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Abstract

In this paper, numerical methods for the linear quadratic regulator
(LQR) problem are investigated from the viewpoint of geometry. The
differential matrix Riccati equation for the linear quadratic regulator
problem is transformed into a linear differential Hamiltonian system.
We show that the linear differential Hamiltonian system with two dif-
ferent terminal conditions are on Symplectic group. The two different
terminal conditions relate to two different performance indexes for the
same regulator problem. Then symplectic Runge-Kutta methods can
be applied to the linear differential Hamiltonian system, which keep the
numerical solution on the symplectic group. Numerical examples are
given to illustrate the performance of the numerical methods.
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1 Introduction

Linear quadratic optimal control theory is one of important design methods
for linear time-varying systems [8, 9]. In general the exact solutions for the
optimal control problem can not be obtained. Many numerical methods for
the problem have been presented [1, 4, 6]. It is well-known that the optimal
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control problem is reduced to a differential matrix Riccati equation, then the
linear feedback optimal control law is obtained through solving the differen-
tial matrix Riccati equation [8, 9]. Classical Runge-Kutta method and linear
multi-step method [5] can be directly applied to the differential matrix Ric-
cati equation. The differential equation is nonlinear, the classical methods
can not guarantee stability and accuracy of numerical solutions [4]. Most gen-
eral methods to solve the differential matrix Riccati equation with a terminal
boundary condition are obtained on transforming the equation into an equiv-
alent linear differential Hamiltonian system [1, 4, 6]. Using this approach, the
solution of the differential equation is obtained by partitioning the transition
matrix of the associated Hamiltonian system. Another class of methods is
based on transforming the matrix Riccati differential equation into a linear
matrix differential equation and then solving the matrix differential Riccati
equation analytically or computationally [7]. But the approach is based on the
solution of the algebraic form of the Riccati equation. Hence the approach is
restricted to the linear time-invariant system [7].

In the present paper, we consider linear time-varying control system is
described by

ẋ(t) = F (t)x(t) + G(t)u(t), (1)

where x ∈ Rn is a state vector, u ∈ Rm is a control vector. The optimal
control problem considered in this paper is that of finding a state-feedback
control law of the form u(t) = K(t)x(t) that minimizes a performance index
of the form

V = xT (tf )Sx(tf) +
∫ tf

0
(xT (τ)Q(τ)x(τ) + uT (τ)R(τ)u(τ))dτ (2)

the weights S and Q(t) are positive semi-definite matrix and R(t) is a positive
definite matrix, respectively. The weight S is a constant matrix. In this
problem we consider the final time tf fixed. We refer to the above problem as
the optimal linear quadratic regulator (LQR) problem.

It is well-known that the linear optimal feedback law u(t) = K(t)x(t) can
be obtained by the differential matrix Riccati equation [8, 9]

Ṗ (t) = −P (t)F (t) − F (t)T P (t) + P (t)G(t)R(t)−1G(t)T P (t) − Q(t) (3)

with a terminal condition
P (tf) = S. (4)

The optimal feedback gain matrix is

K(t) = −R(t)−1GT (t)P (t). (5)

Since the boundary condition is specified only at the end point, we can solve
the differential matrix Riccati equation (3) backward in time from tf to 0
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directly. The problem is essentially an initial problem. While in the present
paper we will consider an indirect method to solve the problem.

An outline of the present paper is as follows: In section 2, the linear
quadratic regulator problem is reduced to a linear matrix differential equations
on Symplectic group. Then symplectic Runge-Kutta methods are applied to
the linear differential matrix equations in section 3. In the final section, numeri-
cal examples are given to illustrate performance of the symplectic Runge-Kutta
methods for the problem.

2 Differential Equations on Symplectic Group

It is well-known that differential matrix Riccati equation (3) can be trans-
formed into a linear differential Hamiltonian system [8]. The following lemma
will be used in the sequel.

