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1 Introduction

The strong limiting subdifferential was first introduced by S.Lahrech, J. Hlal,
A. Jaddar, A.Ouahab and A. Mbarki in [1] in order to characterize the extrema
of pseudoconvex functions via this a new kind of limiting subdifferential.
We establish in this paper some interesting fuzzy calculus rules related to
strong limiting subdifferential for extended-real-valued functions defined on
Banach spaces.
The rest of this paper is organized as follows. Section 2 contains some def-
initions and preliminary material, while in section 3, we establish the result
related to sum rule and in section 4 we prove some other calculus results: chain
rule, products and quotients rules.

2 Basic definitions and properties

In this section, we recall several definitions and results necessary in the sequel.
Throughout this paper, X and Y denote two Banach spaces and X∗ the topo-
logical dual of X equipped with the weak-star topology.
By Bρ(x) we denote the open ball centered at x with radius ρ (ρ > 0).
For any extended-real-valued function f : X −→ R̄, the domain of f is defined
by:

domf = {x ∈ X/ | f(x) |< +∞}.
The symbol x

f→ x̄ (respectively,
ω∗→ ) means that x → x̄ with f(x) → f(x̄)

(respectively, the convergence for the weak-star topology of X∗).

Definition 2.1 [8] Let f : X −→ R ∪ {+∞} be an extended-real-valued
function, and let x̄ ∈ domf .
The set

∂̂εf(x) = {x∗ ∈ X∗/lim inf
u→x

f(u) − f(x) − 〈x∗, u− x〉
‖ u− x ‖ ≥ −ε}, ε ≥ 0 (1)

is called the ε-Fréchet subdifferential of f at x.
When ε = 0, then the set (1) is called the presubdifferential or Fréchet subdif-
ferential of f at x and is denoted by ∂̂f(x)

Definition 2.2 Let f : X −→ R ∪ {+∞} be an extended-real-valued func-
tion, and let x̄ ∈ domf . Assume that f is l.s.c around x̄.
We define the strong limiting subdifferential ∂̆f(x̄) by:

∂̆f(x̄) = lim sup
ρ↘0,ε↘0,x

f,ρ→x̄

∂̂εf(x), (2)
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where lim sup
ρ↘0,ε↘0,x

f,ρ→x̄

∂̂εf(x) denotes the strong sequential Kuratowski-Painlevé up-

per limit, that is:

lim sup
ρ↘0,ε↘0,x

f,ρ→x̄

∂̂εf(x) = {x∗ ∈ X∗/∃εk ↓ 0, ∃ρk ↓ 0, ∃xk f→ x̄, ∃x∗k ω∗→ x∗ such that

(ρk)k is a nonincreasing sequence satisfying: ρk > 0 and ∀ (k1, k2) large enough,

there is a positive integer k3 ≥ k2 such that

∀x′ ∈ Bρk1
(xk3) f(x′) − f(xk3) − 〈x∗k3, x′ − xk3〉 ≥ −2εk3 ‖ x′ − xk3 ‖

and ‖ x̄− xk3 ‖<
ρk3
2
}.

3 Sum rule

In this section, we establish some results related to sum rule for strong limiting
subdifferential introduced in section 2.

Definition 3.1 Let f : X −→ R ∪ {+∞} be an extended-real-valued func-
tion, and let x ∈ domf . Assume that f is l.s.c around x. The set

∂̂sf(x) = {x∗ ∈ X∗/∀xn → x ∃δn → 0 (δn > 0) ∃δ > 0 ∃n0 ∈ N

∀n ≥ n0 ∀z ∈ Bδ(x)

f(xn) − f(z)− < x∗, xn − z >≥ −δn ‖ z − xn ‖}
is called the strict Fréchet sequential subdifferential of f at x.
If ∂̂sf(x) 
= ∅, then we say that f is strictly sequentially Fréchet subdifferen-
tiable at x.

Theorem 3.2 Let ϕ : X → R, ψ : X → R be two l.s.c real functions
around x̄ ∈ X. Assume that ϕ is sequentially strictly Fréchet subdifferentiable
at x̄. Then

∂̆(ϕ+ ψ)(x̄) ⊂ ∂̂sϕ(x̄) + ∂̆ψ(x̄).

