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Abstract

In this paper, we consider four-point nonlinear boundary value prob-
lem

(ϕ(u′))′ + a(t)f(u) = 0, 0 < t < 1

where ϕ : R −→ R is an increasing homeomorphism and homomorphism
and ϕ(0) = 0. We show that there exist positive solutions and countably
many positive solutions by fixed point theorems in a cone.
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1 Introduction

In this paper, we study the existence of positive solutions of the equation

(ϕ(u′))′ + a(t)f(u) = 0, 0 < t < 1 (1.1)

with the following nonlinear four-point boundary value condition

u(0) − B0(u
′(ξ)) = 0, u(1) + B1(u

′(η)) = 0, (1.2)

where ϕ : R −→ R is an increasing homeomorphism and homomorphism and
ϕ(0) = 0, ξ, η ∈ (0, 1) are constants, and ξ < η .

In recent paper [1], Eric.R.Kaufmann and Nickolai Kosmatov considered
the boundary value problem

−u
′′
(t) = a(t)f(u(t)),
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u(0) = u(1) = 0,

where a(t) ∈ Lp[0, 1], p ≥ 1, and has countably many singularities in (0, 1
2
).

They obtained the existence of countably many positive solutions using Hölder
inequality and Krasnosel’skii fixed point theorem for operators on a cone.
Moreover, in early works, see, for example, [2-3] and references, focused mainly
on problems where the inhomogeneous term was continuous and either sub-
linear or suplinear at 0 or ∞. These works established the existence of either
one or two positive solutions using a fixed point theorem due to Krasnosel’skii
fixed point theorem[7].

When η = 1, ξ = 1, Wang[3] first investigated the nonlinear boundary
value problem

(φp(u
′))′ + a(t)f(u) = 0, 0 < t < 1

with the following nonlinear boundary conditions

u(0) − B0(u
′(0)) = 0, u(1) + B1(u

′(1)) = 0,

where φp(u) = |u|p−2u, p > 1, and demonstrated that the problems have at
least one positive solution by applying Krasnosel’skii fixed point theorem [5].

Motivated by the results mentioned above, in this paper, we study the
existence of positive solutions of the nonlinear boundary value problem (1.1)-
(1.2).

A projection ϕ : R −→ R is called an increasing homeomorphism and
homomorphism, if the following conditions are satisfied:
(i) if x ≤ y, then ϕ(x) ≤ ϕ(y), ∀x, y ∈ R;

(ii) ϕ is continuous bijection and its inverse mapping is also continuous;

(iii) ϕ(xy) = ϕ(x)ϕ(y), ∀x, y ∈ R.

The following assumptions are adopted throughout this paper:
(H1) ϕ : R −→ R is an increasing homeomorphism and homomorphism;

(H2) B0(v) and B1(v) are both nondecreasing, continuous, odd functions
defined on (−∞,∞) and at least one of them satisfies the condition that there
exists b > 0 such that

0 ≤ Bj(v) ≤ bv, for all v ≥ 0, j = 0, 1;

(H3) f : [0,∞) → [0,∞) is continuous;

(H4) a(t) ∈ C((0, 1), (0,∞)), and 0 <
∫ 1
0 a(t)dt < ∞. Moreover, a(t) does not

vanish identical on any subinterval of [0, 1].

Let

f0 = lim
u→0

f(u)

ϕ(u)
, f∞ = lim

u→∞
f(u)

ϕ(u)
.
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We shall that if a(t) satisfies conditions (H4) and f satisfies some condi-
tions, then the boundary value problem (1.1)-(1.2) has positive solutions and
infinitely many solutions.

2 Preliminary Notes

Definition2.1. Let E be a Banach space and let P ⊂ E be a closed nonempty
subset of E. Then P is a cone provided :
(1) αu + βv ∈ P for all u, v ∈ P and for all α, β ≥ 0,and

(2) u,−u ∈ P , implies u ≡ 0.

