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Abstract

In this note we study the regularity criteria for weak solutions to the
3-D MHD equations. It is proved that if u € X which is the closure of
. 2 3
C([0, T]xR3) in C([0, T]; L¥), or u € L5(0, T; My, o(R3)) with =4 = =
s P
3

. 2 3
1,p>3,p>q, or Vue L*(0,T; Mpvq(R?’)) with B —1—1—9 =2,p> 3 and

p > g, then the solution remains smooth on [0, T]. Since LP C LP*> C
M, if p > g, our results improve the results in [3] and [10] when p = ¢
and hence M, , = LP. Moreover, our results like that in [3] and [10]
demonstrate that the velocity field of the fluids plays a more dominant
role than the magnetic field does on the regularity of solution to the

magnetohydrodynamic (MHD) equations.
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1 Introduction

We consider the viscous incompressible 3-D MHD equations:

1
ut—Au—l—u~Vu—B~VB+Vp+§V\B]2:0, (1.1)
B~ AB+u-VB—B-Vu=0, (1.2)

divu = divB = 0, (1.3)

(u, B)|t=0 = (uo, Bo). (1.4)

where u := (u1, ug, uz) is the velocity field, B := (By, Bs, Bs) is the magnetic
field, p is a scalar pressure.

Duvaut and Lions [2] and Miao, Yuan and Zhang [4] constructed a class of
global weak solutions. Sermange and Temam [7] proved the local existence of
classical solutions and this solution is global if (u, B) € L*>(0,T; H'(R?)). Wu
[9] proved that if the velocity and the magnetic field satisfy

T
Arwww;+mwmma<w

or
T
Aumm;+wm;w<w

then the solution (u,b) remain smooth on [0,7]. Very recently, C. He and Z.
P. Xin [3] and Y. Zhou [10] proved that if the velocity field u € C([0, T]; L?) or

2 3
uw € L*(0,T; L"(R3)) with =+ = =1 and r > 3, or Vu € L*(0,T; L"(R?)) with
s

2 3 3
3 +-—=2andr > 3 then the solution (u, B) is smooth on [0, T']. It is worthy

to er;phasize that there are no assumptions on the magnetic field B. In other
word, these results demonstrate that the magnetic field plays less dominant
role than the velocity field does in the regularity theory of solutions to MHD
equations. In a certain sense, these results are consistent with the numerical
simulations of Politano et al. in [6].

Let Cg%,(R?) denote the set of all C™ real vector-valued functions ¢ :=
(1, @2, p3) With compact support in R3, such that divp = 0. Let V be the
closure of C5%(R?) in H'(R?). And let LP? denote the standard Lorentz space
8], we denote X by the closure of C'([0, 7] x R3) in C([0,T]; L>*(R)).

Let 1 < ¢ < p < 00, we define the homogeneous Morrey space:

R>0 z€R3

Myq = {f e L'(R)IIf]lxs,,, := sup sup R*»~7 (/ !f(y)!qdy) < +OO} :
B(X,R)
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Let 1 <p' < ¢ < 400. We define the following homogeneous space:

fel’/f= ng, where (gx) C Lg;mp(R?’) and
. keN
Np/7q/ = L/_L

3 ! 1
Z dk(p ’ )HngLq/ < 400 where V k,d; = diam(suppgx) < +00
keN

1 1 1 1 .
Let 1 < p' < ¢’ < +oo and p, g such that —+ — =1,—+ — = 1. Then M, is
, p P q¢ q
the dual space of Ny ,.[1]
Let 1<p' <¢ <2andr=

and V v € H"(R?),

3
—. There exists C' > 0 such that Yu € L*(R?)
p

luvllx,, , < Cllullzlfoll - (L5)

For the proof of this inequality, see [1].

Now we are in a position to state our main result.

Theorem 1.1 Let (ug, By) € V. Assume that one of the following three
conditions holds:

. 2 3
(a) u € L*(0,T; M, ,(R?)) for ST ) LLp>3andp>q¢>1, (1.6)

(b) u € X, (1.7)
: 2
(©) Vue LT M) for =+ 2 =2p> Sp>a (19
then
(u, B) € L=(0,T; H*(R*)) N L*(0, T'; H*(R?)). (1.9)

Remark 1.1 Since C([0,T]; L) € X and L? C LP>® C M,,, our results
generalize that in [3] and [10].

