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Abstract

This paper discusses the determination of returns to scale (RTS)
under weight restrictions in data envelopment analysis (DEA). We first
review Tone’s method (Tone, 2001) for testing returns to scale (RTS)
under weight restrictions. Then an approach is introduced for this task,
based upon the sum of the optimal lambda values in the CCR-weight
restriction model. The equivalence of this method and Tone’s method
is proved. We then illustrate our approach by a numerical example.
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1 Introduction

Data envelopment analysis (DEA) is a nonparametric technique for measuring
and evaluating relative efficiency of peer decision making units (DMUs) with
multiple inputs and multiple outputs (Charnes et al., 1978). One research issue
which has received widespread attention in the rapidly growing field of DEA is
the characterization of returns to scale (RTS) (Banker et al., 1992; Banker et
al., 1996; Banker et al., 2004). Meanwhile, the imposition of weight restrictions
has been recognized as one of the important factors when applying DEA to
actual situations, and several models have been developed for this purpose
(Pedraja et al., 1997; Roll et al., 1993). The aim of this paper is to classify
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the returns to scale status (constant, increasing, or decreasing returns to scale)
when weight restrictions are imposed. Tone (2001) introduced returns to scale
under weight restrictions, based upon the sign of u∗

o in the optimal solution
of (DWRo). As is known, the critical factor in solving linear programming
problems is the number of the constraints of the problem. The advantage of
this method over the previous one is that here we solve problems with m+s
constraints, while in the previous method problems have to be solved with
m+s+n+1 constraints. The remainder of this paper is organized as follows:
Section 2 discusses Tone’s method. Section 3 is the main part of this paper
where we discuss returns to scale under weight restrictions. Section 4 contains
a numerical example. Conclusions are given in Section 5.

2 Tone’s method

Suppose we have n DMUs. Each DMUj , (j = 1, 2, . . . , n), produces s different
outputs yrj, (r = 1, 2, . . . , s), using m different inputs, xij , (i = 1, 2, . . . , m).
We assume that xj = (x1j , . . . , xmj) and yj = (y1j, . . . , ysj ) are semipositive,
i.e., xj ≥ 0, xj �= 0 and yj ≥ 0, yj �= 0. We define X = [x1, . . . ,xn] as the
m × n matrix of inputs and Y = [y1, . . . ,yn] as the s × n matrix of outputs.
Furthermore, 1 refers to a row vector of ones with a suitable dimension. In
this section, we present Tone’s (2001) method for testing the returns to scale
of DMUo, in which o ∈ {1, 2, . . . n}, under weight restrictions. Consider the
following linear program as presented in Tone(2001):

(DWRo) θBCC∗w = max uyo − uo (1)
s.t. vxo = 1

uY − vX − 1uo ≤ 0
vP ≤ 0 (1.1)
uQ ≤ 0 (1.2)
v ≥ 0 ,u ≥ 0,

where matrices P and Q are associated with weight restrictions. The dual of
(DWRo) is:

(WRo) θBCC∗w = min θw (2)
s.t. Xλ − Pπ + S− = θwxo

Yλ + Qτ − S+ = yo

1λ = 1
λ ≥ 0, π ≥ 0, τ ≥ 0,S− ≥ 0,S+ ≥ 0,

where π and τ are dual variables corresponding to constraints (1.1) and (1.2),
respectively. Some nonzero slacks may be identified by utilizing a two-phase
process with the purpose of solving WRo. In phase 1 we solve WRo, and then
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in phase 2 we maximize the sum of slacks (input excesses and output short-
falls) under the added condition θw = θBCC∗w (the phase 1 optimal value). Let
an optimal (phase 2) solution of WRo be (θBCC∗w , λ∗, π∗, τ ∗,S−∗,S+∗). Based on
the solution, we define ”WR-efficiency” as:

Definition 1. (WR-efficiency) A DMUo is WR-efficient if and only if it
satisfies
(i) θBCC∗w = 1,
(ii)S−∗ = 0 and S+∗ = 0.

