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1 Introduction

The strong limiting subdifferential was first introduced by S.Lahrech, J. Hlal,
A. Jaddar, A.Ouahab and A. Mbarki in [1] in order to characterize the extrema
of pseudoconvex functions via this a new kind of limiting subdifferential.

We establish in this paper some interesting fuzzy calculus rules related to
strong limiting subdifferential for extended-real-valued functions defined on
Banach spaces.

The rest of this paper is organized as follows. Section 2 contains some def-
initions and preliminary material, while in section 3, we establish the result
related to sum rule and in section 4 we prove some other calculus results: chain
rule, products and quotients rules.

2 Basic definitions and properties

In this section, we recall several definitions and results necessary in the sequel.
Throughout this paper, X and Y denote two Banach spaces and X* the topo-
logical dual of X equipped with the weak-star topology.
By B,(x) we denote the open ball centered at x with radius p (p > 0).
For any extended-real-valued function f : X — R, the domain of f is defined
by:

domf ={x e X/ | f(z) |< +o0}.

The symbol x Lz (respectively, 2 ) means that z — z with f(z) — f(Z)
(respectively, the convergence for the weak-star topology of X*).

Definition 2.1 /8] Let f : X — R U {400} be an estended-real-valued
function, and let T € domf.
The set

b.f (@) = (2" € X* flimintd W =S @) Z T u— @)

U= lu— |l

>—c},e>0 (1)

1s called the e-Fréchet subdifferential of f at x.
When e = 0, then the set (1) is called the presubdifferential or Fréchet subdif-
ferential of f at x and is denoted by Of(x)

Definition 2.2 Let f: X — RU {400} be an extended-real-valued func-
tion, and let T € domf. Assume that f is l.s.c around T.
We define the strong limiting subdifferential Of(Z) by:

Of(z) = limsup O.f(x), (2)
PN0,eN0,2 107
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where  lim sup 0. f(z) denotes the strong sequential Kuratowski- Painlevé up-

P\0,eN0,z 1z
per limit, that 1s:

lim sup égf(x) ={z" € X*/3e, 1 0, Jpr | 0, Ty, EN z, Jxj, <% 2* such that

PN\0,eN0,2 7

(pr)k s a nonincreasing sequence satisfying: pr > 0 and ¥ (kq, ko) large enough,

there is a positive integer ks > ko such that

va' e Bﬂk1 (xks) f(l'/) - f(xks) - (ng,x’ - xk3> = _2€k3 H v’ — Lk H

and || 7 -, < B2},

3 Sum rule

In this section, we establish some results related to sum rule for strong limiting
subdifferential introduced in section 2.

Definition 3.1 Let f : X — RU {400} be an extended-real-valued func-
tion, and let x € domf. Assume that f is l.s.c around x. The set

Osf(x) ={z* € X* Nz, 2 36, — 0 (6,>0) I6>0 Inge N

Vn >ng Vz € Bs(x)
flzn) — f(2)— <2 ,xp—2>> =60 || z— 2 ||}

is called the strict Fréchet sequential subdifferential of f at x.
If Osf(x) # 0, then we say that f is strictly sequentially Fréchet subdifferen-
tiable at x.

Theorem 3.2 Let ¢ : X — R, ¥ : X — R be two l.s.c real functions
around T € X. Assume that ¢ is sequentially strictly Fréchet subdifferentiable
at T. Then

~ v

I +¥)(T) C Dyp(T) + ().

Proof. Let 2* € 5(@—1—1/))(@). Then, there are sequences pi | 0, €5 | 0, xy arg

z, o}, % 2* such that(py)r is a nonincreasing sequence satisfying: pr > 0(Vk),
Vo > 0V(kq, ko) large enough, there is a positive integer k3 > max(ky, k2) such that

Vr € BPk1 (xks) (30+w>($) - (90+w)(x/€3) - <x‘23,l‘—l‘k3> = _2€k3 H x_xks(zl))‘)?
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and || T — xy, ||< %2, Since ¢ is sequentially strictly Fréchet subdifferentiable
at T, then there is 27 € d,p(Z). Consequently,