Lemma 2.1 [8] Consider differential matrix Riccati equation (3) with (4)
and the following linear differential Hamiltonian system

[
Ẋ(t)

Ẏ (t)

]
=

[
F −GR−1GT

−Q −F T

] [
X(t)
Y (t)

]
(6)

with the terminal condition [
X(tf)
Y (tf )

]
=

[
I
S

]
. (7)

Provided that the solution of (3) exists on the interval [0, tf ], the solution of
(6) has the property that X−1(t) exists and that

P (t) = Y (t)X(t)−1. (8)

Conversely if the solution of (6) has the property that X(t) is nonsingular for
all t ∈ [0, tf ], then the solution of (3) exists in the same interval and given by
(8)

Lemma 2.1 shows that a fraction of decomposition of the differential matrix
Riccati equation (3) results in a linear differential Hamiltonian system for
the numerator and denominator matrices, Y (t) and X(t), respectively. The
product Y (t)X−1(t) satisfies the differential matrix Riccati equation and its
boundary condition.

Let 2n × 2n real square matrix

H(t) =

[
F −GR−1GT

−Q −F T

]
. (9)
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Since the matrix
JH(t) + HT (t)J = 0, (10)

where

J =

[
0 I
−I 0

]
(11)

and I is the identity matrix of dimension n. The matrix H is Hamiltonian.
The property (10) of matrix H is useful for proving Theorems 2.1 and 3.1.

For the optimal control problem (1) with index (2). When the weight
matrix S is changed into S +I, and keeping the weight matrices Q(t) and R(t)
invariant, we obtain a new performance index

V̂ = xT (tf )(S + I)x(tf) +
∫ tf

0
(xT (τ)Q(τ)x(τ) + uT (τ)R(τ)u(τ))dτ. (12)

Now we will study the linear quadratic regulator problem (1) with perfor-
mance indexes (2) and (12), respectively from the viewpoint of geometry. Let
X(tf ) = X̂(tf ) = I, Y (tf ) = S and Ŷ (tf ) = S + I, respectively. We will pay
our attention to the following differential matrix equation

Ż(t) = H(t)Z(t), (13)

where 2n × 2n real square matrix

Z(t) =

[
X(t) X̂(t)

Y (t) Ŷ (t)

]
.

By means of the fraction of decomposition of the Riccati differential equation
(3), we will show that a geometric structure of the numerator matrix Y (t) and
the denominator matrix X(t). We have the following theorem which is one of
the main results in the present paper.

Theorem 2.2 Consider linear time-varying system (1) with the perfor-
mance indexes (2) and (12), respectively. For the linear time-varying differen-
tial matrix equation (13) with the terminal condition Z(tf ), if

Z(tf) =

[
X(tf) X̂(tf)

Y (tf ) Ŷ (tf )

]
=

[
I I
S S + I

]
, (14)

then
(i) the solution equation (13) with (14) has the following geometric structure,

ZT (t)JZ(t) = J for 0 ≤ t ≤ tf , (15)

and
(ii) P (t) = Y (t)X(t)−1 with P (tf) = S and P̂ (t) = Ŷ (t)X̂(t)

−1
with P̂ (tf ) =

S + I, is a solution of the differential matrix Riccati equation (3), respectively.



Symplectic Runge-Kutta methods for LQR problem 297

Proof,
Since the matrix H is Hamiltonian which is a Lie algebra of symplectic group
[3, 12]. A solution of the differential matrix equation (13) is also on Symplectic
group when the terminal condition (14) is on Symplectic group. From (14), it
is obvious that

ZT (tf)JZ(tf ) = J for 0 ≤ t ≤ tf .

Thus we have that

ZT (t)JZ(t) = J for 0 ≤ t ≤ tf .

The part (i) of the theorem is proved. According to Lemma 2.1, it is obvious
that the part (ii) of the theorem holds. The proof is completed.

Remark 2.1 By means of the fraction decomposition of the differential matrix
Riccati equation (3), the geometric structure of two solutions of linear differ-
ential Hamiltonian system (6) with two different terminal conditions for the
same problem (1) is given in Theorem 2.1.