Suppose DMUo is WR-efficient. Consider the two linear programming prob-
lems for finding the inf and sup of u∗

o for the optimal solution of model (1) as
follows:

u∗
o = max uo (3)

s.t. vxo = 1
uxo − uo = 1
uY − vX − 1uo ≤ 0
vP ≤ 0
uQ ≤ 0
v ≥ 0, u ≥ 0,

u∗
o = min uo (4)

s.t. vxo = 1
uxo − uo = 1
uY − vX − 1uo ≤ 0
vP ≤ 0
uQ ≤ 0
v ≥ 0 ,u ≥ 0.

Then we present Tone’s method (Theorem 3 in Tone, 2001) for testing returns
to scale as:
i) if u∗

o < 0, then the returns to scale is increasing,
ii) if u∗

o < 0 < u∗
o or u∗

o = u∗
o = 0, then the returns to scale is constant, and

iii) if 0 < u∗
o, then the returns to scale is decreasing.

The converse is also true.

Theorem 1. If there exist two alternative optimal solutions to the DWRo

model in (1), one with u∗
o < 0 and the other with u∗∗

o > 0, then there exists an
alternative optimal solution to (1) with ûo = 0.
Proof. Let (u∗,v∗, u∗

o) be an optimal solution to the DWRo model such that
u∗

o < 0, and (u∗∗,v∗∗, u∗∗
o ) be another optimal solution to the DWRo model

such that u∗∗
o > 0. Define (û, v̂, ûo) = α(u∗, v∗, u∗

o) + (1 − α)(u∗∗, v∗∗, u∗∗
o ),

where
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0 < α = u∗∗
o

u∗∗
o −u∗

o
< 1. Then we get

ûo= 0,
ûY−v̂X− ûo = (αu∗+(1−α)u∗∗)Y−(αv∗+(1−α)v∗∗)X−(αu∗

o +(1−α)u∗∗
o )

= α(u∗Y − v∗X − u∗
o) + (1 − α)(u∗∗Y− v∗∗X − u∗∗

o )
≤ 0,

ûQ = (αu∗ + (1 − α)u∗∗)Q
= αu∗Q + (1 − α)u∗∗Q
≤ 0,

v̂P = (αv∗ + (1 − α)v∗∗)P
= αv∗P + (1 − α)v∗∗P
≤ 0,

û = αu∗ + (1 − α)u∗∗ ≥ 0, and v̂ = αv∗ + (1 − α)v∗∗ ≥ 0.
Then (û, v̂, ûo) is feasible to the DWRo model. On the other hand
ûyo − ûo = αu∗yo + (1 − α)u∗∗yo

= α(u∗yo − u∗
o) + (1 − α)(u∗∗yo − u∗∗

o )
= αθBCC∗w + (1 − α)θBCC∗w = θBCC∗w .

So (û, v̂, ûo) is also an optimal solution to (1), and the proof is completed.�

3 Proposed method

Consider the following linear programming problem:

(CWRo) θCCR∗w = min θc
w (5)

s.t. Xλ − Pπ + S− = θc
wxo

Yλ + Qτ − S+ = yo

λ ≥ 0, π ≥ 0, τ ≥ 0,S− ≥ 0,S+ ≥ 0,

Based on the optimal solution of model (5), we define ”CWR-efficiency”as:

Definition 2. (CWR-efficiency) A DMU(xo,yo) is CWR-efficient if and
only if it satisfies
i) θCCR∗w = 1,
ii) S−∗ = 0 and S+∗ = 0 in every optimal solution for (CWRo). Otherwise
it is called CWR-inefficient.

Definition 3. (Reference-Set) For a CWR-inefficient DMUo, a reference set
based on the optimal solution of model (5) is defined as:
ECCR

w = {j | λ∗
j > 0, j = 1, 2, . . . , n}.