Theorem2.1.(Krasnosel’skii) Let E be a Banach space and P a cone in E.
Assume Ω1, Ω2 are open subset of E such that 0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2. Suppose
that T : P ∩ (Ω2 \ Ω1) → P is completely continuous such that either
(i) ||Tu|| ≤ ||u||, for u ∈ P ∩ ∂Ω1, and ||Tu|| ≥ ||u||, for x ∈ P ∩ ∂Ω2, or

(ii) ||Tu|| ≥ ||u||, for u ∈ P ∩ ∂Ω1, and ||Tu|| ≤ ||u||, for x ∈ P ∩ ∂Ω2.

Then T has a fixed point in P ∩ (Ω2 \ Ω1).
Lemma2.1. When a(t) is continuous in small interval of the (0,1), condition
(H4) holds. Then there exists μ ∈ (0, 1

2
), such that

0 <
∫ 1−μ

μ
a(t)dt < ∞, (2.1)

and hence the function

A(t) =
∫ t

μ
ϕ−1

(∫ t

s
a(t)dt

)
ds +

∫ 1−μ

t
ϕ−1

(∫ s

t
a(t)dt

)
ds t ∈ [μ, 1 − μ]

is continuous and positive on [μ, 1−μ], furthermore mint∈[μ,1−μ] A(t) = L > 0,
where ϕ−1 is the inverse function to ϕ(x).
Proof. In fact, suppose condition (H4) holds. Then we have

0 <
∫ 1−μ

μ
a(t)dt < ∞.

Let A1(t) =
∫ 1−μ
t φq (

∫ s
t a(t)dt) ds, and A2(t) =

∫ t
μ φq

(∫ t
s a(t)dt

)
ds, from condi-

tion (H4), we know that the function A1(t) is strictly monotone decreasing on
[μ, 1−μ] and A1(1−μ) = 0 , the function A2(t) is strictly monotone increasing
on [μ, 1 − μ], and A2(μ) = 0. So the function A(t) = A1(t) + A2(t) is positive
on [μ, 1 − μ], which implies mint∈[μ,1−μ] A(t) = L > 0.

Let P be the cone in C[0, 1], given by

P = {u ∈ C[0, 1] : u(t) is a nonnegative concave function}
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Lemma2.2[4]. Let u ∈ P and μ ∈ (0, 1
2
), then

u(t) ≥ μ‖u‖, μ ≤ t ≤ (1 − μ).

Hence, ‖u‖ = supt∈[0,1] |u(t)| and σ ∈ (0, 1) such that ‖u‖ = u(σ).

Now we define an operator T : P → P by

Tu(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

B0 ◦ ϕ−1
(∫ σ

ξ a(r)f(u(r)))dr
)

+
∫ t
0 ϕ−1 (

∫ σ
s a(r)f(u(r))dr)ds, 0 ≤ t ≤ σ,

B1 ◦ ϕ−1 (
∫ η
σ a(r)f(u(r))dr) +

∫ 1
t ϕ−1 (

∫ s
σ a(r)f(u(r))dr)ds, σ ≤ t ≤ 1,

where ϕ−1 is the inverse function to ϕ(x). Here σ = 0, if (Tu)
′
(0) = 0; σ = 1,

if (Tu)
′
(1) = 0; otherwise, σ = 0 is unique solution of the equation

g1(t) = g2(t) (2.2),

where

g1(t) = B0 ◦ ϕ−1
(∫ t

ξ
a(r)f(u(r)))dr

)
+
∫ t

0
ϕ−1

(∫ σ

s
a(r)f(u(r))dr

)
ds,

g2(t) = B1 ◦ ϕ−1
(∫ η

t
a(r)f(u(r))dr

)
+
∫ 1

t
ϕ−1

(∫ s

σ
a(r)f(u(r))dr

)
ds.