3 Symplectic Runge-Kutta Methods

In this section, we are concerned with geometric integration of the linear dif-
ferential matrix equation (13) on the symplectic group. The aim of geometric
integration is to build numerical methods for discretizing differential equations
whilst preserving their known qualitative features, such as invariant quantities
and the geometric structure. It is widely recognized that this class of numeri-
cal algorithms (the so-called geometric integrators) provides a better descrip-
tion of the original system than standard methods, both with respect to the
preservation of invariants and in the accumulation of numerical errors along
the evolution [3, 10, 11]. By sharing geometric structure and invariants with
the exact solution, these methods provide numerical approximations which are
more accurate and most stable for a significant class of differential equations,
such as those evolving on Lie groups [3, 11].

We are interested in solve differential equations of the form

Ż(t) = H(t)Z(t) (16)

with terminal condition Z(tf) such that ZT (tf )JZ(tf) = J, where H(t) is a
Hamiltonian matrix. When the terminal condition

Z(tf) =

[
X(tf) X̂(tf)

Y (tf ) Ŷ (tf )

]
=

[
I I
S S + I

]
, (17)

the solution of linear time-varying differential matrix equation (16) with (17)
is on the Symplectic group from Theorem 2.1, i. e., the geometric structure
(15) holds.
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The linear differential matrix equation (16) with the terminal condition
(17) can be thought of as an ”initial value problem”. One can integrate the
differential equation backward in time from tf to 0 since the ”initial condition”
is specified at the terminal time tf . Here Z(tf) is the ”initial condition” at the
”initial time” tf .

Now we consider Runge-Kutta methods for numerical integration of the
differential matrix equation (16) with the terminal condition (17). Let h stand
for a constant step-size. We need that h < 0 to integrate equation (16) with
(17) backward in time from tf to 0. We let Zn denote an approximation (nu-
merical solution) to the solution Z(tf + nh) of differential equation (16) at
tf + nh, i. e., Zn ≈ Z(tf + nh), and

Zn =

[
Xn X̂n

Yn Ŷn

]
.

For n = 0, we have that the initial condition

Z0 = Z(tf ) with Z0
T JZ0 = J. (18)

In the following, we will seek kinds of Runge-Kutta methods which are ap-
plied to (16) with (17) such that the numerical solution shares the geometric
structure (15) with the exact solution,i.e.,

Zn
T JZn = J for n = 0, 1, · · · , N,

where N = −tf/h. The general s−stage RK method for the problem (16) with
(17) is defined by the discrete systems

Zn+1 = Zn + h
s∑

i=1

biKi (19)

Kl = HlΦl, (20)

where Hl stands for H(tf + nh + clh), and

Φl = Zn + h
s∑

j=1

aljKj (21)

We shall always assume that the following (the row-sum condition) holds:

ci =
s∑

j=1

aij , i = 1, 2, . . . , s. (22)

We define the s−dimensional vectors c and b, and the s × s matrix A by

c = [c1, c2, . . . , cs]
T , b = [b1, b2, . . . , bs]

T , A = [aij],
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respectively. Clearly an s− stage Runge-Kutta method is completely specified
by its Butcher array

c A

bT .

The symmetric matrix M = [mij ] which is associated with the s− stage
Runge-Kutta method [3, 5], is defined by

mij = biaij + bjaji − bibj i, j = 1, · · · , s. (23)

Definition 3.1 [3, 11] For a Runge-Kutta method, if the matrix M = 0,
then the Runge-Kutta method is called symplectic.

The symplectic Runge-Kutta methods for time-invariant Hamiltonian systems
have been widely studied, see [3, 10, 11]. But few results on Runge-Kutta
methods are known for solving directly time-varying Hamiltonian systems.

The following result is concerned with symplectic Runge-Kutta methods
for linear time-varying differential matrix equation (16) with (17) on the sym-
plectic groups. To understand the result easily, we will give a detailed proof
although the proof is similar to that in [2].