Theorem 2. Suppose θCCR∗w is the optimal value of (CWRo). If θCCR∗w =1 then
DMUo has constant returns to scale.
Proof. Consider the dual of (CWRo) as:
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(DCWRo) max z = uyo (6)
s.t. vxo = 1

uY− vX ≤ 0
vP ≤ 0
uQ ≤ 0
v ≥ 0, u ≥ 0.

Let (u∗,v∗) be the optimal solution for (DCWRo). Since θCCR∗w =1 then u∗yo=1.
Therefore (u,v, uo)=(u∗,v∗, 0) is the feasible solution to models (4) and (5).
Then u∗

o ≤ 0 ≤ u∗
o. So by Tone (2001), DMUo has constant returns to

scale. �

Theorem 3. Suppose DMUo is CWR-efficient, then DMUo is WR-efficient.
Proof. The proof is obvious and, hence, omitted. �

Theorem 4. Suppose DMUo is WR-efficient, and let the sup and inf of 1tλ∗

in the optimal solution for (CWRo) be λ∗
o and λ∗

o, respectively. Then

(a) if λ∗
o < 1, then the returns to scale is increasing,

(b) if λ∗
o > 1, then the returns to scale is increasing, and

(c) if λ∗
o < 1 < λ∗

o, or λ∗
o = λ∗

o=1, then the returns to scale is constant.

Proof. (a) By Tone (2001), it is sufficient to prove that u∗
o < 0.

Consider the two following linear programming problems:

λ∗
o = max 1λ (7)

s.t. Xλ −Pπ ≤ θCCR∗w xo

Yλ + Qτ ≥ yo

λ ≥ 0, π ≥ 0, τ ≥ 0,

and

λ∗
o = min 1λ (8)

s.t. Xλ − Pπ ≤ θCCR∗w xo

Yλ + Qτ ≥ yo

λ ≥ 0, π ≥ 0, τ ≥ 0,

where θCCR∗w is an optimal value for (CWRo) when evaluating DMUo. Note
that λ∗

o < 1 ( or equivalently λ∗
o < 1 in all optimal solutions of CWRo) implies

that u∗
o = 0 cannot hold for all optimal solutions to the DWRo model. Then

we have θCCR∗w < θBCC∗w and u∗
o < 0. Otherwise, by contradiction, let (u∗, v∗, u∗

o)
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be an optimal solution to DWRo such that u∗
o < 0, and (u∗∗, v∗∗, u∗∗

o ) be
another optimal solution to DWRo such that u∗∗

o > 0. Then by Theorem 1
we obtain an alternative optimal solution to DWRo with û∗

o = 0, which is in
contradiction with ”u∗

o = 0 cannot hold for all optimal solutions to the DWRo

model”. Then by Tone(2001) IRS is achieved.
(b) The proof is similar to that of part (a), and is omitted.
(c)λ∗

o < 1 < λ∗
o, or λ∗

o = λ∗
o=1 if and only if there exist an optimal solution to

(DWRo) with u∗
o = 0. Then u∗

o ≤ 0 ≤ u∗
o. So by Tone (2001) CRS is achieved.

The proof is, thus, completed. �

4 An application

Tone (2001) classified the returns to scale status of 16 Hospitals: H1 to H16.
Here we use the same data set and weight restrictions imposed on inputs and
outputs, as presented in Table 1 and (12), respectively, below.

