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1. Introduction

Let D be the open unit disk in the complex plane C. Denote by H(D), the
space of holomorphic functions on the open unit disk D. Let u and ϕ be holo-
morphic maps on D such that ϕ(D) ⊂ D. For f ∈ H(D), we can define a linear
operator uCϕ(f)(z) = u(z)f(ϕ(z)), z ∈ D, called a weighted composition op-
erator. When u = 1, we just have the composition operator Cϕ defined by
Cϕ(f) = f ◦ ϕ and when ϕ(z) = z we have the multiplication operator Mu

defined by Mu(f) = uf. Weighted composition operators played an impor-
tant role in the study of compact composition operators on Hardy spaces and
Bergman spaces of unbounded domains (see [13] for more details). Isometries
in many Banach spaces of analytic functions are just weighted composition
operators, for example see [4].



472 Ajay K. Sharma and Vijay Kumar

Recently, several authors have studied weighted composition operators on dif-
ferent spaces of analytic functions. For example, one can refer to [1], [3], [7],
[8], [9], [10], [11] and [14].

2. Preliminaries
In this section we review the basic concepts of Bergman-type spaces A(p, p,Φ)
and weighted Banach spaces H∞

Ψ of holomorphic functions with weight Ψ.
We also collect some essential facts that will be needed throughout this paper.
A positive continuous function Φ in [0, 1) is normal, if there exists 0 < s < t
such that Φ(r)/(1− r)s → 0, Φ(r)/(1 − r)t → ∞, as r → 1−. For 0 < p < ∞
and a normal function Φ, let A(p, p,Φ) denote the space of all holomorphic
functions f on D such that

||f ||A(p,p,Φ) =

∫
�

|f(z)|pΦp(|z|)
1 − |z| dA(z) < ∞,

where dA denots the normalized Lebesgue area measure on the unit disk D

such that A(D) = 1.The space A(p, p,Φ)is known as the Bergman-type space.
For 1 ≤ p < ∞, A(p, p,Φ) is a Banach space equipped with the norm ||f ||A(p,p,Φ).
When 0 < p < 1, A(p, p,Φ) is a Frechet space. In particular, Φ(r) =
(1 − r)(α+1)/p,−1 < α < ∞, then A(p, p,Φ) is the weighted Bergman space
with parameter α. The following sharp estimates will be useful in our study.
(see [5]).
Lemma 2.1. Let 0 < p < ∞, and Φ be normal in [0, 1). Then for
f ∈ A(p, p,Φ),

(i) |f(z)| ≤ C
||f ||A(p,p,Φ)

Φ(|z|)(1 − |z|2)1/p
, (z ∈ D);

(ii) ||f ||A(p,p,Φ) ≈ |f(0)|p +
∫
�
|f ′(z)|p(1 − |z|2)p Φp(|z|)

1 − |z| dA(z).

Now, we define weighted Banach spaces of holomorphic functions.
Let Ψ : [0, 1] → R be a continuous non-increasing function which is posi-
tive except Ψ(1) = 0. We also denote by Ψ the function defined on D by
Ψ(z) = Ψ(|z|). Let Cw(D) denote the class of functions satisfying the above
properties. The weighted Banach spaces of holomorphic functions with weight
Ψ are defined as follows:

H∞
Ψ = {f ∈ H(D) : ||f ||Ψ = sup

z∈�
Ψ(z)|f(z)| < ∞},

H∞
Ψ,0 = {f ∈ H(D) : lim

|z|→1−
Ψ(z)|f(z)| = 0}.

H∞
Ψ and H∞

Ψ,0 are Banach spaces under the norm ||.||Ψ. These are natural spaces
in the sense that norm convergence implies uniform convergence on compacta
of D. If we allow Ψ(1) > 0, then we would obtain H∞

Ψ = H∞, the space of
bounded holomorphic functions, and also H∞

Ψ,0 = {0} which is uninteresting.
These spaces were studied by Rubel and Shield [12].

