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Abstract

In this paper, certain Laplace transforms of the product of two W
functions and their equivalent forms in terms of Gauss functions are
obtained. A further specialization of these results yields explicit rep-
resentations for the product of two ¥ , Bessel, parabolic cylinder and
confluent hypergeometric functions.
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1. Introduction

The function

1 o0
Wb, c;x] = 0] / exp(—at)t* (14+8)°""tdt  (Re(b),Re(x) >0), (1.1)
0
defines an alternative form of solution of Kummer’s equation ([8]; p.36(1)) in
the half plane : Re(z) > 0.
The following relation between the confluent hypergeometric function | Fy
([8]; p-36(3)) and ¥ functions is worthy of note :

['(1-c¢)

['(c—1)
I'b—c+1)

Vb, c;x] = N0

1Fi[b; ¢; ] + 2O Rb—c+ 152 — ¢ 7]

( |z <oo; c¢#0,£1,£2,... ). (1.2)
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Further, we note the following expressions of Whittaker functions of the
first and second kind My, ,(z) and Wy, ,(z) respectively in terms of 1} and W
functions :

1 1 |
My, u(z) = s exp(—§ )1 F lﬂ —k+ 5 2p+ 1z

1 1 |
= gtz exp(a x)1Fy {u—l—k—l— 3 2u+1; —x (1.3)
and
41 1 1
Wi, u(x) = 2 2exp(—§ x)W ,u—k+§; 2u+1; x (1.4)
= Wk,_u(l‘).

We shall study here the following Laplace transform of the product of two
¥ functions

I = / tAratb=el oxp(—yt) Ua, a+b—c+1; wt] U, a+b—c+1; 2t] dt .
0

(1.5)
It is shown that this integral can be expressed in the form
INCYR o et t(t
I - <>/ S o b AEEOER)
L(e) Jo (E+w)*(t+2)°(t+y) (t+2)(t +w)
(1.6)

where o F is Gauss hypergeometric function ([8]; p.29(4)). The integral (1.5)
is of interest for the physicists in connection with transition matrix elements
with either in-or outgoing fields. In a series of papers Olsson [3-6] discussed
particular cases of this integral and derived results expressed in terms of various
functions connected with Appell’s hypergeometric function F» of two variables

(18]; p-53(5)):

FQ[a7 b17 b27 C1, Co; ZE,y] = Z ((C) )+ (( 1)) ('2)' Ty ( |I’| + |y| < 1 )
S— 1)m (C2 )T
(1.7)

In order to extend the integral (1.5), we investigate the Laplace transform
of the product of two ¥ functions with Whittaker fuction My, ,(z)

I = / trratb=e—Loxp(—yt) My, .(6t) ¥[a, a+b—c+1; wt] [b, a+b—c+1; 2t]dt.
0
(1.8)
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In particular the above integral can be expressed as an integral involving
product of Gauss hypergeometric function 5 F} in the form

5H+%F(u+ l/‘i‘% tc—l

) /°°
I'(c) 0 (t+w)e(t + 2)b(t +y + La)rtrts

Iy, =

1 1
trt oo p—k4 s 2u+ 1 ———= | dt.
: 2 ! 2 My TS

(1.9)
By specializing the parameters in integral (1.9), one may derive integrals
involving Legendre function, Jacobi polynomials and many other functions.

t(t
X oF1 |a, b; ¢; (tt+wt2) } 2F1l

(t+2)(t+w)

In section 2, we establish the following Laplace transform of Gauss hyper-
geometric function

. o0 tA_leXp(—pt) o t(t+w+ z)
= / (v wpttt2p 2 {‘“’ T e |

= P(/\_a_b)paer)\Z%

x ©5[a-+n, b+n, —n; a+b—A+1; pw,pz, p(w+z)] (Re(p), Re(A—a—b) >0)

(1.10)

where ®{" is confluent hypergeometric function of n variables ([8]; p-62(10))
defined by

q)gn)[bl? b27 o 7bn; C, T1,T2,... ,l‘n]
= i (bl>7m (62>m2 s (bn)mn $T1 33'312 .. xnm" (1 11)
(C)m1+m2+...+mn ml! mg! C mn' ’

mi,mz,... ,mp=0

In Section 3, we derive equivalence of integrals (1.5) and (1.6), and of
integrals (1.8) and (1.9). In Section 4, it is shown how further specialization of
integral (1.10) enables us to obtain the representations of the product of two
W, Bessel, parabolic cylinder and confluent hypergeometric functions. Finally,
we give some concluding remarks in section 5 .