Table 1: Technical data for 16 Hospitals
Input Output

Hospital Doctor Nurse Tech. Office Outpat. Inpat.
H1 995 6205 1375 2629 4127 1678
H2 917 5898 1379 2047 3721 1277
H3 3178 10049 3615 3511 2706 2051
H4 813 5833 1124 1730 2176 1538
H5 1236 8639 2486 4990 5220 20426
H6 1146 7610 1600 3589 3517 1856
H7 705 5600 1557 3623 2352 20606
H8 2871 11524 2880 2452 1755 1664
H9 1089 8998 1730 2823 4412 2334
H10 2032 9383 2421 4454 5386 2080
H11 1414 10468 2140 3649 5735 2691
H12 1967 11260 2759 3178 6079 2804
H13 1851 9880 2335 4570 5893 2495
H14 3100 15649 5487 2940 5248 3692
H15 5016 18010 4008 3567 7800 4582
H16 1924 12682 2490 2975 6040 3396
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⎧⎪⎪⎨
⎪⎪⎩

2 ≤ v1

v2
≤ 5.3

1.7 ≤ v1

v3
≤ 4.2 (9)

2.30 ≤ v1

v4
≤ 4.4

0.28 ≤ u1

u2
≤ 0.4,

where v1, v2, v3 and v4 represent the weights for doctor, nurse, technical worker
and office staff, respectively. And u1 and u2 represent the weights for outpa-
tient and inpatient, respectively. For this example matrices P and Q are as
follows:

P =

⎛
⎜⎜⎝

1 −1 1 −1 1 −1
−5.3 2 0 0 0 0

0 0 −4.2 1.7 0 0
0 0 0 0 −5.4 2.3

⎞
⎟⎟⎠

and

Q =

(
1 −1

−0.4 0.28

)
Now, we apply our proposed method to the data set. The results are provided
in Table 2.

Table 2: Scores and returns to scale for 16 hospitals
Hospital θCCR∗ θBCC∗w θCCR∗w ECCR

w λ∗
o λ∗

o RTS

H1 1.0000 1.0000 1.0000 1 1.0000 1.0000 CRS
H2 1.0000 0.9966 0.9230 1, 16 0.7141 0.7141 IRS
H3 0.6904 0.5230 0.5212 1 0.9912 0.9912 IRS
H4 1.0000 1.0000 0.9097 1, 9, 16 0.5555 0.5555 IRS
H5 1.0000 0.8944 0.8616 1 1.2407 1.2407 DRS
H6 0.8811 0.8286 0.8283 1, 9 0.9844 0.9844 IRS
H7 1.0000 1.0000 1.0000 7 1.0000 1.0000 CRS
H8 0.5558 0.4583 0.4048 1 0.7607 0.7607 IRS
H9 1.0000 1.0000 1.0000 9 1.0000 1.0000 CRS
H10 0.8630 0.8012 0.7690 1 1.2720 1.2720 DRS
H11 0.9961 1.0000 0.9865 1, 9, 16 1.3124 1.3124 DRS
H12 1.0000 0.9448 0.9246 1, 16 1.3100 1.3100 DRS
H13 0.9155 0.9275 0.8751 1,7 1.4665 1.4665 DRS
H14 1.0000 0.7723 0.7545 1 1.5611 1.5611 DRS
H15 1.0000 1.0000 0.8056 1 2.3878 2.3878 DRS
H16 1.0000 1.0000 1.0000 16 1.0000 1.0000 CRS

As can be observed from Table 2, for DMU11, for instance, the value for λ∗
o
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is greater than one, which shows that DMU11 has decreasing returns to scale.
This is in line with Tone (2001).
Another important result of the present paper is that, by imposing weight
restrictions, the number of CWR-efficient DMUs is less than that of CCR-
efficient DMUs, and this means that by imposing weight restrictions, the num-
ber of DMUs in the most productive scale size (MPSS) decreases.

5 Conclusions

The current paper develops the concept of returns to scale in data envelopment
analysis when weight restrictions are added to the models. In addition, our
study gives an alternative method to classify RTS under weight restrictions
for each DMU. The only information needed is the optimal solution obtained
from evaluating a specific DMUo by the weight restricted envelopment CCR
model. The advantage of this method over the previous one is that here we
solve problems with m+s constraints; while in the previous method, one has
to solve problems with m+s+n+1 constraints.
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