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Abstract

Discretionary models of data envelopment analysis (DEA) assume
that all inputs and outputs can be varied at the discretion of man-
agement or other users. In any realistic situation, however, there may
exist ”exogenously fixed” or non-discretionary factors that are beyond
the control of a DMU’s management, which also need to be considered.
Also DEA requires that the data for all discretionary inputs and out-
puts be known exactly. The aim of this paper is measuring the relative
efficiency of decision making units with non-discretionary inputs and
interval discretionary data.
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1 Introduction

Data envelopment analysis (DEA) is a mathematical programming approach
for measuring and evaluating the relative efficiency of peer decision making
units (DMUs) with multiple inputs and multiple outputs (Cooper et al., 2000).
Discretionary models of DEA assume that all data are discretionary, i.e., con-
trolled by the management of each DMU and varied at its discretion. In
real world situations, however, there may exist ”exogenously fixed” or non-
discretionary factors that are beyond the control of a DMU’s management,
which also need to be considered. Banker and Morey (1996a) developed the
first model for evaluating DEA efficiency with ”exogenously fixed” inputs and
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outputs in forms like ”age of store” in an analysis of a network of fast-food
restaurants (See Ray 1991; also Roggiero 1996; Roggiero 1998; Muñiz, 2006).
Some examples of non-discretionary factors in the DEA literature are the num-
ber of competitors in the branches of a restaurant chain, snowfall or weather in
evaluating the efficiency of maintenance units, soil characteristics and topogra-
phy in different farms, age of facilities in different universities, the populations
of wards in evaluating the relative efficiency of public libraries. On the other
hand, DEA requires that the data for all discretionary inputs and outputs
be known exactly. When some discretionary data are unknown decision vari-
ables, such as interval data, ordinal data, and ratio bounded data, the DEA
models become nonlinear programming problems, and this is called imprecise
DEA (IDEA)(See Cooper et al. 1999; Entali et al., 2002; Zhu 2003; Zhu 2004;
Despotis and Smirlis 2002). In this paper we introduce an approach for deal-
ing with non-discretionary inputs and discretionary interval data in DEA. Our
approach is to transform a non-linear DEA model to a linear programming
equivalent, on the basis of the original data set, by applying transformations
only to the variables. Upper and lower bounds for the relative efficiency scores
of the DMUs are then defined as natural outcomes of our formulations. The
remainder of this paper is structured as follows: Section 2 introduces non-
discretionary models. In Section 3 we introduce models with non-discretionary
inputs and interval discretionary data. In Section 4 we get upper and lower
bounds of efficiency. In Section 5 we will classify units based upon their effi-
ciency scores. Section 6 contains a numerical example. Some conclusions are
given in Section 7.

2 DEA with non-discretionary factors

There are a number of modifications that have been made to the programming
models to control for non-discretionary variables (See Muñiz 2006). Two of
these modifications are presented below.

2.1 Banker and Morey’s model (modified CCR model)

Banker and Morey (1996a) provided the first DEA model for evaluating efficiency in
the presence of ”exogenously fixed” inputs. Banker and Morey’s model to evaluate
the efficiency of any DMU is given by the following modification of the CCR model:
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min θ − ε(
s∑

r=1

s+
r +

∑
i∈D

s−i ) (1)

s.t.

n∑
j=1

λjxij + s−i = θxio, i ∈ D (1.1)

n∑
j=1

λjxij + s−i = xio, i ∈ ND (1.2)

n∑
j=1

λjyrj − s+
r = yro, r = 1, 2, . . . , s, (1.3)

where all variables (except θ) are constrained to be nonnegative and ε > 0 is a non-
Archimedean infinitesimal constant to assure strongly efficient solutions. Here the
symbols i ∈ D and i ∈ ND refer to the sets of discretionary and non-discretionary
inputs, respectively. The dual of model (1) in the form of (modified) multiplier
model is:

max
s∑

r=1

uryro −
∑

i∈ND

vixio (2)

s.t.

s∑
r=1

uryrj −
∑

i∈ND

vixij −
∑
i∈D

vixij ≤ 0, j = 1, 2, . . . , n

∑
i∈D

vixio = 1

vi ≥ ε, i ∈ D
vi ≥ 0, i ∈ ND
ur ≥ ε, r = 1, 2, . . . , s

Note 1: The variable θ is not applied to the input constraints (1.2) because these
values are exogenously fixed and it is therefore not possible to vary them at the
discretion of management. Therefore this is recognized by entering all xio, i ∈ ND
at their fixed (observed) values.