30, = 0 (0, >0) 30 >0 Ing € N Vn >ny Vz € Bs(T)

o(xn) —o(z)— < aj,m,—z2>> =0, | z— x| -

Let ki, ko be two large positive integers. Then, there is a positive integer
ks > max(kq, ko, ng) such that pg, + % < g and

Vr € Bpk1 (‘rk3) (90+¢)(x)_(§0+¢)(Ik3)_<ngvx_l‘k3> > _251433 H T — Ty H

and || Z—xy, ||< %2. Observe that if z € By, (1), then z € Bs(). Therefore,
we deduce that

Vo € Bﬂk1 (xks) (p(xks) - (p(x) - <x>{7xk3 - 33'> > _5k3 H L — Ty H : (4>

Consequently, by virtue of (3) and (4), we obtain

Vo € By, (wy) () =(wr;) = (wh, =21, 2= Tng) = — (268, +0s) | 2 — g5 || -

On the other hand, we have (¢ + ¥)(zr) — (¢ +¥)(T), v — T, ¢ and

Y (P
Y are ls.c. Hence, ¢(zy,) — ¥(Z). Consequently, 2* — z7 € 0¢(z). Thu
Ip +¥)(E) C dup(®) + I(@).

4 Chain rule and other fuzzy calculus rules

Analogously to section 3, we give other fuzzy calculus rules for our strong
limiting subdifferential.

Definition 4.1 Let ® : X — Y be a continuous single-valued mapping
and let ¢ : X XY — R be a real-valued function. Sety = ®(z). Assume that
©(Z,.) is Fréchet differentiable at y.

We say that ¢ is ®-sequentially strictly Fréchet differentiable at T if

@wod

Vor 1 0, Ver | 0,V 2 — Z,Vky, k3 such that ks > ky

the following implication holds:

[(Fz] € ésgo(., y)(@) such that Yz € B, (2ry) p(Ths, §) — (2, §) — (2], Ty, — )
> —Eks || L — Ty H] =
El'Yk J/ 0 such that (P(Ikw CI)("L’]%))_QD(‘T? CI)(CL’))—CL'){,Ik3—$>—<vy(p(f,g), CI)(:Ek3)—CI)(:L')>
Vs ([| Ty — @ || + || D(2n,) — (@) ||) Vo € By, (k)
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Let us start with the theorem of chain rule.

Theorem 4.2 Let® : X — Y be a continuous single-valued mapping such
that ® : X — Y s locally Lipschitzian around T € X. Set § = ®(z). Let
@ : X XY — R be a ®-sequentially strictly Fréchet differentiable mapping
at . Assume that ¢ is l.s.c around (Z,®(z)). Suppose also that ¢(., P(Z)) is
sequentially strictly Fréchet subdifferentiable at T. Then

(i 0 ®)(2) C Dol 9)(@) + ) Vyp(2,7), )(2),

where p o ® s the function acting from X into R defined by:

(0o ®@)(x) = p(z, B(x)).

Proof. Under our hypothesis, we can easily see that ¢ o ® is l.s.c. around
z and (V,¢(z,7), ) is continuous around . Therefore, we can talk about
Ip 0 ®)(7) and AV, (7, 7), D) (2).
Denote by [ the Lipschitz constant of W at . Then there exists 6 > 0 such
that

Va,ue Bs(®) || ®(u) = (@) <1 fu—z].

*

Let z* € 5(<po¢>)(f). Then, there are sequences pi | 0, €5 | 0, xy ey T
x* such that(py), is a nonincreasing sequence satisfying: pp > 0(Vk),
Vo > 0V(ky, ko) large enough, there is a positive integer k3 > max(ky, k2) such that

Vr € Bpk1 ('rk3) (gpo¢>)(x)—(cpo¢))(xk3)—(x23,x—xk3> > —2¢ep, H LTy H’ (5>

and || Z — z, [|< %2, Since (P(;’ ) is sequentially strictly Fréchet subdifferen-
tiable at z, then there is z] € 0s¢(.,7)(Z). Consequently,

36, = 0 (0, >0) 36 >0 Ing € N Vn >ngy Vz € Bs(T)

gO(l'n,g) - ()0(2>g)_ < Z'T,Jl'n -z >2 _5TL H 2= Tn H .

