Rm) = { bounded, Radon measures on Rm} .
In this case we have the duality

(
L1(Ω;C0(R

m))
)′

= L∞
w∗(Ω;M(Rm)).

The non-technical part of the proof of Theorem 1 is related to where the
family of probability measures ν = {νx}x∈Ω comes from.

The vector space

C0(R
m) =

{
f ∈ C(Rm) : lim

λ→∞
f(λ) = 0

}

is a Banach space under the supremum norm. Its dual space is the space
of Radon measures supported in Rm denoted M(Rm) with the dual norm of
the bounded variation. Since C0(R

m) is separable, we have, according to the
above discussion, that

L1(Ω;C0(R
m))′ = L∞

w∗(Ω;M(Rm))

under the duality

〈ψ, μ〉 =

∫
Ω

∫
Rm

ψ(x, λ) dμx(λ) dx,

for ψ ∈ L1(Ω;C0(R
m)) and μ ∈ L∞

w∗(Ω;M(Rm)). The norm in L∞
w∗(Ω;M(Rm))

is
‖μ‖ = ess supx∈Ω‖μx‖M(Rm).

For each n, we define νn ∈ L∞
w∗(Ω;M(Rm)) through the identification

νn =
1

n

n∑
j=1

δuj(x).
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For ψ ∈ L1(Ω;C0(R
m)),

〈ψ, νn〉 =
1

n

n∑
j=1

∫
Ω

∫
Rm

ψ(x, λ) dδuj(x)(λ) dx

=
1

n

n∑
j=1

∫
Ω

ψ(x, uj(x)) dx.

It is easy to check that

‖νn‖ = 1, for every n.

By the Banach-Alaouglu-Bourbaki theorem ([6]) there exists some subsequence,
not relabeled, and ν ∈ L∞

w∗(Ω;M(Rm)) such that νn ⇀ ν (weak convergence):

lim
n→∞

1

n

n∑
j=1

∫
Ω

ψ(x, uj(x)) dx =

∫
Ω

∫
Rm

ψ(x, λ) dνx(λ) dx, (2)

for every ψ ∈ L1(Ω;C0(R
m)).

The rest of the proof is an extension of (2 for an arbitrary Carath?odory
function ψ such that {ψ(x, uj(x))} converges weakly in L1(Ω). See [9], pages
98-100. It is of a technical nature but can be easily checked to be valid also in
our context.

3 Invariance and ergodicity

If f : Ω → Ω is a continuous map (it suffices to be in L∞(Ω; Ω)), according
to Theorem 1 (or rather Corollary 2), there exists a subsequence {jk} and
a family of probability measures ν = {νx}x∈Ω generated by the sequence of
iterates

{
f (j)

}
such that the corresponding time averages of arbitrary spatial

averages

lim
k→∞

1

jk

jk−1∑
i=0

∫
E

φ(f (i)(x)) dx

converge to ∫
E

∫
Ω

φ(λ) dνx(λ) dx

for arbitrary E ⊂ Ω and continuous φ. Because the composition φ ·f is contin-
uous, the previous convergence is valid for it, so that for arbitrary measurable
E ⊂ Ω, we should have

lim
k→∞

1

jk

jk−1∑
i=0

∫
E

φ(f (i+1)(x)) dx =

∫
E

∫
Ω

φ(f(λ)) dνx(λ) dx.
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But on the other hand, the left-hand side can also be written as

lim
k→∞

1

jk

jk∑
i=1

∫
E

φ(f (i)(x)) dx,

and since both quantities

lim
k→∞

1

jk

∫
E

φ(f (0)(x)) dx, lim
k→∞

1

jk

∫
E

φ(f (jk)(x)) dx

tend to zero, we conclude that

∫
E

∫
Ω

φ(f(λ)) dνx(λ) dx =

∫
E

∫
Ω

φ(λ) dνx(λ) dx

for arbitrary E and continuous φ. This arbitrariness implies that for a.e.
x ∈ Ω, νx is f -invariant.

On the other hand, the elementary fact about weak convergence

fj ⇀ f implies fj · g ⇀ f · g (3)

for any, say, continuous g, allows us to check that

∫
E

∫
Ω

φ(λ) dνf(x)(λ) dx =

∫
E

∫
Ω

φ(f(λ)) dνx(λ) dx,

because both terms are equal to

lim
k→∞

1

jk

jk−1∑
i=0

∫
E

φ(f (i+1)(x)) dx.

Due to the f -invariance, conclude that νx = νf(x) for a.e. x ∈ Ω.

The ergodicity is a direct consequence of Birkhoff’s ergodic theorem. Ob-
serve that if μ is an f -invariant measure, its support is also an f -invariant
subset of Ω, and hence if y is a point in such support the measure defined
through the limit

lim
j→∞

1

j

j−1∑
i=0

φ(f (i)(y))

must have its support contained in the support of μ. Therefore each νx has to
be extreme, because it support is a minimal f -invariant subset of Ω. See [1]
for more on ergodicity.

We finish with an elementary proposition about conjugacy.
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Proposition 1 Let f : Ω → Ω be a continuous map, and g : Ω → Ω any
homeomorphism. If the two families of measures

ν = {νx}x∈Ω , μ = {μx}x∈Ω

correspond (for the same subsequence) to the iterates of the maps f and g·f ·g−1

respectively, then g pushes forward νx to μg(x) for a.e. x ∈ Ω. Namely

∫
Ω

φ(λ) dμg(x)(λ) dx =

∫
Ω

φ(g(λ)) dνx(λ) dx.

The proof has already been indicated above when using (3).
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