Proof. Let x∗ ∈ ∂̆(ϕ+ψ)(x̄). Then, there are sequences ρk ↓ 0, εk ↓ 0, xk
ϕ+ψ→

x̄, x∗k
ω∗→ x∗ such that(ρk)k is a nonincreasing sequence satisfying: ρk > 0(∀k),

∀δ > 0 ∀(k1, k2) large enough, there is a positive integer k3 ≥ max(k1, k2) such that

∀x ∈ Bρk1
(xk3) (ϕ+ψ)(x)− (ϕ+ψ)(xk3)−〈x∗k3 , x−xk3〉 ≥ −2εk3 ‖ x−xk3 ‖,

(3)
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and ‖ x̄− xk3 ‖< ρk3

2
. Since ϕ is sequentially strictly Fréchet subdifferentiable

at x̄, then there is x∗1 ∈ ∂̂sϕ(x̄). Consequently,

∃δn → 0 (δn > 0) ∃δ > 0 ∃n0 ∈ N ∀n ≥ n0 ∀z ∈ Bδ(x̄)

ϕ(xn) − ϕ(z)− < x∗1, xn − z >≥ −δn ‖ z − xn ‖ .
Let k1, k2 be two large positive integers. Then, there is a positive integer
k3 ≥ max(k1, k2, n0) such that ρk1 +

ρk3

2
≤ δ

2
and

∀x ∈ Bρk1
(xk3) (ϕ+ψ)(x)− (ϕ+ψ)(xk3)−〈x∗k3, x−xk3〉 ≥ −2εk3 ‖ x−xk3 ‖

and ‖ x̄−xk3 ‖< ρk3

2
. Observe that if x ∈ Bρk1

(xk3), then x ∈ Bδ(x̄). Therefore,
we deduce that

∀x ∈ Bρk1
(xk3) ϕ(xk3) − ϕ(x) − 〈x∗1, xk3 − x〉 ≥ −δk3 ‖ x− xk3 ‖ . (4)

Consequently, by virtue of (3) and (4), we obtain

∀x ∈ Bρk1
(xk3) ψ(x)−ψ(xk3)−〈x∗k3 −x∗1, x−xk3〉 ≥ −(2εk3 + δk3) ‖ x−xk3 ‖ .

On the other hand, we have (ϕ + ψ)(xk) → (ϕ + ψ)(x̄), xk → x̄, ϕ and
ψ are l.s.c. Hence, ψ(xkv) → ψ(x̄). Consequently, x∗ − x∗1 ∈ ∂̆ψ(x̄). Thus,
∂̆(ϕ+ ψ)(x̄) ⊂ ∂̂sϕ(x̄) + ∂̆ψ(x̄).

4 Chain rule and other fuzzy calculus rules

Analogously to section 3, we give other fuzzy calculus rules for our strong
limiting subdifferential.

Definition 4.1 Let Φ : X −→ Y be a continuous single-valued mapping
and let ϕ : X×Y −→ R be a real-valued function. Set ȳ = Φ(x̄). Assume that
ϕ(x̄, .) is Fréchet differentiable at ȳ.
We say that ϕ is Φ-sequentially strictly Fréchet differentiable at x̄ if

∀ρk ↓ 0, ∀εk ↓ 0, ∀ xk ϕ◦Φ→ x̄,∀k1, k3 such that k3 ≥ k1

the following implication holds:

[∃x∗1 ∈ ∂̂sϕ(., ȳ)(x̄) such that ∀x ∈ Bρk1
(xk3) ϕ(xk3, ȳ)−ϕ(x, ȳ)−〈x∗1, xk3 −x〉

≥ −εk3 ‖ x− xk3 ‖] ⇒
∃γk ↓ 0 such that ϕ(xk3,Φ(xk3))−ϕ(x,Φ(x))−〈x∗1, xk3−x〉−〈∇yϕ(x̄, ȳ),Φ(xk3)−Φ(x)〉

≥ −γk3(‖ xk3 − x ‖ + ‖ Φ(xk3) − Φ(x) ‖) ∀x ∈ Bρk1
(xk3).
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Let us start with the theorem of chain rule.