Let ki, ko be two large positive integers. Then, there is a positive integer
ks > max(kq, ko, ng) such that py, + % < g,

Vr € Bpk1 ('rk3) (QOOCI))(J])—(QOOCI))(J];CB)—(JZZs,ZL‘—ZL‘k3> > —2ep, H LTy || (6)

and || Z—xy, ||< %2. Observe that if z € By, (wy,), then x € Bs(7). Therefore,
we deduce that

Vo € BPkl (xks) Sp(xksvg> - @(x,g) - <$T7xk3 - $> = _(5/63 H L — Tk H :
Since ¢ is ®-sequentially strictly Fréchet differentiable at z, then

El'Yk J/ 0 such that (P(Ikm q)(xks))_gp(xv CI’(:B))—(.%T, xks_x>_<vy90(i‘7 g)v CI)(:L‘k3)—CI)(:L')>
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> =ks (| 2y = @ || + || D(gs) = () [|) Y € By, (why)-

Hence, Vz € B, ()
Qo(xksv CI)(:LV%)) - (P(I7 CI)(:(])) - <$>{,ZL‘;€3 - ZL‘> - <vy90(f7g)v CI)("LV%) - CI)(:(])> >

s (| 2y — 2 |+ [ 2y — 2 ])- (7)
By virtue of (6) and (7), we obtain: Vo € B, (7,)

(Vyo(7,9), 0(2)) = (Vyp(2,9), D(ky)) = (0, — 27, % = Thy)

> —[2es + s (L+ D] || @ =y ]

Consequently,
Tt — 'f{ € a<vy30(i'7 g): CD>(E)

Thus, we achieve the proof.

At the end of this section we give some additional calculus formulas for the
strong limiting subdifferential.

The first one is the product rules involving locally Lipschitzian functions.

Theorem 4.3 Let p;, : X — R, 1 = 1,2 be two locally Lipschitzian func-
tions around T € X. Assume that all p; are continuous. Assume that

Vor 1 0, Ver | 0,V xp — &, Vky, k3 such that k3 > ky
F L 0 such that Vo € By, (w,)

01Ty ) P2(Ths ) — p1(2)02(7) — 02(Z) (P1(Ths) — P1(7)) — 01 (T) (2 (Trs) — Pa(T))

> =Yy (| 2hy — @ || + [ 01(2h5) — 01(2) | + | p2(2hy) — pa(z) |).
Then

% v

A(p1-02)(Z) C Opa(T)p1 + 1(T)p2) (7). (8)

Proof. Consider the smooth function ¢ : X x R? — R and the locally
Lipschitzian mapping (around z) ® : X — R? defined by:

®(x) = (p1(2), p2(2)) , (2, y1,Y2) = Y1-Ya.

Using the same argument as in the proof of theorem 6 and taking into account
that 0 € ds¢(.,7)(Z), we deduce the result.
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Theorem 4.4 Let p; : X — R, 1 = 1,2 be two locally Lipschitzian func-
tions around T € X. Assume that all ¢; are continuous and po(T) # 0.
Suppose also that

Vor | 0, Ve | 0,V ) — &, Vky, k3 such that k3 > ky

Ik L 0 such that Vo € By, ()

pr(ee) () 1 ) — o () — o (7)1
) o) gl O T =TS S o wy)
> (s =+ | 1) = () |+ | s = — .
Then 5
s 1y oy O(pa(T)pr — 1(T)pa)(7)
)@ < @ ‘ )

Proof. Consider the smooth function ¢ : X x R?> — R and the locally
Lipschitzian mapping (around ) ® : R? — X defined by:

Y1
O(z) = (p1(2), p2(2)) , (T, y1,92) = va
Using the same argument as in the proof of theorem 6 and taking into account
that 0 € ds¢(., 9)(Z), we deduce the result.
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