3. Weighted composition operators
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In this section we study weighted composition operators between Bergman-
type spaces and weighted Banach spaces of holomorphic functions analytic in
D.
Theorem 3.1.Let 0 < p < ∞, Ψ ∈ Cw(D) and Φ be normal in [0, 1). Let
u and ϕ be holomorphic maps on D such that ϕ(D) ⊂ D. Then the weighted
composition operator uCϕ maps A(p, p,Φ) boundedly into H∞

Ψ if and only if

sup
z∈�

Ψ(z)|u(z)|
Φ(|z|)(1 − |ϕ(z)|2)1/p

< ∞. (3.1)

Proof. First suppose that (3.1) holds. By Lemma 2.1, for all f ∈ A(p, p,Ψ)
and z ∈ D, we have

Ψ(z)|uCϕf(z)| = Ψ(z)|u(z)f(ϕ(z))|
≤ C

Ψ(z)|u(z)|
Φ(|z|)(1 − |z|2)1/p

||f ||A(p,p,Φ)

Thus (3.1) implies that uCϕ maps A(p, p,Φ) boundedly into H∞
Ψ . Conversely

suppose that uCϕ maps A(p, p,Φ) boundedly into H∞
Ψ . For a ∈ D, let

fa(z) =
(1 − |a|2)t+1

Φ(|a|)(1 − az)1/p+t+1
.

It is easy to see that f ∈ A(p, p,Φ) and so there is a positive constant C such
that

Ψ(z)|u(z)||fa(ϕ(z))| ≤ C.

In particular, when z = a, we have

Ψ(a)|u(a)|
Φ(|a|)(1 − |a|2)1/p

≤ C.

Since a ∈ D is arbitrary, the result follows.
Corollary 3.2. Let 0 < p < ∞ and Φ be normal in [0, 1). Let ϕ be a
holomorphic map on D such that ϕ(D) ⊂ D. Then the composition operator
Cϕ maps A(p, p,Φ) boundedly into H∞

Ψ if and only if

sup
z∈�

Ψ(z)/Φ(|z|)(1 − |ϕ(z)|2)1/p < ∞.

Corollary 3.3. Let 0 < p < ∞ and Φ be normal in [0, 1). Let ϕ be a
holomorphic map on D such that ϕ(D) ⊂ D. Then the multiplication operator
Mu maps A(p, p,Φ) boundedly into H∞

Ψ if and only if

sup
z∈�

Ψ(z)|u(z)|
Φ(|z|)(1 − |z|2)1/p

< ∞.

The next lemma can be proved in a standard way (see [2],p 128, Theorem
3.11.)
Lemma 3.4. The weighted composition operator uCϕ maps A(p, p,Φ) com-
pactly into H∞

Ψ if and only if for any sequence {fn} in A(p, p,Φ) which con-
verges to zero uniformly on compacta of D, uCϕfn → 0 in H∞

Ψ as n → ∞.
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Theorem 3.5. Let 0 < p < ∞, Ψ ∈ Cω(D) and Φ be normal in [0, 1). Let
u and ϕ be holomorphic maps on D such that ϕ(D) ⊂ D. Then the weighted
composition operator uCϕ maps A(p, p,Φ) compactly into H∞

Ψ if and only if

lim
r→1−

sup
|ϕ(z)|>r

Ψ(z)|u(z)|
Φ(|z|)(1 − |ϕ(z)|2)1/p

= 0. (3.2)

Proof. First suppose that (3.2) holds. Let {fn} be a bounded sequence
in A(p, p,Φ) that converges to zero uniformly on compacta of D. Let M =
supn ||f ||A(p,p,Φ) < ∞.
Given ε > 0, there exist an r such that if |ϕ(z)| > r, then

Ψ(z)|u(z)|
Φ(|z|)(1 − |ϕ(z)|2)1/p

< ∞

By Lemma 2.1, we have

|fn(z)| ≤ C
||fn||A(p,p,Φ)

Φ(|z|)(1 − |z|2)1/p
.

Thus for z ∈ D such that |ϕ(z)| > r, we have

Ψ(z)|uCϕfn(z)| = Ψ(z)|u(z)||fn(ϕ(z))|
≤ Ψ(z)|u(z)|

Φ(|z|)(1 − |ϕ(z)|2)1/p
||fn||A(p,p,Φ)

≤ εM,

for all n. On the other hand, since fn → 0 uniformly on {w : |w| ≤ r}, there
exists an n0 such that, if |ϕ(z)| ≤ r and n ≥ n0, then |fn(ϕ(z))| < ε. Also
Theorem 3.1 implies that u ∈ H∞

Ψ . Thus, we have

N = sup
z∈�

Ψ(z)|u(z)| < ∞

and hence

Ψ(z)|uCϕfn(z)| = Ψ(z)|u(z)|fn(ϕ(z))|
≤ Nε.

