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Abstract

In this note we study the regularity criteria for weak solutions to the
3-D MHD equations. It is proved that if u ∈ X which is the closure of

C([0, T ]×R
3) in C([0, T ]; L3,∞), or u ∈ Ls(0, T ; Ṁp,q(R3)) with

2
s

+
3
p

=

1, p > 3, p ≥ q, or ∇u ∈ Ls(0, T ; Ṁp,q(R3)) with
2
s

+
3
p

= 2, p >
3
2

and

p ≥ q, then the solution remains smooth on [0, T ]. Since Lp ⊂ Lp,∞ ⊂
Ṁp,q if p > q, our results improve the results in [3] and [10] when p = q

and hence Ṁp,p = Lp. Moreover, our results like that in [3] and [10]
demonstrate that the velocity field of the fluids plays a more dominant
role than the magnetic field does on the regularity of solution to the
magnetohydrodynamic (MHD) equations.

Mathematics Subject Classification: 35Q35, 35B65, 76D05

Keywords: MHD equations, regularity criterion, Lorentz space, Morrey
space

1This work supported by NSFC (Grant No. 10301014, 10571087), SRFDP No.
20050319001, Natural Science Foundation of Jiangsu Province BK2006523, Natural Sci-
ence Foundation of of Jiangsu Education Commission No. 05KJB110063 and the Teach-
ing and Research Award Program for Outstanding Young Teachers in Nanjing Normal
University(2005–2008).



480 Jishan Fan and Hongjun Gao

1 Introduction

We consider the viscous incompressible 3-D MHD equations:

ut − Δu + u · ∇u − B · ∇B + ∇p +
1

2
∇|B|2 = 0, (1.1)

Bt − ΔB + u · ∇B − B · ∇u = 0, (1.2)

divu = divB = 0, (1.3)

(u, B)|t=0 = (u0, B0). (1.4)

where u := (u1, u2, u3) is the velocity field, B := (B1, B2, B3) is the magnetic
field, p is a scalar pressure.

Duvaut and Lions [2] and Miao, Yuan and Zhang [4] constructed a class of
global weak solutions. Sermange and Temam [7] proved the local existence of
classical solutions and this solution is global if (u, B) ∈ L∞(0, T ; H1(R3)). Wu
[9] proved that if the velocity and the magnetic field satisfy

∫ T

0

‖∇u(t)‖4
L2 + ‖∇b(t)‖4

L2dt < ∞

or ∫ T

0

‖u(t)‖2
L∞ + ‖b(t)‖2

L∞dt < ∞,

then the solution (u, b) remain smooth on [0, T ]. Very recently, C. He and Z.
P. Xin [3] and Y. Zhou [10] proved that if the velocity field u ∈ C([0, T ]; L3) or

u ∈ Ls(0, T ; Lr(R3)) with
2

s
+

3

r
= 1 and r > 3, or ∇u ∈ Ls(0, T ; Lr(R3)) with

2

s
+

3

r
= 2 and r >

3

2
, then the solution (u, B) is smooth on [0, T ]. It is worthy

to emphasize that there are no assumptions on the magnetic field B. In other
word, these results demonstrate that the magnetic field plays less dominant
role than the velocity field does in the regularity theory of solutions to MHD
equations. In a certain sense, these results are consistent with the numerical
simulations of Politano et al. in [6].

Let C∞
0,σ(R

3) denote the set of all C∞ real vector-valued functions ϕ :=
(ϕ1, ϕ2, ϕ3) with compact support in R

3, such that divϕ = 0. Let V be the
closure of C∞

0,σ(R3) in H1(R3). And let Lp,q denote the standard Lorentz space
[8], we denote X by the closure of C([0, T ]× R

3) in C([0, T ]; L3,∞(R)).
Let 1 < q ≤ p < ∞, we define the homogeneous Morrey space:

Ṁp,q :=

{
f ∈ Lq(R3)|‖f‖Ṁp,q

:= sup
R>0

sup
x∈�3

R3( 1
p
− 1

q
)

(∫
B(X,R)

|f(y)|qdy

)1
q

< +∞
}

.
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Let 1 ≤ p′ ≤ q′ < +∞. We define the following homogeneous space:

Ṅp′,q′ :=

⎧⎪⎪⎨
⎪⎪⎩

f ∈ Lp′/f =
∑
k∈�

gk, where (gk) ⊂ Lq′
comp(R

3) and

∑
k∈�

d
3( 1

p′−
1
q′ )

k ‖gk‖Lq′ < +∞ where ∀ k, dk = diam(suppgk) < +∞

⎫⎪⎪⎬
⎪⎪⎭ .