Equation (2.2) has unique solution in (0, 1). Because g1(t) is strictly monotone
increasing on [0, 1), and g1(0) = 0, g2(t) is strictly monotone decreasing on
(0, 1], and g2(1) = 0. Therefore, the operator T is well defined and (Tu)(σ) =
maxt∈[0,1](Tu)(t). Since

(Tu)
′
=

⎧⎪⎪⎨
⎪⎪⎩

ϕ−1 (
∫ σ
t a(r)f(u(r))dr)ds, 0 ≤ t ≤ σ,

−ϕ−1
(∫ t

σ a(r)f(u(r))dr
)
ds σ ≤ t ≤ 1,

is continuous and nonincreasing on (0, 1), and

(Tu)
′
(σ) = 0.

Moreover (ϕ(Tu)′(t))
′
= −a(t)f(u), a.e. t ∈ (0, 1). Then, T (P ) ⊂ P.

Lemma2.3. T : P 
→ P is completely continuous.

Proof. Because the proof of this Lemma is conventional, we omit it.
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3 Main Results

For convenience, we set

μ∗ =
2

L
, μ∗ =

1

(b + 1)ϕ−1(
∫ 1
0 a(r)dr)

.

The main results of this section are the following Theorems.

A The Existence of Positive Solution

Theorem 3.1. Suppose conditions (H1), (H2), (H3) and (H4) hold. Assume
that f also satisfies

(A1) f(u) ≥ ϕ(mr), μr ≤ u ≤ r;

(A2) f(u) ≤ ϕ(MR), 0 ≤ u ≤ R, where m ∈ (μ∗,∞), M ∈ (0, μ∗).

Then, the boundary value problem (1.1)-(1.2) has positive solution u such that
‖u‖ is between r and R.

Proof. Without loss of generality, we may assume that r ≤ R and 0 ≤
B0(v) ≤ bv, for all v ≥ 0. For any u ∈ P , by Lemma 2.2 we have

u(t) ≥ μ||u||, t ∈ [μ, 1 − μ]. (3.1)

We define two open subsets Ω1 and Ω2 of E

Ω1 = {u ∈ P : ‖u‖ < r}, Ω2 = {u ∈ P : ‖u‖ < R}.

For u ∈ ∂Ω1, by (3.1) for t ∈ [μ, 1 − μ], we have u(t) ≥ μ||u|| = μr. If (A1)
hold, we shall discuss it from three perspectives.

Case1: If σ ∈ [μ, 1 − μ], from(A1) and Lemma2.1, we can know

2||Tu|| = 2(Tu)(σ)
≥ ∫ σ

0 ϕ−1 (
∫ σ
s a(r)f(u(r))dr)ds

+
∫ 1
σ ϕ−1 (

∫ s
σ a(r)f(u(r))dr)ds

≥ (mr)
(∫ σ

μ ϕ−1 (
∫ σ
s a(r)dr) ds

)

+(mr)
∫ 1−μ
σ ϕ−1 (

∫ s
σ a(r)dr) ds

≥ mrA(σ) ≥ (mr)L > 2r = 2||u||

.
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Case2: If σ ∈ (0, μ), from (A1) and Lemma2.1, we can know

||Tu|| = (Tu)(σ)
≥ ∫ 1

σ ϕ−1 (
∫ s
σ a(r)f(u(r))dr)ds

≥ ∫ 1−μ
μ ϕ−1

(∫ s
μ a(r)f(u(r))dr

)
ds

≥ mr
∫ 1−μ
μ ϕ−1

(∫ s
μ a(r)dr

)
ds

= mrA(μ) ≥ mL > 2r > r = ||u||.

