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Abstract. Let f and g be two non expansive mappings on a Reflexive Banach

(f+9)

space satisfying certain inequality. Here first we will prove that has a fixed

(f +9)
2

point if | — is demi-closed. Then we can extend the result to a common

fixed point theorem for f and g using the assumption that f —g is demi-closed.
Also we can prove that f and g has a common fixed pointif | — f and | —g are
demi-closed.
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1. INTRODUCTION

Throughout this paper we shall suppose that (X||||) is a real Banach

space, R denote the set of real numbers and N denote the set of natural numbers.
Let C < X be a nonempty unbounded closed convex set. We say that h:C — X

is demi-closed if for any sequence {x,} = C weakly convergent to an element
X, € C with {h(x,)} norm-convergent to an element y, ,then h(x,) =y, [1]. Also
recall that h:C — X is nonexpansive if |h(x)-h(y)|<[x-y| vxyeC. The
mapping h:C — X is said to be Lipschitzian if there exist a constant o > 0 such
that |[h(x)-h(y)|<Ax-y]| VvxyeC. If p<1 the mapping his called

contractive and by the well known result called Banach’s contraction mapping
principle if h: X — X is a contraction h has a unique fixed pointin X [4].
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A semi-inner-product on X is a function [,]: XxX — R satisfying the
following properties,
M) [x+y.z]=[xz]+]y.Z]
(i) [2x.y]=4lx.y]
(iii) [x, x] > 0for x # 0
)| yII" <xxlly,y] ¥xy.zeX,2eR
A semi-inner-product space is a normed linear space with the norm [x|. = [x, x["*

[2]. Also it is possible to define a semi-inner-product such that [x, x]=|x|" ,where
| .|| is the norm given in X .By the proof of theorem(1) in [2] this semi-inner-

product can be defined so that it satisfy, [x,Ay]=A[x,y] V¥x,yeX,1eR. Now

we will consider a similar function G: X x X — R and then by using the concept
of demi-closed mappings we will prove a common fixed point theorem.

2. MAIN RESULTS

Remark(1): Let (X ||||) be a real Banach space and G : X x X — R be a mapping

such that,
vx,y,ze X, AeR (i) G(x+VY,2)=G(x,2)+G(y,2)

(i) G(2xy) = AG(xy)
(iii) [x|* < G(x,x)
(iv)3 M > Osuch that|G(x, y)| < M || ||y]

Then in theorem(3.2) of [3], G.Isac and S.Z.Nemeth proved a fixed point theorem
for a nonexpansive mapping f satisfying certain inequality if X is Reflexive. Now

first we will extend the result to the mapping (f_Jng) where f and g are two non
expansive mappings.

Theorem(1): Let (X||||) be a Reflexive Banach space and C — X a nonempty
unbounded closed convex set. Let f:C—>C and g:C—>C Dbe two

nonexpansive mappings such that | —@ is demi-closed. If

lim sup ; lim sup

x| o0 STOI=X0X) o GOMI=%X) g0 some x, eC, (¥)
xeC ”X” xeC ”X”

then

(f erg) has a fixed pointin C .
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Proof: We know that f and g are bounded mappings (That is, f(D) and g(D)
are bounded whenever D c C is bounded).

lim
Let {1,} be asequence in (0,1) such that " A, =0

—> 00

Forall ne N, define, ¢, :C - C by
1-1
4,00 =)

Then since 1-A4, <1, @, 1S contractlve and hence ¢, has a unique fixed point
X, €C. That is Vn e N, there exist x, € C such that ¢, (x,)= X, .Now we will
prove that {x,},.\ IS abounded sequence.
If possible suppose that {x,} is not bounded. From (*) we have
lim sup (1 lim sup s
>0 SUERIX0X) g g ] o0 SOXI X0 X) 4

xeC I xeC I
Therefore there exist A, €(0,1)and k, >0 such that,
G(f(X) =X, X) < ﬂl||x||2 vxeC with |x|>k,. Also there exist g, (01)and
k, >0 such that ,G(g(X) — X,,X) < ﬂ2||x||2 vx e C with x| > k,.
Let B=max{B,B,} and k = max{k,,k,}. Then, G(f(X)-x,,X)<p ||x||2
G(g(X) = X,, X) < B ||x||2 Vx e C such that x| > k.
For ne N large enough we have,

%] < G (X0 %) =G, (%,), %)

f(x)+ a-4) /1) g(x)+4,%,-

o ) g B ]
o &= “f( )+ ) g0 - - Mxo+xo,xnj
=6 S22 (1 00) - x) + E 2 (k) - 000+ 00 j
-G 6 (x,) - xo,x)+(1 226 (g(x,) 4040+ 604, %,)
1-4, 2 (1-4, 2
< E228) g [+ B2 g [ Wi,
Dividing by [x,|, we have
LA=4) 5 0o z)ﬂ w Pl
? [
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Letting n > o we have 1< g ( since {x.} is unbounded ) which is a
contradiction. Thus {x,} is bounded. Since X is reflexive we may assume that
{x.} is weakly convergent to an element x, e C (For, consider a weakly convergent
subsequence of {x,}).