Note 2: Only the non-discretionary inputs enter into the objective (2). The mul-
tiplier values associated with these non-discretionary inputs may be zero. If at any
optimal solution of (1), s−∗

k > 0 for some k ∈ ND, then v∗k = 0 and this xko does
not affect the evaluation recorded in (1). Also, if v∗k > 0 for some k ∈ ND, then the
efficiency score recorded in (1) is reduced by the multiplier, xko, for DMUo under
evaluation.

2.1 Charnes et al.’s model (modified Additive model)

The issue of ”exogenously fixed” factors can be also treated in different ways. For
instance, Charnes et al. (1987) extend the Additive model in order to accommodate
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”exogenously fixed” variables in the following form:

max
s∑

r=1

s+
r +

m∑
i=1

s−i (3)

s.t.
n∑

j=1

λjxij + s−i = xio, i = 1, 2, . . . ,m (3.1)

n∑
j=1

λjyrj − s+
r = yro, r = 1, 2, . . . , s (3.2)

s−i ≤ βixio, i = 1, 2, . . . ,m (3.3)
s+
r ≤ γryro, r = 1, 2, . . . , s, (3.4)

where βi and γr represent parameters (to be prescribed) and all variables are con-
strained to be nonnegative.

Note 3: In constraints (3.3), if we set, for instance, βk = 0 then input k will be com-
pletely non-discretionary input, while setting βk = 1 allows the value of input k to
vary in a freely discretionary manner. Similarly, in constraints (3.4) setting γr = 0
consigns output r to a fixed (non-discretionary) value while allowing γr −→ ∞,
or, equivalently, removing this constraint on s+

r allows its value to vary in a freely
discretionary manner.

3 Exogenously fixed inputs and imprecise data

In this section we focus on Model (2). Unlike the original DEA models, we assume
further that the levels of discretionary inputs and outputs are not known exactly,
the true discretionary input and output data known to lie within bounded intervals,
i.e., xij ∈ [xij , xij ] and yrj ∈ [y

rj
, yrj ] with upper and lower bounds of the intervals

given as constants and assumed strictly positive. In this case, the efficiency can be
an interval. Now Consider the following DEA model with non-discretionary inputs
and interval discretionary data:

max
s∑

r=1

uryro −
∑

i∈ND

vixio (4)

s.t.
s∑

r=1

uryrj −
∑

i∈ND

vixij −
∑
i∈D

vixij ≤ 0, j = 1, 2, . . . , n

∑
i∈D

vixio = 1

xij ∈ [xij xij], i ∈ D; j = 1, 2, . . . , n,

yrj ∈ [y
rj

yrj ], r = 1, 2, . . . , s; j = 1, 2, . . . , n,

vi ≥ ε, i ∈ D
vi ≥ 0, i ∈ ND
ur ≥ ε, r = 1, 2, . . . , s.
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Obviously the above model is nonlinear since output/input levels are also variables
whose exact value are to be estimated. Now we convert Model (4) into an equiva-
lent linear program. For this task, first we apply the following transformations to
variables xij and yrj :
xij = xij + sij(xij − xij), 0 ≤ sij ≤ 1; i ∈ D; j = 1, 2, . . . , n,
yrj = y

rj
+ trj(yrj − y

rj
), 0 ≤ trj ≤ 1; r = 1, 2, . . . , s; j = 1, 2, . . . , n.

With these transformations, Model (4) is as follows:

max
s∑

r=1

ur(yro
+ tro(yro − y

ro
)) −

∑
i∈ND

vixio (5)

s.t.
s∑

r=1

ur(yrj
+ trj(yrj − y

rj
)) −

∑
i∈ND

vixij −
∑
i∈D

vi(xij + sij(xij − xij)) ≤ 0, j = 1, 2, . . . , n

∑
i∈D

vi(xio + sio(xio − xio)) = 1

0 ≤ sij ≤ 1, i ∈ D; j = 1, 2, . . . , n
0 ≤ trj ≤ 1, r = 1, 2, . . . , s; j = 1, 2, . . . , n.

vi ≥ ε, i ∈ D
vi ≥ 0, i ∈ ND
ur ≥ ε, r = 1, 2, . . . , s.