Case3: If σ ∈ (1 − μ, 1), from(A1) and Lemma2.1, we can know

||Tu|| = (Tu)(σ)
≥ ∫ σ

0 ϕ−1 (
∫ σ
s a(r)f(u(r))dr)ds

≥ ∫ 1−μ
μ ϕ−1

(∫ 1−μ
s a(r)f(u(r))dr

)
ds

≥ mr
∫ 1−μ
μ ϕ−1

(∫ 1−μ
s a(r)dr

)
ds

= mrA(1 − μ) ≥ mrL > 2r > r = ||u||.
Thus, in all cases , we have

∀u ∈ ∂Ω1, ||Tu|| ≥ ||u||. (3.2)

Next, let u ∈ ∂Ω2, then u(s) ≤ ‖u‖ = R, from condition (A2), we can know

||Tu|| = (Tu)(σ)

≤ B0 ◦ ϕ−1
(∫ 1

0 a(r)f(u(r))dr
)

+ϕ−1
(∫ 1

0 a(r)f(u(r))dr
)
ds

≤ (1 + b)MRϕ−1(
∫ 1
0 a(r)dr)

≤ R = ||u||.
Hence

∀u ∈ ∂Ω2, ||Tu|| ≤ ||u||. (3.3)
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Now 0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2, from (3.2) (3.3) and Theorem 2.1, we can know
operator T has a fixed point u ∈ (Ω2 \ Ω1) such that r ≤ ‖u‖ ≤ R.

Theorem3.2 Suppose conditions (H1), (H2), (H3)and(H4) hold. Assume
that f also satisfies

(A3) f∞ = λ ∈
(
ϕ
(

2μ∗
μ

)
,∞

)
;

(A4) f0 = φ ∈
[
0, ϕ

(
μ∗
4

))
.

Then, the boundary value problem (1.1)-(1.2) has positive solution u.

Proof. First, by f0 = lim
u→0

f(u)
ϕ(u)

= φ, for ε = ϕ
(

μ∗
4

)
− φ, there exists an

adequate small positive number ρ, as 0 ≤ u ≤ ρ, u �= 0, we have

f(u) ≤ (φ + ε)ϕ(u) ≤ ϕ
(

μ∗
4

)
ϕ(2ρ) = ϕ

(
μ∗
2

ρ
)

. (3.4)

then let R = ρ, M = μ∗
2
∈ (0, μ∗), thus by (3.4)

f(u) ≤ ϕ(MR), 0 ≤ u ≤ R.

So condition (A2) holds.

Next, by condition (A3), f∞ = lim
u→0

f(u)
ϕ(u)

= λ ∈
(
ϕ
(

2μ∗
θ

)
,∞

)
, then for

ε = λ − ϕ
(

2μ∗
μ

)
, there exists an adequate big positive number r �= R, as

u ≥ μr, we have

f(u) ≥ (λ − ε)ϕ(u) ≥ ϕ

(
2μ∗

μ

)
ϕ(μr) = ϕ(2μ∗r). (3.5)

Let m = 2μ∗ > μ∗, thus by (3.5) condition (A1) holds. Therefore by Theorem
3.1 we know that the results of Theorem 3.2 holds. The proof of Theorem 3.2
is complete.

Theorem 3.3. Suppose conditions (H1), (H2), (H3)and(H4) hold. Assume
that f also satisfies

(A5) f0 = φ ∈
(
ϕ
(

2μ∗
μ

)
,∞

)
;

(A6) f∞ = λ ∈
[
0, ϕ

(
μ∗
4

))
.

Then, the boundary value problem (1.1)-(1.2) has positive solution u.

Proof. First, by condition (A5), f0 = φ, then for ε = φ−ϕ
(

2μ∗
μ

)
, there exists

an adequate small positive number r, as 0 ≤ u ≤ r, u �= 0, we have

f(u) ≥ (φ − ε)ϕ(u) = ϕ

(
2μ∗

μ

)
ϕ(u),
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thus when μr ≤ u ≤ r, we have

f(u) ≥ ϕ

(
2μ∗

μ

)
ϕ(μr) = ϕ(2μ∗r). (3.6)

Let m = 2μ∗ > μ∗, so by (3.6) condition (A1) holds.