2. Proof of Laplace Transform (1.10)

We use the definition of Gauss hypergeometric function oF; ([8]; p.29(4))
in the Lh.s of Eq. (1.10), to get

1= Y O [T expop) 2 () (0 ()

n=0
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= 30 [Centm e () () (105
n=0 noe
(2.1)

which on using binomial expansion and inverting the order of summation and
integration, gives

w® 2" (w+ 2)*
sl rl k!

r= 3 S WO gyt ), (04 (e

n,s,r=0 k=0 (V)H n

X / prmambmsmr=k =L oxp(—pt) dt . (2.2)
0

Further, by making use of Euler’s integral ([1]; p.137(1)) in Eq.(2.2), sim-
plifying and interpreting the resulting triple series in terms of confluent hyper-
geometric function of three variables <I>§’> given by Eq.(1.11) ( for n = 3) , we
get the required result.

3. Equivalence of Integrals

First, we prove that integral (1.5) can be expressed in its equivalent form
(1.6). We recall the results ([7]; p.321(17))

L et o tt+rw+2) |
Loyl = L\ oy 2 @5 @ (t+z)(t+w)]’ }
= plg(s)blll[a,a—f-b—c—f-l;pw]\ll[b,a+b—c+1;pz] = £(p)

( Re(c),Re(p) >0 ; |argw|, largz| < 7 ) (3.1)
and ([1]; p.129(5), p.137(1))

Lin(t);p] = Lit*exp(—yt)ip] = n(p) (Re(p+y), Re(})>0), (3.2)
where the Laplace transform of f(t) is denoted as
| eppsode = Lisl .

Now using pairs (3.1) and (3.2) in Goldstein theorem [2]

Awmwmwﬁ: Ammwaww, (3.3

we get the equivalence of integrals (1.5) and (1.6).
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Next, we prove the equivalence of integrals (1.8) and (1.9). By using the
well known property of the Laplace transform ([1]; p.129(5)) to the result ([1];
p.215(11)), we get

- Shts T p+v+3
Llh(t);p] = L[t" exp(—yt) My, (3t);p] = : ey f>
(y+p—+50)re

X o Fy |11+ +1 k+1 21+ 1 0
v+ o, p—k+=; ————
251 | H g 1 g <k (y+p+10)

= o(p)

(Re(p+y) > 5Re(d)| : Re(u+v)>—3) |
(3.4)
Now, using pairs (3.1) and (3.4) in Goldstein theorem (3.3), we get the
equivalence of integrals (1.8) and (1.9).

4. Special cases
We consider the following special cases of integral (1.10):

I. Taking A\ =y =c¢,a=a, 3 =b in integral (1.10) and comparing the
resultant integral with ([7]; p.321(17)), we get

L(c—a—b) g~ (a)a (b)
['(c) ; (¢)pn!

= Vla, at+b—c+1; w] Vb, a+b—c+1; 2],

n cbf’) la+n, b+n, —n; a+b—c+1; w, z, (w+z)]

(4.1)
which , on taking z = 0 gives

[(c—a) i (@)n (0)

I'(c) (il P [a+n, —n; a+b—ct1; w, w] = Wla, a+b—c+1; w] .

(4.2)
Again taking b = ¢ — 1 in Eq.(4.1) and using relation (1.2) , we get

F(]_ — CL) > (a,)n (3) o
I'(c—1) go nl(c+n—1) 3" latn, edn—1, —n; a; w, z, (w+2)]

n

= ([(1—a) exp(w)+ F(F&(i;)l) w'™ " F[1; 2 — a; w])
I'l—a) el s
8 (F(c— a) tile—1ia; 2]

+ %zla 1Fife —a; 2 —q; z]) (a#0,£1,£2,...). (4.3)
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II. Taking A=~y =1, a = =b = a in integral (1.10) and using ([7];
p.321(18)) , we get

00 2
Z ((a#) (I>§3) l[a+n, a+n, —n; 2a; w, z, w+2]
n!

n=0

270 1
- stz oGt ) Ky (5) Koy (5),
(4.4)
where K, (z) is MacDonald function or modified Bessel function of the
third kind ([7]; p.794] .