Conversely, suppose that uCϕ : A(p, p,Φ) → H∞
Ψ is compact and (3.2 ) does

not holds. Then there exists a positive number δ and a sequence {zn} in D

such that |ϕ(zn)| → 1 and

Ψ(z)|u(zn)|
Φ(|z|)(1 − |ϕ(zn)|2)1/p

≥ δ,

for all n. For each n, let wn = ϕ(zn) and consider the function fn as

fn(z) =
( (1 − |wn|2)t+1

Φ(|wn|)(1 − wnz)2

)1/p+t+1

, z ∈ D.
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Then fn is norm bounded and fn → 0 uniformly on compact subsets of D. It
follows that a subsequence of {uCϕfn} tends to 0 in A(p, p,Φ). On the other
hand,

||uCϕfn||Ψ ≥ Ψ(zn)|uCϕfn(zn)|
= Ψ(zn)|u(zn)fn(ϕ(zn))|
=

Ψ(zn)|u(zn)|
Φ(|zn|)(1 − |ϕ(zn)|2)1/p

≥ δ,

which is absurd. Hence we are done.
Corollary 3.6. Let 0 < p < ∞, Ψ ∈ Cω(D), Φ be normal in [0, 1) and ϕ
be holomorphic map on D such that ϕ(D) ⊂ D. Then the composition operator
Cϕ maps A(p, p,Φ) compactly into H∞

Ψ if and only if

lim
r→1−

sup
{z:|ϕ(z)|>r}

Ψ(z)/Φ(|z|)(1 − |ϕ(z)|2)1/p = 0.

Corollary 3.7. Let 0 < p < ∞, Ψ ∈ Cω(D), Φ be normal in [0, 1)
and u be holomorphic map on D. Then the multiplication operator Mu maps
A(p, p,Φ) compactly into H∞

Ψ if and only if

lim
r→1−

sup
|z|>r

Ψ(z)|u(z)|
Φ(|z|)(1 − |z|2)1/p

= 0.

Theorem 3.8. Let 0 < p < ∞, Ψ ∈ Cω(D) and Φ be normal in [0, 1). Let
u and ϕ be holomorphic maps on D such that ϕ(D) ⊂ D. Then the weighted
composition operator uCϕ maps A(p, p,Φ) boundedly into H∞

Ψ,0 if and only if

(i) sup
z∈�

Ψ(z)|u(z)|
Φ(|z|)(1 − |ϕ(z)|2)1/p

< ∞;

(ii) u ∈ H∞
Ψ,0.

Proof. Firstly, suppose uCϕ maps A(p, p,Φ) boundedly into H∞
Ψ,0. Then (i)

can be proved exactly in the same way as in the proof of Theorem 3.1. By
taking f(z) = c, we get u ∈ H∞

Ψ,0.
Conversely, suppose that (i) and (ii) are satisfied. Let ε > 0 and f ∈ A(p, p,Φ).
Since polynomials are dense in A(p, p,Φ), it is an immediate consequence of
Lemma 2.1 that for f ∈ A(p, p,Φ),

|f(z)| = o
( ||f ||A(p,p,Φ)

Φ(|z|)(1 − |z|2)1/p

)
as |z| → 1−

and so by (i) there is δ1 ∈ (0, 1) such that for z ∈ D with |z| > δ1, we can find
a constant C1 > 0 such that

Ψ(z)|u(z)f(ϕ(z))| < ε
Ψ(z)|u(z)|

Φ(|z|)(1 − |ϕ(z)|2)1/p
||f ||A(p,p,Φ)

≤ C1ε. (3.3)
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On the other hand, since by (ii) u ∈ H∞
Ψ,0, for the above ε > 0, there is

δ2 ∈ (0, 1) such that |z| > δ2, implies Ψ(z)|u(z)| < ε. Thus for |ϕ(z)| ≤ δ1, if
|z| > δ2, we have a constant C2 > 0 such that

Ψ(z)|u(z)f(ϕ(z))| ≤ Ψ(z)|u(z)|
Φ(|δ1|)(1 − δ1

2)1/p
||f ||A(p,p,Φ)

≤ C2ε. (3.4)

By combining (3.3) and (3.4), we see that whenever |z| > δ2 we have

Ψ(z)|u(z)f(ϕ(z))| ≤ max(C1, C2)ε.

This means that

lim
|z|→1−

Ψ(z)|uCϕf(z)| = 0.

Thus uCϕf ∈ H∞
Ψ,0. This completes the proof.