Theorem 4.2 Let Φ : X −→ Y be a continuous single-valued mapping such
that Φ : X −→ Y is locally Lipschitzian around x̄ ∈ X. Set ȳ = Φ(x̄). Let
ϕ : X × Y −→ R be a Φ-sequentially strictly Fréchet differentiable mapping
at x̄. Assume that ϕ is l.s.c around (x̄,Φ(x̄)). Suppose also that ϕ(.,Φ(x̄)) is
sequentially strictly Fréchet subdifferentiable at x̄. Then

∂̆(ϕ ◦ Φ)(x̄) ⊂ ∂̂sϕ(., ȳ)(x̄) + ∂̆〈∇yϕ(x̄, ȳ),Φ〉(x̄),
where ϕ ◦ Φ is the function acting from X into R defined by:

(ϕ ◦ Φ)(x) = ϕ(x,Φ(x)).

Proof. Under our hypothesis, we can easily see that ϕ ◦ Φ is l.s.c. around
x̄ and 〈∇yϕ(x̄, ȳ),Φ〉 is continuous around x̄. Therefore, we can talk about

∂̆(ϕ ◦ Φ)(x̄) and ∂̆〈∇yϕ(x̄, ȳ),Φ〉(x̄).
Denote by l the Lipschitz constant of Ψ at x̄. Then there exists δ > 0 such
that

∀x, u ∈ Bδ(x̄) ‖ Φ(u) − Φ(x) ‖≤ l ‖ u− x ‖ .
Let x∗ ∈ ∂̆(ϕ◦Φ)(x̄). Then, there are sequences ρk ↓ 0, εk ↓ 0, xk

ϕ◦Φ→ x̄, x∗k
ω∗→

x∗ such that(ρk)k is a nonincreasing sequence satisfying: ρk > 0(∀k),
∀δ > 0 ∀(k1, k2) large enough, there is a positive integer k3 ≥ max(k1, k2) such that

∀x ∈ Bρk1
(xk3) (ϕ◦Φ)(x)−(ϕ◦Φ)(xk3 )−〈x∗k3 , x−xk3〉 ≥ −2εk3 ‖ x−xk3 ‖, (5)

and ‖ x̄− xk3 ‖< ρk3

2
. Since ϕ(., ȳ) is sequentially strictly Fréchet subdifferen-

tiable at x̄, then there is x∗1 ∈ ∂̂sϕ(., ȳ)(x̄). Consequently,

∃δn → 0 (δn > 0) ∃δ > 0 ∃n0 ∈ N ∀n ≥ n0 ∀z ∈ Bδ(x̄)

ϕ(xn, ȳ) − ϕ(z, ȳ)− < x∗1, xn − z >≥ −δn ‖ z − xn ‖ .
Let k1, k2 be two large positive integers. Then, there is a positive integer
k3 ≥ max(k1, k2, n0) such that ρk1 +

ρk3

2
≤ δ

2
,

∀x ∈ Bρk1
(xk3) (ϕ◦Φ)(x)−(ϕ◦Φ)(xk3)−〈x∗k3 , x−xk3〉 ≥ −2εk3 ‖ x−xk3 ‖ (6)

and ‖ x̄−xk3 ‖< ρk3

2
. Observe that if x ∈ Bρk1

(xk3), then x ∈ Bδ(x̄). Therefore,
we deduce that

∀x ∈ Bρk1
(xk3) ϕ(xk3 , ȳ) − ϕ(x, ȳ) − 〈x∗1, xk3 − x〉 ≥ −δk3 ‖ x− xk3 ‖ .

Since ϕ is Φ-sequentially strictly Fréchet differentiable at x̄, then

∃γk ↓ 0 such that ϕ(xk3 ,Φ(xk3))−ϕ(x,Φ(x))−〈x∗1, xk3−x〉−〈∇yϕ(x̄, ȳ),Φ(xk3)−Φ(x)〉
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≥ −γk3(‖ xk3 − x ‖ + ‖ Φ(xk3) − Φ(x) ‖) ∀x ∈ Bρk1
(xk3).