1
III. Taking A\=v=c,a=a, szzc—a—i , in integral (1.10) and
using ([7]; p.321(19)), we get

o 1
A, (C—a— 5 1 1
Z () ( ' 2)nq>53) a+n,c—a+n——=, —n; =;w, z, W+ 2
2 (C) n 2 2

273 1(e) 1
= T exp(i(w + 2)) D72a(\/%> D2a720+1(\/£) ;

where D, (z) is the parabolic cylinder function ([7]; p.792).

(4.5)

5. Concluding Remarks

In this paper , we have shown the equivalence of integrals involving the
product of two W functions with integrals involving hypergeometric function
oF) . Also, we have derived a Laplace transform for hypergeometric func-
tion in terms of confluent hypergeometric function of three variables , which
on specializing the parameters yields representations of the product of two
U functions , confluent hypergeometric functions | F; , MacDonald functions
K,(z) and the parabolic cylinder functions D,(z) . Further , these integrals
can be expressed in terms of various functions connected with Appell’s hyper-
geometric function F; , defined by Eq.(1.7) .

To give an example , we consider integral (1.8) . We express the Whittaker
function M, ,(x) in terms of confluent hypergeometric function ;F; , using
Eq.(1.3) in the integrand of (1.8) . Then integrating term-by-term using the
result of Olsson ([4]; p.114(3)) and interpreting the resulting triple series in
terms of Lauricella functions of three variables ([8]; p.60(1))

(n) . .
FA [aab17b27“‘ 7bn; C1,C2y ... ,Cpy L1, X2y ... ,I'n]
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_ f: (@)t (00)ons (B2 - (B, 7 25
S S (€1)my (2)myg - - (Cn)m, milms! ... m,,!

we get

1
Adp+a+b—c+ -,

I, = 5

TA+p+atb—c+ %)(F(c—a—b))%w%F(g) {
T(c—a)l(c —b)(y + so)Autatb—cts A4

1 w z
a,bp—k+=;a+b—c+1l,a+b—c+1,2 +1;—,—,5}
a 2 T g+ 5o
+I‘()\ +pu+HT(a+b—)T(c—a—b)srtzzeab
D(c—b)T(b)(y + 56)*#+2

(3) 1 1 w z
XFA [)\—I—M—I—§,a,c—a,,u—k+§,a+b—c—|—1,c—a—b+1,2u+1,y+—%5,y+—%5,5]

IO+ p+ 3P a+b—l(c—a- Y pp—
T(c— a)T(a)(y + 36) +#+3

1 1
x F) [A+u+§7b,c—b,u—k+§;a+b—c+1’c—a—b+1’2”+1;yflg yfla 5]
2 2

TO+pute—a-bt D)(T(a+b—¢)20+3 (wz)e—ob

1
FS’) [A—i—u—l—c—a—b—f——,c

1 _a’
T(a)T(b)(y + Lo)Mrrte—abts :

1 . ]
c=bp—ktgie—a=btle—a—bt1,2 +1;—,—,6] : 5.2
! ’ T y+ 1o (5.2)

1 1 1
which on taking k = u+ 3 and replacing y by y — 56, Aby A —pu— 27 reduces

to a result of Olsson ([4]; p.114(3)).

Further | since integrals (1.5) and (1.6) are equivalent , taking ¢ = 2b in
both, then using ([7]; p.458(70)) in (1.6) and ([4]; p.114(3)) in (1.5), we get
the following result:

FA)T(5+b) [ 201 1,
ey ), e

v\ (@b-2a-1) p(3b) 2-X
X (1-X)4 P(HF% 51— X)i2 dt

_(r (b—a))QF(/\+a b) w z
= (2 )F(b)(y)A+abF2[)\+a_b&b a—b+1,a—b+1 ; ﬂ
L(b—a)T(a—b)T(\) 2>~ w oz
+ (T(0))? " F {)\, a,2b —a;a—b+1,b—a+1 Z ﬂ



386 S. Khan, M. A. Pathan and M. W. Al-Saad

I(b—a)T(a—bT(\) w"
['(a)(2b — a) n
(T(a—=b)2T(A+b—a) (wz)>°
I'(a)T(b) (y)Mb—a

F, [)\,b,b;a—b+1,b_a+1; E’ E}
Yy oy
2

+

x Fy {/\%—b—a, 2b—a,b;b—a+1,b—a+1; g, E}
Yy

t(t+w + 2) )

(t+w)(t+z)

where P!(x) is the Legendre function of the first kind ([8]; p.34(29)).
Furthermore , since integrals (1.8) and (1.9) are equivalent , taking ¢ = 2b

in both, then using ([7]; p.458(70)) in (1.9) and (5.2) in (1.8), we get the

following result:

(X= (5.3)

ST\ 4+ DT +b) /oo 21
21—2bI‘(2b) 0 (t+w)a(t+z)b(t+y+%5)>\+u+%

i@—2a-1) p(3-b) [ 2-X
X (1 X)4 Pa—b—% 2(1 o X)1/2

1 1
Adpt g p—kt g2t 1

X o F 5

1
_ DO +pta—b+5)I(b—a)?d" 2 {)\—l—u—i—a—b—i—l
['(2b—a)T(b)(y + %5))\+M+a7b+% A >

1 w B
aaba _k+_7a_b+1;a/—b+1,2 +1,777’5
' ’ Pyt L

PO+ p+5)(a=b)r(b— 0)§H+ 8 b=
(D(b))2 (y + o)tz

1 1
><F§,3) )\+M+_’a’%_a’u_k""§5a_b+1,b—a—|—1,2ﬂ+1;

2

z
1 7175
y+30 y+30
PO+ p+5)(a=b)r(b— a)5+ 3 pb-a
I'2b—a)l'(a)(y + %5))\+u+%

1 1
)\—i-,u-l-§,b,b,,u—k+E;a—b—l—l,b—a+1,2u+1;Lié

(3)
x F | |
' y+ 30 y+ 56

DO+ tb—at §)(T(a — b))%+ (we)"~
['(a)T(b)(y + %5))\+u+bfa+%

i 1
Ff) )\+M+b—a+§,2b_a7
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w

z
v 5| 5.4
Iyt 1o (5.4)

b, it — k:+ sb—a+1,b—a+1,2u+1;

1 1 1
which on taking k = p+ 3 and replacing y by y — 5(5, Aby A —p— 5 reduces
o (5.3).
Once again , since integrals (1.5) and (1.6) are equivalent , taking a = 1
and ¢ = 2 in both, then using ([7]; p.462(126)) in (1.6) and ([4]; p.114(3)) in
(1.5), we get the following result:

FNTA-b) [~ \/; L(1-2b) Hb—3)

r () [ wrocerar it e v
(TG -PTO+b-Y) L1 dw s
VAL b)) & {AH} bbb by yy}

L(3=b)T(b— 3T (2)z7 13 w oz
Trorg-n o {A baittag Ty ﬂ

FE-0)Ib—-HTO) (w)2" 3. 13 w2z
+ = A bbb i,i—b,g,ﬂ

+(P(b—%))2f()\—b+%) (wz)2?
L) (y)
113 3 3 w oz
X@P‘b+@5§—@§—“§—&;;}
it w+2)
X = Groera) (5:5)

where Q¥ (x) is the Legendre function of the second kind ([8]; p.35(30)).

Finally , since integrals (1.8) and (1.9) are equivalent , taking @ = 1 and
¢ = 2 in both, then using ([7]; p.462(126)) in (1.9) and (5.2) in (1.8), we get
the following result:

5’“%F(A+u+%)r(1—b)/ L
" (2 0 (t+w)(t+2)P (8 y + 5T

1 )
)\+u+§,u—ra612; 2u+1; ——— | dt

leq_ b—1)
¥ (1=X 7(1—20b) (b—3 X) o F
(1-x)0- QLI (VE) oy ———

1
E*b

DO+ p+b)(D(L = b)2 65 )
= T RTE -y + Japee T4 PEATE
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w z
1,5, k+ b—|- b—|- 2+ 1
a : y—l—%é y—l—%é

PO+ g DTG — Y — o)
T3~ D)T(D) (y+ 50) 3

1 1 1 13
Adp+ 5,1 —,u—k+—;b+—,§—b,2u+1;

3
A 27779 2 2

S S
+350 vy 0

N[
e
N[

DA+ o+ D00 — HI(S — b)d+ 2 (w)2 "
VT (y+ S8t

P A+u+%,b,;—b,u—k+%;b+%,;—b,2u+1;ﬁ%6,y%%6,a
T\ +p—b+ 1)(T(b— $))20"* 2 (wz)2 7 [Mru— bt
Ty + §0r#70 . 2
;—b,u—k—i—%;g—b,g—bﬂu—l—l;%%é y—f%é
(X = %), (5.6)

1 1 1
which on taking k£ = u + 3 and replacing y by y — 55 s, Aby A —pu — 3
reduces to (5.5).
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