Corollary 3.9. Let 0 < p < ∞, Ψ ∈ Cω(D), Φ be normal in [0, 1). and
ϕ be a holomorphic map on D such that ϕ(D) ⊂ D. Then the composition
operator Cϕ maps A(p, p,Φ) boundedly into H∞

Ψ,0 if and only if

sup
z∈�

Ψ(z)/Φ(|z|)(1 − |ϕ(z)|2)1/p < ∞

Corollary 3.10. Let 0 < p < ∞, Φ be normal in [0, 1) and u be a
holomorphic map on D. Then the multiplication operator Mu maps A(p, p,Φ)
boundedly into H∞

Ψ,0 if and only if

(i) sup
z∈�

Ψ(z)|u(z)|
Φ(|z|)(1 − |z|2)1/p

< ∞
(ii) u ∈ H∞

Ψ,0.

The following characterization can be proved on similar lines as Lemma 5.2
in [6]
Lemma 3.11. A closed set K in H∞

Ψ,0 is compact if and only if it is
bounded and satisfies

lim
|z|→1

sup
f∈K

Ψ(z)|f(z)| = 0.

Theorem 3.12. Let 0 < p < ∞, Ψ ∈ Cω(D) and Φ be normal in [0, 1).
Let u and ϕ be holomorphic maps on D such that ϕ(D) ⊂ D. Then the weighted
composition operator uCϕ maps A(p, p,Φ) compactly into H∞

Ψ,0 if and only if

lim
|z|→1−

Ψ(z)|u(z)|
Φ(|z|)(1 − |ϕ(z)|2)1/p

= 0. (3.5)

Proof . By Lemma 3.11, the set {uCϕf : f ∈ A(p, p,Φ), ||f ||A(p,p,Φ) ≤ 1}
has compact closure in H∞

Ψ,0 if and only if

lim
|z|→1−

sup{Ψ(z)|(uCϕ)(z)| : f ∈ A(p, p,Φ), ||f ||A(p,p,Φ) ≤ M} = 0,
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for some M > 0. Suppose that f ∈ H∞
Ψ,0 is such that ||f ||A(p,p,Φ) ≤ 1, and u

and ϕ satisfies (3.5). Then

Ψ(z)|(uCϕ)(z)| = Ψ(z)|u(z)f(ϕ(z))|
≤ Ψ(z)|u(z)|

Φ(|z|)(1 − |ϕ(z)|2)1/p
,

Thus

sup{Ψ(z)|(uCϕ)(z)| : f ∈ A(p, p,Φ), ||f ||A(p,p,Φ) ≤ 1} ≤ Ψ(z)|u(z)|
Φ(|z|)(1 − |ϕ(z)|2)1/p

and it follows that

lim
|z|→11

sup{Ψ(z)|(uCϕ)(z)| : f ∈ A(p, p,Φ), ||f ||A(p,p,Φ) ≤ 1} = 0.

Hence uCϕ : A(p, p,Φ) → H∞
Ψ,0 is compact. Conversely, suppose that uCϕ :

A(p, p,Φ) → H∞
Ψ is compact. Using the same test as in the proof of Theorem

3.4, we see that

lim
|ϕ(z)|→11

Ψ(z)|u(z)|
(1 − |ϕ(z)|2)1/p

= 0. (3.6)

Since uCϕ : A(p, p,Φ) → H∞
Ψ,0 is bounded, Theorem 3.6 implies that u ∈ H∞

Ψ,0.
It is easy to show that u ∈ H∞

Ψ,0 and (3.6) is equivalent to (3.5).

Corollary 3.13. Let 0 < p < ∞, Ψ ∈ Cω(D), Φ be normal in [0, 1) and ϕ
be holomorphic map on D such that ϕ(D) ⊂ D. Then the composition operator
uCϕ maps A(p, p,Φ) compactly into H∞

Ψ,0 if and only if

lim
|z|→11

Ψ(z)/(1 − |ϕ(z)|2)1/p = 0.

Corollary 3.14. Let 0 < p < ∞, Ψ ∈ Cω(D), Φ be normal in [0, 1)
and u be a holomorphic map on D. Then the multiplication operator Mu maps
A(p, p,Φ) compactly into H∞

Ψ,0 if and only if

(i) lim
|z|→11

Ψ(z)|u(z)|
(1 − |z|2)1/p

= 0

(ii) u ∈ H∞
Ψ,0.
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