Hence, ∀x ∈ Bρk1
(xk3)

ϕ(xk3 ,Φ(xk3)) − ϕ(x,Φ(x)) − 〈x∗1, xk3 − x〉 − 〈∇yϕ(x̄, ȳ),Φ(xk3) − Φ(x)〉 ≥

−γk3(‖ xk3 − x ‖ +l ‖ xk3 − x ‖). (7)

By virtue of (6) and (7), we obtain: ∀x ∈ Bρk1
(xk3)

〈∇yϕ(x̄, ȳ),Φ(x)〉 − 〈∇yϕ(x̄, ȳ),Φ(xk3)〉 − 〈x∗k3 − x∗1, x− xk3〉

≥ −[2εk3 + γk3(l + 1)] ‖ x− xk3 ‖ .
Consequently,

x∗ − x∗1 ∈ ∂̆〈∇yϕ(x̄, ȳ),Φ〉(x̄).
Thus, we achieve the proof.
At the end of this section we give some additional calculus formulas for the
strong limiting subdifferential.
The first one is the product rules involving locally Lipschitzian functions.

Theorem 4.3 Let ϕi : X −→ R, i = 1, 2 be two locally Lipschitzian func-
tions around x̄ ∈ X. Assume that all ϕi are continuous. Assume that

∀ρk ↓ 0, ∀εk ↓ 0, ∀ xk → x̄,∀k1, k3 such that k3 ≥ k1

∃γk ↓ 0 such that ∀x ∈ Bρk1
(xk3)

ϕ1(xk3)ϕ2(xk3)−ϕ1(x)ϕ2(x)−ϕ2(x̄)(ϕ1(xk3)−ϕ1(x))−ϕ1(x̄)(ϕ2(xk3)−ϕ2(x))

≥ −γk3(‖ xk3 − x ‖ + | ϕ1(xk3) − ϕ1(x) | + | ϕ2(xk3) − ϕ2(x) |).
Then

∂̆(ϕ1.ϕ2)(x̄) ⊂ ∂̆(ϕ2(x̄)ϕ1 + ϕ1(x̄)ϕ2)(x̄). (8)

Proof. Consider the smooth function ϕ : X × R2 −→ R and the locally
Lipschitzian mapping (around x̄) Φ : X −→ R2 defined by:

Φ(x) = (ϕ1(x), ϕ2(x)) , ϕ(x, y1, y2) = y1.y2.

Using the same argument as in the proof of theorem 6 and taking into account
that 0 ∈ ∂̂sϕ(., ȳ)(x̄), we deduce the result.
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Theorem 4.4 Let ϕi : X −→ R, i = 1, 2 be two locally Lipschitzian func-
tions around x̄ ∈ X. Assume that all ϕi are continuous and ϕ2(x̄) 
= 0.
Suppose also that

∀ρk ↓ 0, ∀εk ↓ 0, ∀ xk → x̄,∀k1, k3 such that k3 ≥ k1

∃γk ↓ 0 such that ∀x ∈ Bρk1
(xk3)

ϕ1(xk3)

ϕ2(xk3)
− ϕ1(x)

ϕ2(x)
− 1

ϕ2(x̄)
(ϕ1(xk3) − ϕ1(x)) − ϕ1(x̄)(

1

ϕ2(xk3)
− 1

ϕ2(x)
)

≥ −γk3(‖ xk3 − x ‖ + | ϕ1(xk3) − ϕ1(x) | + | 1

ϕ2(xk3)
− 1

ϕ2(x)
|).

Then

∂̆(
ϕ1

ϕ2

)(x̄) ⊂ ∂̆(ϕ2(x̄)ϕ1 − ϕ1(x̄)ϕ2)(x̄)

[ϕ2(x̄)]2
. (9)

Proof. Consider the smooth function ϕ : X × R2 −→ R and the locally
Lipschitzian mapping (around x̄) Φ : R2 −→ X defined by:

Φ(x) = (ϕ1(x), ϕ2(x)) , ϕ(x, y1, y2) =
y1

y2
.

Using the same argument as in the proof of theorem 6 and taking into account
that 0 ∈ ∂̂sϕ(., ȳ)(x̄), we deduce the result.
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