Next, by condition (A6) f∞ = λ, then for ε = ϕ
(

μ∗
4

)
− λ, there exists an

adequate small positive number ρ �= r, as u ≥ ρ, we have

f(u) ≤ (λ + ε)ϕ(u) ≤ ϕ
(

mu∗
4

)
ϕ(u). (3.7)

If f is non-boundary, by the continuation of f on [0,∞), then exists constant
R(�= r) ≥ ρ, and a point u0 ∈ [0,∞) such that ρ ≤ u ≤ R and f(u) ≤
f(u0), 0 ≤ u ≤ R. Thus, by ρ ≤ u0 ≤ R, we know

f(u) ≤ f(u0) ≤ ϕ
(

μ∗
4

)
ϕ(u0) ≤ ϕ

(
μ∗
4

R
)

.

Let M = μ∗
4
∈ (0, μ∗), we have

f(u) ≤ ϕ(MR), 0 ≤ u ≤ R.

If f is boundary, we suppose f(u) ≤ ϕ(M), u ∈ [0,∞), there exists an adequate
big positive number R > 4

μ∗M , then let M = μ∗
4
∈ (0, μ∗), we have

f(u) ≤ ϕ(M) ≤ ϕ
(

μ∗
4

R
)

= ϕ(MR), 0 ≤ u ≤ R.

So, condition (A2) holds. Therefore by Theorem 3.1 we know that the results
of Theorem 3.3 holds. The proof of Theorem 3.3 is complete.

B The Existence of Infinitely Many Positive Solutions

Next, we will discuss the existence of infinitely many positive solutions. We
suppose that
(H ′

4) There exists a sequence {ti}∞i=1 such that ti+1 < ti, t1 < 1
2
, lim

i→∞
ti = t∗ ≥

0, lim
t→ti

a(t) = ∞, k = 1, 2, · · · , and 0 <
∫ 1
0 a(t)dt < ∞. Moreover, a(t) does

not vanish identical on any subinterval of [0, 1].
Theorem4.1. Assume that conditions (H1), (H2), (H3)and(H

′
4)hold. Let

{μk}∞k=1 such that μk ∈ (tk+1, tk)(k = 1.2 · · ·).Let {rk}∞k=1 and {Rk}∞k=1 such
that

Rk+1 < μkrk < rk < mrk < Rk, k = 1, 2, · · · ,
Furthermore, for each natural number k, assume that f satisfies
(C1) f(u) ≥ ϕ(mrk) for all u ∈ [μkrk, rk];
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(C2) f(u) ≤ ϕ(MRk) for all u ∈ [0, Rk].

Then, the problem (1.1)-(1.2)has infinitely many positive solutions {ui}∞i=1

such that ri ≤ ‖ui‖ ≤ Ri for each i = 1.2 · · · .
Proof. Without loss of generality, we may assume that rk ≤ Rk and 0 ≤
B0(v) ≤ bv, for all v ≥ 0. Consider the sequences {Ω1,k}∞k=1 and {Ω2,k}∞k=1 of
open subsets of E defined by

Ω1,k = {u ∈ K : ‖u‖ < rk},
Ω2,k = {u ∈ K : ‖u‖ < Rk}.

Let {μk}∞k=1 be as in the hypothesis and note that t0 < tk+1 < μk < tk < 1
2

for
all k ∈ N . Then, for each k ∈ N and u ∈ K, from Lemma2.2, we have

u(t) ≥ μk‖u‖ (4.1)

Now, fix k and let u ∈ ∂Ω1,k, from (4.1)we have

rk = ‖u‖ ≥ u(s) ≥ μk‖u‖ = μkrk, s ∈ [μk, 1 − μk]

(Note [t1, 1 − t1] ⊂ [μk, 1 − μk]). In the following, we consider the following
three cases.
Case1: If σ ∈ [t1, 1 − t1], from(C1) and Lemma2.1, w e can know

2||Tu|| = 2(Tu)(σ)
≥ ∫ σ

0 ϕ−1 (
∫ σ
s a(r)f(u(r))dr)ds

+
∫ 1
σ ϕ−1 (

∫ s
σ a(r)f(u(r))dr)ds

≥ (mrk)
(∫ σ

t1
ϕ−1 (

∫ σ
s a(r)dr)ds

)