Remark 1.2 We observe that if (u,b) solves (1.1)-(1.4), then so does
(ux, by) = (Au(N, Az), A\b(A\%t, A\x)), and ||uy]

2
)\>Oifandonlyif—+§:1.
s P

Ls(0N2T;Lp) = ||l Ls(0,;v) for all

2 Proof of Theorem 1.1

Firstly, we assume that (1.6) holds. We differentiate (1.1) with respect to z;,
then multiply the resulting equations by O;u to get

(2.1)
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Similarly,
1
s 0Bl V0B = ~ [(0w- V)8 aaw+ (@8- V- o5
+/(B - V)0;u - ;Bdx.

(2.2)
Adding (2.1) and (2.2), we obtain, by integration by parts, that

1d
577 U19wllze +10:Bl172) + [IVOullzz + [[VO:BIIZ:

=— /(&u -V)u - Qyudzr + /(&B -V)B - djudz

(2.3)
Each term I; can be bounded as follows
I, = —/(8iu~V)u~6iud$
3 3 3 3
= - Z Z / &uk . 8kuj . 6jujdx = Z Z /(&uk)uj(&&kuj)dx
j=1 k=1 j=1 k=1
< [ ullVul|D?ulde < fully, IIVallD?ll 5,
< Alullyg, ID%ull 2Vl s
1+3 1-3
< Cllully, 1D ull 2" [ Vull 2"
(2.4)
by the Gagliardo-Nirenberg inequality
1-3 3
[Vull s < ClIVul 27| Dl . (25)

Similarly,
3 3
j=1 j=1

< C/!UHVBHWB!OUESCHUHM,,,QHDZBHLQHVBHHg

1+3 1-3

< Cllully, JD*Bll"IIVBI ",
(2.6)
< c/ |u||V B||D*B|dz (2.7)

< C 2 1+% 1_%
[ull vz, JID°Bll 2" IV Bl 2"
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3 3
Iy = /(@B *V)u - 9;Bdx = Z Z/ain - Oguj - 0;B;dx

=1 k=1
3

: (28)
- —ZZ/ain.aiakBj.ujdx < c/yuHVBHD?Bydx '
j:

1 k=1
142 1—%
< Cllully, JD*Bll:"IIVBI 2"
Substituting (2.4),(2.6), (2.7) and (2.8) into (2.3) and summing over i, we have

1d

57 IVulliz +1VBL2) + [ D*ullfz + [D*BIIz»

1-2 142
< Cllully, IVull 2" |1 D%l 12"
= P2t
+Clull g, VB " [ DB .
1 1 2p
< SID%ullz + SI1D°Blzz + Cllully,” (IVullZ + IV BIIZ:)
by Young’s inequality and hence

d
7 (IVullZe +IVBIIZ2) + [1D*ullZ: + [ D* Bl
< Cllullsy, , (IVullfz + [VBIZ2)

»q

which implies the result by Gronwall’s inequality.
If u € X, then we can decompose u = v + w with

HUHC([O’T];L&%) <e and |lw|peqorxry < C  forany &> 0.

Then I; can be bounded as

L < C/ [ul[Vul|[D*uldz < Cllvl s || Vu] oz [ D*ull 2
+C||wll < [Vull 2| D*ull 2 < Cel[ D*ull72 + C|[Vul|7..
Here we have used the Sobolev inequality [5]:
IVl o2 < CID*ull 2
and the Holder’s inequality [8]:

1fgllzra < CllFl[zmran gl raae

1 1

p P2 qa ¢ q .
The other terms I, I3 and I4 can be treated as before, so we can obtain an

inequality similar to (2.9). Then we deduce the result.

1 1 1 1
if —=—+ —and - =
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Finally, let us assume that (1.8) holds. Multiplying (1.1) by Au, integration
by parts and taking the divergence free property into account, we have

1d
—/Bk . Gﬁkuj . &Bjdx,
(2.10)
similarly,
1d 9 9
(2.11)
Combining (2.10) and (2.11) yields
Ld Yl + VB2 Aul|2. + | AB|?
57 (IVullz: + [VBIZ) + [Aulz. + [ABIIZ:
— / o;uy, - 6kBj . &Bjdl' + /asz . 6kUj . &Bjdx
= J1+J2+J3+J4.
Then we estimate the above terms one by one
2_3 3
S < IVl IVull 2 Vall s < CIVully, [[Vull 2" | Aull7.
< el dulZ + VUl 7 [Vl
for any € > 0 due to (2.5).
Similarly,
o, I, Ja < [Vully, VBl VB s < e ABI[7: + Cl[Vull 3 * VB 7.

Inserting these estimates into (2.12) and taking e small enough, we obtain

S (I9ul3 + IVBIR:) + 1 8ul, + |AB|3,
< CVull%? (IVul3 + IVBI2)

Now the Gronwall’s inequality gives the result (1.9).
This completes the proof. O
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