Set
qij = sijvi, i ∈ D; j = 1, 2, . . . , n,
prj = trjur, r = 1, 2, . . . , s; j = 1, 2, . . . , n.
So, inequalities 0 ≤ sij ≤ 1 and 0 ≤ trj ≤ 1 convert to 0 ≤ qij ≤ vi and 0 ≤ prj ≤ ur,
respectively. With the above substitutions, finally Model (5) is transformed into the
following equivalent linear program:
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θ∗o = max
s∑

r=1

uryro
+ pro(yro − y

ro
) −

∑
i∈ND

vixio (6)

s.t.
s∑

r=1

uryrj
+ prj(yrj − y

rj
) −

∑
i∈ND

vixij −
∑
i∈D

vixij + qij(xij − xij) ≤ 0, j = 1, 2, . . . , n

∑
i∈D

vixio + qio(xio − xio) = 1

qij ≤ vi, i ∈ D; j = 1, 2, . . . , n
prj ≤ ur, r = 1, 2, . . . , s; j = 1, 2, . . . , n.
vi ≥ ε, i ∈ D
vi ≥ 0, i ∈ ND
ur ≥ ε, r = 1, 2, . . . , s
qij ≥ 0, prj ≥ 0, i ∈ D; r = 1, 2, . . . , s; j = 1, 2, . . . , n

It is obvious that Model (5) is linear. To find the efficiency value of DMUo with
non-discretionary inputs and interval discretionary data in Model (4), we must solve
Model (6).

4 Upper and lower bounds of efficiency values

When we use Model (6) to evaluate the efficiency level of DMUo, discretionary inputs
and outputs of each DMU are adjusted such that they increase the efficiency level of
DMUo. In fact this model considers the best possible level of discretionary inputs
and outputs of DMUo and other DMUs in their interval to increase the efficiency
level of DMUo. According to Model (6) we can consider the upper bound for the
efficiency index of DMUo as follows:

θ∗ = max
s∑

r=1

uryro −
∑

i∈ND

vixio (7)

s.t.

s∑
r=1

uryrj
−

∑
i∈ND

vixij −
∑
i∈D

vixij ≤ 0, j = 1, 2, . . . , n, j �= o

s∑
r=1

uryro −
∑

i∈ND

vixio −
∑
i∈D

vixio ≤ 0,

∑
i∈D

vixio = 1

vi ≥ ε, i ∈ D
vi ≥ 0, i ∈ ND
ur ≥ ε, r = 1, 2, . . . , s.

Model (7) is a DEA model with exact data and considers the best situation for the
intended level of discretionary inputs and outputs of DMUo and, on th other hand,
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the worst situation for the other DMUs.

Theorem 2. Suppose θ∗o and θ∗o are the optimal values of (6) and (7), respectively,
then θ∗o = θ∗o .
Proof. Let u∗ = (u∗

r , r = 1, 2, . . . , s), v∗
ND = (v∗i , i ∈ ND) and v∗

D = (v∗i , i ∈ D) be
an optimal solution of Model (7).
Set

⎧⎪⎪⎨
⎪⎪⎩

prj = 0, r = 1, 2, . . . s; j = 1, 2, . . . n, j �= o,

pro = u∗
r, r = 1, 2, . . . s,

qij = v∗i , i ∈ D; j = 1, 2, . . . n, j �= o, (8)
qio = 0, i ∈ D.

Then the augmented solution (u, vD, vND, P, Q)=(u∗, v∗
D, v∗

ND, P, Q) is a
feasible solution for Model (6). Hence θ∗o ≤ θ∗o .
By considering the fact that Model (6) determines the best discretionary input and
output levels of DMUo in its interval, θ∗o is the highest possible efficiency score that
DMUo can obtain. Then we have θ∗o ≤ θ∗o. So θ∗o = θ∗o. �

The model below provides a lower bound of the efficiency score for DMUo:

θ∗ = min
s∑

r=1

uryro
−

∑
i∈ND

vixio (9)

s.t.

s∑
r=1

uryrj −
∑

i∈ND

vixij −
∑
i∈D

vixij ≤ 0, j = 1, 2, . . . , n, j �= o

s∑
r=1

uryro
−

∑
i∈ND

vixio −
∑
i∈D

vixio ≤ 0,

∑
i∈D

vixio = 1

vi ≥ ε, i ∈ D
vi ≥ 0, i ∈ ND
ur ≥ ε, r = 1, 2, . . . , s

Model (9) is also a DEA model with exact data. For DMUo, the discretionary
inputs are adjusted at their upper bounds and the discretionary outputs at their
lower bounds and for the other DMUs, the discretionary inputs are adjusted at
their lower bounds and the discretionary outputs at their upper bounds. Therefore,
models (7) and (9) provide for each DMU a bounded interval [θ∗o , θ∗o ] in which the
efficiency of DMUo with non-discretionary inputs and discretionary factors change,
and which we can use to rank DMUs.
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5 Discrimination and Classification of DMUs

According to the previous section we can discriminate DMUs in three subsets as
follows:
1) E++ = {o ∈ {1, 2, . . . , n} | θ∗o = 1},
2) E+ = {o ∈ {1, 2, . . . , n} | θ∗o < 1, and θ∗o = 1},
3) E− = {o ∈ {1, 2, . . . , n} | θ∗o < 1}.
The set E++ consists of the DMUs that are efficient in any case (any combination of
input/output levels). The set E+ consists of DMUs that are efficient in a maximal
sense, but there are input/output adjustments under which they cannot maintain
their efficiency, and according to the differences of upper and lower bounds of effi-
ciency values (θ∗o − θ∗o), the efficient DMUs in E+ can be ranked. Finally, the set
E− consists of the definitely inefficient DMUs.