+(mrk)
(∫ 1−t1

σ ϕ−1 (
∫ s
σ a(r)dr) ds

)

≥ mrkA(σ) ≥ (mrk)L = 2rk = 2||u||.
Case2: If σ ∈ (0, t1), from (C1) and Lemma2.1, we can know

||Tu|| = (Tu)(σ)
≥ ∫ 1

σ ϕ−1 (
∫ s
σ a(r)f(u(r))dr)ds

≥ ∫ 1−t1
t1

ϕ−1
(∫ s

t1
a(r)f(u(r))dr

)
ds

≥ mrk

∫ 1−t1
t1

ϕ−1
(∫ s

t1
a(r)dr

)
ds

= mrkA(t1) ≥ mrkL = 2rk > rk = ||u||.
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Case3: If σ ∈ (1 − t1, 1), from(C1) and Lemma2.1, we can know

||Tu|| = (Tu)(σ)
≥ ∫ σ

0 ϕ−1 (
∫ σ
s a(r)f(u(r))dr)ds

≥ ∫ 1−t1
t1

ϕ−1
(∫ 1−t1

s a(r)f(u(r))dr
)
ds

≥ mrk

∫ 1−t1
t1

ϕ−1
(∫ 1−t1

s a(r)dr
)
ds

= mrkA(1 − t1) ≥ mrkL = 2rk > rk = ||u||.

Thus, in all cases, we have

∀u ∈ ∂Ω1,k, ||Tu|| ≥ ||u||. (4.2)

Next, let u ∈ ∂Ω2,k, then u(s) ≤ ‖u‖ = Rk, from condition (C2), we can know

||Tu|| = (Tu)(σ)

≤ B0 ◦ ϕ−1
(∫ 1

0 a(r)f(u(r))dr
)

+ϕ−1
(∫ 1

0 a(r)f(u(r))dr
)
ds

≤ (1 + b)MRkϕ
−1(

∫ 1
0 a(r)dr)

≤ Rk = ||u||.
Hence

∀u ∈ ∂Ω2,k, ||Tu|| ≤ ||u||. (4.3)

.
Now 0 ∈ Ω1,k ⊂ Ω1,k ⊂ Ω2,k, from (4.2) (4.3) and Theorem 2.1, we can

know operator T has a fixed point uk ∈ (Ω2,k \Ω1,k) such that rk ≤ ‖uk‖ ≤ Rk.
Since k ∈ N is arbitrary, the proof is complete.

Similar to Theorem 3.2 and 3.3 we have the following Theorems.
Theorem 4.2. Suppose conditions (H1), (H2), (H3)and (H

′
4) hold. Let

{μk}∞k=1 such that μk ∈ (tk+1, tk)(k = 1, 2, · · ·). Let {rk}∞k=1 and {Rk}∞k=1 be
such that

Rk+1 < μkrk < rk < mrk < Rk, k = 1, 2, · · · ,
For each natural number k we assume that f satisfies

(C3) f∞ = λ ∈
(
ϕ
(

2μ∗
μ

)
,∞

)
;
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(C4) f0 = φ ∈
[
0, ϕ

(
μ∗
4

))
.

Then, the boundary value problem (1.1)-(1.2) has infinitely many solutions
{uk}∞k=1 such that ‖uk‖ is between rk and Rk, k = 1, 2, · · ·.
Theorem 4.3. Suppose conditions (H1), (H2), (H3)and(H

′
4) hold. Let

{μk}∞k=1 such that μk ∈ (tk+1, tk)(k = 1, 2, · · ·). Let {rk}∞k=1 and {Rk}∞k=1 be
such that

Rk+1 < μkrk < rk < mrk < Rk, k = 1, 2, · · · ,

For each natural number k we assume that f satisfies

(C5) f0 = φ ∈
(
ϕ
(

2μ∗
μ

)
,∞

)
;

(C6) f∞ = λ ∈
[
0, ϕ

(
μ∗
4

))
.