Let 1 < p′ ≤ q′ < +∞ and p, q such that
1

p
+

1

p′
= 1,

1

q
+

1

q′
= 1. Then Ṁp,q is

the dual space of Ṅp′,q′.[1]

Let 1 ≤ p′ ≤ q′ < 2 and r =
3

p
. There exists C > 0 such that ∀u ∈ L2(R3)

and ∀ v ∈ Ḣr(R3),

‖uv‖Ṅp′,q′
≤ C‖u‖L2‖v‖Ḣr. (1.5)

For the proof of this inequality, see [1].
Now we are in a position to state our main result.
Theorem 1.1 Let (u0, B0) ∈ V. Assume that one of the following three

conditions holds:

(a) u ∈ Ls(0, T ; Ṁp,q(R
3)) for

2

s
+

3

p
= 1, p > 3 and p ≥ q ≥ 1, (1.6)

(b) u ∈ X, (1.7)

(c) ∇u ∈ Ls(0, T : Ṁp,q(R
3)) for

2

s
+

3

p
= 2, p >

3

2
, p ≥ q, (1.8)

then

(u, B) ∈ L∞(0, T ; H1(R3)) ∩ L2(0, T ; H2(R3)). (1.9)

Remark 1.1 Since C([0, T ]; L3) ⊂ X and Lp ⊂ Lp,∞ ⊂ Ṁp,q, our results
generalize that in [3] and [10].

Remark 1.2 We observe that if (u, b) solves (1.1)-(1.4), then so does
(uλ, bλ) := (λu(λ2t, λx), λb(λ2t, λx)), and ‖uλ‖Ls(0,λ2T ;Lp) = ‖u‖Ls(0,T ;Lp) for all

λ > 0 if and only if
2

s
+

3

p
= 1.

2 Proof of Theorem 1.1

Firstly, we assume that (1.6) holds. We differentiate (1.1) with respect to xi,
then multiply the resulting equations by ∂iu to get

1

2

d

dt
‖∂iu‖2

L2 + ‖∇∂iu‖2
L2 = −

∫
(∂iu · ∇)u · ∂iudx +

∫
(∂iB · ∇)B · ∂iudx

+

∫
(B · ∇)∂iB · ∂iudx.

(2.1)
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Similarly,

1

2

d

dt
‖∂iB‖2

L2 + ‖∇∂iB‖2
L2 = −

∫
(∂iu · ∇)B · ∂iBdx +

∫
(∂iB · ∇)u · ∂iBdx

+

∫
(B · ∇)∂iu · ∂iBdx.

(2.2)
Adding (2.1) and (2.2), we obtain, by integration by parts, that

1

2

d

dt

(‖∂iu‖2
L2 + ‖∂iB‖2

L2

)
+ ‖∇∂iu‖2

L2 + ‖∇∂iB‖2
L2

= −
∫

(∂iu · ∇)u · ∂iudx +

∫
(∂iB · ∇)B · ∂iudx

−
∫

(∂iu · ∇)B · ∂iBdx +

∫
(∂iB · ∇)u · ∂iBdx =: I1 + I2 + I3 + I4.

(2.3)
Each term Ii can be bounded as follows

I1 = −
∫

(∂iu · ∇)u · ∂iudx

= −
3∑

j=1

3∑
k=1

∫
∂iuk · ∂kuj · ∂jujdx =

3∑
j=1

3∑
k=1

∫
(∂iuk)uj(∂i∂kuj)dx

≤
∫

|u||∇u||D2u|dx ≤ ‖u‖Ṁp,q
‖|∇u||D2u|‖Ṅp′,q′

≤ ‖u‖Ṁp,q
‖D2u‖L2‖∇u‖

Ḣ
3
p

≤ C‖u‖Ṁp,q
‖D2u‖1+ 3

p

L2 ‖∇u‖1− 3
p

L2

(2.4)
by the Gagliardo-Nirenberg inequality

‖∇u‖
Ḣ

3
p
≤ C‖∇u‖1− 3

p

L2 ‖D2u‖
3
p

L2. (2.5)

Similarly,

I2 =

3∑
j=1

∫
∂iB · ∇Bj · ∂iujdx = −

3∑
j=1

∫
(∂i∂iB · ∇Bj + ∂iB · ∇∂iBj)ujdx

≤ C

∫
|u||∇B ||D2B|dx ≤ C‖u‖Ṁp,q

‖D2B‖L2‖∇B‖
Ḣ

3
p

≤ C‖u‖Ṁp,q
‖D2B‖1+ 3

p

L2 ‖∇B‖1− 3
p

L2 ,

(2.6)

I3 = −
∫

(∂iu · ∇)B · ∂iBdx =

∫
u(∇∂iB · ∂iB + ∇B · ∂i∂iB)dx

≤ C

∫
|u||∇B ||D2B|dx

≤ C‖u‖Ṁp,q
‖D2B‖1+ 3

p

L2 ‖∇B‖1− 3
p

L2 ,

(2.7)
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I4 =

∫
(∂iB · ∇)u · ∂iBdx =

3∑
j=1

3∑
k=1

∫
∂iBk · ∂kuj · ∂iBjdx

= −
3∑

j=1

3∑
k=1

∫
∂iBk · ∂i∂kBj · ujdx ≤ C

∫
|u||∇B ||D2B|dx

≤ C‖u‖Ṁp,q
‖D2B‖1+ 3

p

L2 ‖∇B‖1− 3
p

L2 .