Now consider,

$,(%,) = %, =
fxe_f00) % 900)]

2 2 2 2 ||f(x)||+—||g(x)||+/1||x||
X, f(x) X, 9(X,)

2 2 2 2
{g(x,)}are bounded)

(- ﬂ)f( X,)+ ( ) a(x,)+ 4, X%,

Letting n —» o,

Then since | — (f Zg) is demi-closed (

(f

} =080 x

Hence x, is a fixed point of

Corollary(1.1): Taking f =g in the proof of theorem(1) we will get theorem(3.2)
of [3].

Remark(2): If we restrict the existence of the constant M in the definition of G as
M >1 we can prove the following two corollaries.

Corollary(1.2): Let (X||||) be a Reflexive Banach space and C — X a nonempty
unbounded closed convex set. Let f:C—>C and g:C—>C Dbe two

(f+

nonexpansive mappings such that | —Tg)and f — g are demi-closed. If

MU (30— %) P 6900~ %)
X) — X, X X) = X, X
[x] = || || :

xeC L xeC [«
then f and g has a common fixed pointin C .

<1 for some x, € C,

Proof: From theorem(1) we have a bounded sequence {x,} in C such that {x }
converges weakly to an element x, € C and x, is a fixed point of M
That is we have (f—;g)(x*) — x, )

Now we will prove that fim I (x,)—9(x,)|=
n— o
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. li .
If possible let m |If (x,)—g(x,)| =K >0 .Then consider,
n— oo

[F06)=906)]" <GF(x) = g(%,), F(x,)—a(x,))
<G(f(x,), F(x,) = 9(x,) +G(=9(x,), f(x,) = 9(x,))
<M )T ) = 90+ Mg, )] (x,) = 9(x,))
Taking limitas n — o,

5 lim lim
K*<MK ||f(xn)||+MK OO||g(xn)||

K <M ||f(x fem " )] since K >0
n— oo
lim lim
[ (xq )H— L lata)s k<M [F o)+ M lox,)]
n—)oo n — oo n— oo

lim lim
= (-M) ; ||f<xn>||s<1+M>n;oo||g<xn>||

(1+M) lim

n— oo
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lim
If(x,)|=0= la(x,)|since M >1
T —

lim
But then |1 (x,) - g(xn)|| =0= K =0, which is a contradiction.
n— oo

Therefore fim I (%)= 9(x,)| =
n— oo

Then since f —g is demi-closed we have,

(f -9)(x,)=0
Thatis, f(x,)=g(x,).Butthen from (1) f(x,)=09(x,)=X,.
Hence x, is a common fixed pointof f and g.

Corollary(1.3): Let (X ||||) be a Reflexive Banach space and C < X a nonempty

unbounded closed convex set. Let f :C —C and g:C — C be two
nonexpansive mappings such that | — f and | — g are demi-closed. If

lim sup ;
IX| = o G~ %,, ) || || G(g(x)—xo,x) <1 for some x, € C,
xeC X[ xeC [

then f and g has a common fixed pointin C.

Proof: Similarly proceeding in theorem (1) we can construct a bounded sequence
lim[x,  f() %, _90a)]_,

X }in C such that
00} 2 2 2 2

n— o
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:>n Hxn_f(xn)-’-xn_g(xn)H=O
—> 0
lim lim
= n H f(X )H_ Hg(x ) X H< Hxn - f(xn)+xn _g(xn)HZO
—> © n—oo
i
= 0 - to= etk x| @
n— oo

If possible suppose that lim X, = f(x,)]=K>0.
n— oo

Then consider,

%, = F ) <G, = £ (%)%, = F(x,))
< G(Xn’xn - f(xn))+G(_f(Xn)’Xn - f(Xn))
< M, = £ MIE O] [, 105,

Taking limitas n — oo,
lim

K2<MK ™ Mk T E )
nN— oo nN— oo
SKk<m M ||x||+M "™t (x,)]since K >0
N — oo N — oo
lim lim
", ||— IO EE M el [0
n_)oo —> 0 n— oo

lim lim
:(1—|v|)n_>oo ”X””S(“M)n_mo ||f(xn)||

lim @1+M) lim
= n— o ”X””S(l—M)n—)oo ”f(X”)”
= ™ f=o= "™ x)lsince M >1

n— oo n— o

lim
But then I, = f(x,)|=0= K =0 which is a contradiction.
n— oo

Therefore lim X, = f(x,)| = 0. Then from (2) lim %, —a(x,)| =
n — o n—oo

Since | — f and | — g are demi-closed we have (I — f)(x,)=0and(l —g)(x,)=0
= f(x.)=x,=9(x.)
Hence x, isa common fixed point of f andg.
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