6 Numerical example

In this section, we illustrate our approach by a simple example. Consider the data
setting of Table 1 (5 DMUs with 2 discretionary and one non-discretionary inputs
and 2 discretionary outputs). The efficiency scores obtained by applying models (7)
and (9) are given in Table 2.

Table 1: Sample data

D-Input D-Output ND Input

x1j x1j x2j x2j y
1j

y1j y
2j

y2j xj

DMU1 21 22.5 3 4.5 15.7 16.1 7 10 1
DMU2 25 26 10.5 24 13.8 14.4 5.25 5.5 1
DMU3 15 25.5 5 35 14.3 15.9 7 8.75 1
DMU4 6 18 8 17.5 15.7 19.8 5.25 7.25 1
DMU5 28.5 33 6 9.5 15.8 18.1 5.25 6.25 1

Table 2: Efficiency scores and classification
θ∗ θ∗o Classification

DMU1 0.2187 0.7706 E−

DMU2 0.2272 1.0000 E+

DMU3 0.8229 1.0000 E+

DMU4 1.0000 1.0000 E++

DMU5 0.4453 1.0000 E+

As can be observed from Table 2, for DMU4, for instance, θ∗o = 1 which shows that
DMU4 is classified in E++. According to the θ∗o , the efficient DMUs in E+are
ranked in the following order: DMU3, DMU5, and DMU2.
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7 Conclusion

This paper has focused on the presence of non-discretionary inputs and interval
discretionary data in the programming models used to measure efficiency. Models
have been analysed both theoretically based on formulated axioms, and empirically
based on example. Also the discussion in the current study is based upon multiplier
DEA model. We determine for each DMU a bounded interval in which its possible
efficiency scores lie, from the worst to the best case. We then use these bounded
interval to classify the DMUs as follows:
• efficient in any case,
• efficient in maximal sense, and
• always inefficient.

References

[1] Banker RD, Morey R. Efficiency analysis for exogenously fixed inputs and
outputs. Operations Research 1996; 34: 513-521.

[2] Bazaraa MS, Jarvis JJ, Sherali HD. Linear Programming and Network Flows.
Second Edition, John Wiley & Sons, New-York; 1990.

[3] Cooper WW, Park KS, Yu G. IDEA and AR-IDEA: Models for dealing with
imprecise data in DEA. Management Science 1999; 45: 597?607.

[4] Charnes A, Cooper WW, Rhodes E. Measuring the Efficiency of Decision
Making Units. European Journal of Operational Research 1978;62:74-87.

[5] Charnes A, Cooper WW, Rousseau JJ, Semple J. Data Envelopment Analysis
and Axiomatic Notions of Efficiency and Reference Sets. CCS Research Report
558, University of Texas, Graduate School of Business, Center for Cybernetic
Studies. Austin Texas 78712, 1987.

[6] Cooper WW, Sieford LM, Tone K. Data Envelopment Analysis: A comprehen-
sive text with models, applications, references and DEA solver software. Kluwer
Academic Publishers; 2000.

[7] Despotis DK, Smirlis YG Data envelopment analysis with imprecise data. Eu-
ropean Journal of Operational Research 2002; 140: 24-36.

[8] Entani T, Macada Y, Tanaka H. Dual models of interval DEA and its extension
to interval data. European Journal of Operational Research 2002;136:32-45.

[9] Muniz M, Paradi J, Ruggiero J, Yang Z. Evaluating alternative DEA mod-
els used to control for non- discretionary inputs. Computers and Operations
Research 2006;33:1173-1183.

[10] Ray S. Resource-use efficiency in public schools: a study of Connecticut data.
data. Management Science 1991;37:1620-1628.



246 F. Hosseinzadeh Lotfi et al.

[11] Roggiero J. On the measurement of technical efficiency in the public sector.
European Journal of Operational Research 1996;90:553-565.

[12] Roggiero J. Non- discretionary inputs in data envelopment analysis. European
Journal of Operational Research 1998;111:461-469.

[13] Zhu J. Imprecise DEA via Standard Linear DEA Models with a Revisit to a
Korean Mobile Telecommunication Company. Operation Research 2004;52:323-
329.

[14] Zhu J. Imprecise data envelopment analysis: a review and improvement with
an application. European Journal of Operational Research 2003;144: 513-529.

Received: September 25, 2006