(2.8)

Substituting (2.4),(2.6), (2.7) and (2.8) into (2.3) and summing over i, we have

1

2

d

dt

(‖∇u‖2
L2 + ‖∇B‖2

L2

)
+ ‖D2u‖2

L2 + ‖D2B‖2
L2

≤ C‖u‖Ṁp,q
‖∇u‖1− 3

p

L2 ‖D2u‖1+ 3
p

L2

+C‖u‖Ṁp,q
‖∇B‖1− 3

p

L2 ‖D2B‖1+ 3
p

L2

≤ 1

2
‖D2u‖2

L2 +
1

2
‖D2B‖2

L2 + C‖u‖
2p

p−3

Ṁp,q

(‖∇u‖2
L2 + ‖∇B‖2

L2

)
by Young’s inequality and hence

d

dt

(‖∇u‖2
L2 + ‖∇B‖2

L2

)
+ ‖D2u‖2

L2 + ‖D2B‖2
L2

≤ C‖u‖s
Ṁp,q

(‖∇u‖2
L2 + ‖∇B‖2

L2

) (2.9)

which implies the result by Gronwall’s inequality.
If u ∈ X, then we can decompose u = v + w with

‖v‖C([0,T ];L3,∞) ≤ ε and ‖w‖L∞((0,T )×�3) ≤ C for any ε > 0.

Then I1 can be bounded as

I1 ≤ C

∫
|u||∇u||D2u|dx ≤ C‖v‖L3,∞‖∇u‖L6,2‖D2u‖L2

+C‖w‖L∞‖∇u‖L2‖D2u‖L2 ≤ Cε‖D2u‖2
L2 + C‖∇u‖2

L2.

Here we have used the Sobolev inequality [5]:

‖∇u‖L6,2 ≤ C‖D2u‖L2

and the Hölder’s inequality [8]:

‖fg‖Lp,q ≤ C‖f‖Lp1,q1‖g‖Lp2,q2

if
1

p
=

1

p1
+

1

p2
and

1

q
=

1

q1
+

1

q2
.

The other terms I2, I3 and I4 can be treated as before, so we can obtain an
inequality similar to (2.9). Then we deduce the result.
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Finally, let us assume that (1.8) holds. Multiplying (1.1) by Δu, integration
by parts and taking the divergence free property into account, we have

1

2

d

dt
‖∇u‖2

L2 + ‖Δu‖2
L2 = −

∫
∂iuk · ∂kuj · ∂iujdx +

∫
∂iBk · ∂kBj · ∂iujdx

−
∫

Bk · ∂i∂kuj · ∂iBjdx,

(2.10)
similarly,

1

2

d

dt
‖∇B‖2

L2 + ‖ΔB‖2
L2 = −

∫
∂iuk · ∂kBj · ∂iBjdx +

∫
∂iBk · ∂kuj · ∂iBjdx

+

∫
Bk · ∂k∂iuj · ∂iBjdx,

(2.11)
Combining (2.10) and (2.11) yields

1

2

d

dt

(‖∇u‖2
L2 + ‖∇B‖2

L2

)
+ ‖Δu‖2

L2 + ‖ΔB‖2
L2

= −
∫

∂iuk · ∂kuj · ∂iujdx +

∫
∂iBk · ∂kBj · ∂iujdx

−
∫

∂iuk · ∂kBj · ∂iBjdx +

∫
∂iBk · ∂kuj · ∂iBjdx

=: J1 + J2 + J3 + J4.

(2.12)

Then we estimate the above terms one by one

J1 ≤ ‖∇u‖Ṁp,q
‖∇u‖L2‖∇u‖

Ḣ
3
p
≤ C‖∇u‖Ṁp,q

‖∇u‖2− 3
p

L2 ‖Δu‖
3
p

L2

≤ ε‖Δu‖2
L2 + C‖∇u‖

2p
2p−3

Ṁp,q
‖∇u‖2

L2,

for any ε > 0 due to (2.5).
Similarly,

J2, J3, J4 ≤ ‖∇u‖Ṁp,q
‖∇B‖L2‖∇B‖

Ḣ
3
p
≤ ε‖ΔB‖2

L2 + C‖∇u‖
2p

2p−3

Ṁp,q
‖∇B‖2

L2.

Inserting these estimates into (2.12) and taking ε small enough, we obtain

d

dt

(‖∇u‖2
L2 + ‖∇B‖2

L2

)
+ ‖Δu‖2

L2 + ‖ΔB‖2
L2

≤ C‖∇u‖
2p

2p−3

Ṁp,q

(‖∇u‖2
L2 + ‖∇B‖2

L2

)
,

Now the Gronwall’s inequality gives the result (1.9).
This completes the proof. �
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