Then, the boundary value problem (1.1)-(1.2) has infinitely many solution
{(uk, vk)}∞k=1 such that ‖uk‖ is between rk and Rk, k = 1, 2, · · ·.
Remark 1. In fact, we can find a(t) which holds condition (H

′
4). Note

Δ =
√

2(
π2

3
− 9

4
), t0 =

5

16
, tn = t0 −

n−1∑
i=1

1

(i + 2)4
, k = 1, 2, · · · ,

Consider the function a(t) : [0, 1] → (0, +∞), a(t) =
∑∞

n=1 an(t), t ∈ [0, 1]
where

an(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
n(n+1)(tn+1+tn)

0 ≤ t < tn+1+tn
2

1

Δ(tn−t)
1
2

tn+1+tn
2

≤ t < tn

1

Δ(t−tn)
1
2

tn ≤ t ≤ tn+1+tn
2

2
n(n+1)(2−tn−tn−1)

tn−1+tn
2

< t ≤ 1

Obvious t1 = 1
4

< 1
2
, tn − tn+1 = 1

(n+2)4
, k = 1, 2, · · · , (Note

∑∞
n=1

1
n4 = π4

90
)

t∗ = lim
n→∞ tn =

5

16
−

∞∑
i=1

1

(i + 2)4
=

21

16
− π4

90
>

1

5
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Since
∑∞

n=1
1
n2 = π2

6
holds , so we can know

∑∞
n=1

∫ 1
0 an(t)dt

=
∑∞

n=1
2

n(n+1)
+ 1

Δ

∑∞
n=1

[∫ tn
tn+1+tn

2

1

(tn−t)
1
2
dt +

∫ tn+tn−1
2

tn
1

(t−tn)
1
2
dt

]

= 2 +
√

2
Δ

∑∞
n=1

[
(tn − tn+1)

1
2 + (tn−1 − tn)

1
2

]

= 2 +
√

2
Δ

∑∞
n=1

[
1

(n+2)2
+ 1

(n+1)2

]

= 2 +
√

2
Δ

∑∞
n=1

[
(π2

6
− 5

4
) + (π2

6
− 1)

]

= 2 +
√

2
Δ

[π2

3
− 9

4
]

= 3.

So ∫ 1

0
a(t)dt =

∫ 1

0

∞∑
n=1

an(t)dt =
∞∑

n=1

∫ 1

0
an(t)dt < ∞

Hence a(t) satisfies condition(H
′
4).

Remark 2. When

ϕ(x) =

⎧⎨
⎩

x3, x ≤ 0,

x2, x > 0,

f and a satisfy the conditions (H1), (H2), (H3)and(H4). It is clear that ϕ :
R −→ R is an increasing homeomorphism and homomorphism and ϕ(0) = 0.
Hence we generalize boundary value problem with p-Laplacian operator and
the results[4]do not apply to the example.

References

[1] E. R. Kaufmann, N. Kosmatov, A multiplicity results for a boundary
value problem with infinitely many singularities,J. Math. Anal. Appl.,
269 (2002), 444-453.

[2] P. W. Eloe, J. Henderson, Positive solutions for higher order differential
equations, Electron. J. Diff. Equ., 1 (1995), 1-8.

[3] J. Wang, The existence of positive solutions for the one-dimensional p-
Laplacian, Proc. Amer. Math. Soc., 125 (1997), 2275-2283.



Existence of positive solutions 435

[4] M. A. Krasnosel’skii, Topological methods in the Theory of Nonlinear In-
tegral Equation, Pregamon Press, Macmillan, NewYork, (1964)

[5] R. Manasevish, J. Mawhin, The spectrum of p-Laplacian system with
various boundary conditions and applications, Adv. Diff. Equ., 5 (2000),
1289-1318.

[6] H. Wang, On the existence of positive solutions for semilinear elliptic
equations in the annulus, J. Diff. Equ., 109 (1994), 1-7.

[7] K. Deimling, Nomlinear Functional Analysis, Springer-Berlin , (1985).

Received: December 15, 2006