Theorem 3.2 For the linear differential matrix equation (16) with (17),
the difference systems (19), (20) and (21) with (18) are produced by the s−
stage Runge-Kutta methods. If M = 0, then the difference systems (19), (20)
and (21) with (18) has the geometric structure

Zn
T JZn = J for n = 0, 1, · · · , N, (24)

i. e., symplectic Runge-Kutta methods keep the numerical solution on the
symplectic group.

Proof, The proof will be given along the line of [2]. From the difference systems
(19), (20) and (21), we have that

Zn+1
T JZn+1

= (Zn + h
s∑

i=1

biKi)
T J(Zn + h

s∑
i=1

biKi)

= Zn
T JZn + h

s∑
i=1

biKi
T JZn + h

s∑
i=1

biZn
T JKi

+h2
s∑

l=1

s∑
j=1

blbjKl
T JKj .
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But

Zn
T JKl

= (Φl
T − h

s∑
j=1

aljKj
T )JKl = Φl

T JKl − h
s∑

j=1

aljKj
T JKl

and

Kl
T JZn = Kl

T JΦl − h
s∑

j=1

aljKl
T JKj .

However Hl is a Hamiltonian matrix, from (10),

Φl
T JKl + Kl

T JΦl

= Φl
T JHlΦl + Φl

T Hl
T JΦl = Φl

T (JHl + Hl
T J)Φl = 0.

we have that

Zn+1
T JZn+1 = Zn

T JZn + h2
s∑

l=1

s∑
j=1

{blbj − blalj − bjajl}Kj
T JKl.

From M = 0 and the initial condition (18),

Zn+1
T JZn+1 = Zn

T JZn = Z0
T JZ0 = J

The proof is completed.

Remark 3.1 Theorem 3.1 shows that the numerical solution has the same
geometric structure (24) as the exact solution when the symplectic Runge-Kutta
methods are applied to linear time-varying differential matrix equation (13)
with (14).

Remark 3.2 Let Pn and P (n) denote a numerical solution and the exact
solution of (3) with (4) at tf + nh, respectively. We have P (n) = Y (tf +
nh)X−1(tf + nh). When a symplectic Runge-Kutta method is applied to (3)
with (4), a numerical solution is indirectly obtained by solving (13) with (14)
and Pn = YnX

−1
n.

Remark 3.3 The Gauss collocation methods are symplectic integrators and
other symplectic Runge-Kutta methods can be found in [3, 11].
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4 Numerical Examples

In the section, numerical examples are given to illustrate the performance
of symplectic Runge-Kutta methods for the linear quadratic regulator prob-
lem. We will compare symplectic Runge-Kutta methods with non-symplectic
Runge-Kutta methods through the numerical examples. All computations are
carried out by Matlab 7.0.

We will use the following two indexes

RER = ||Pn − P (n)||∞ (25)

and

SER = ||Zn
T JZn − J ||∞ (26)

to assess performances of symplectic Runge-Kutta methods and classical Runge-
Kutta methods, where matrix J is defined by (11), Zn and Z(tf + nh) stands
for an approximation (numerical solution) and the exact solution of differential
equation (16) at tf + nh, respectively , Pn and P (n) stands for a numerical
solution and the exact solution of differential matrix Riccati equation (3) with
(4) at tf + nh, respectively, and P (n) = Y (tf + nh)X−1(tf + nh), see Remark
3.2.

The index RER shows that accuracy of a numerical method for (3) with (4).
While the index SER represents the symplectic geometric property, (24) when
a symplectic Runge-Kutta method is applied to (13) with (14). The implicit
mid-point rule which is one of symplectic Runge-Kutta methods [3, 11] and
the improved Euler method [5] which is not symplectic, will be applied to
differential matrix Riccati equation (3) with (4), respectively. Both they are
order 2. When the implicit mid-point rule is applied to (3) with (4), a numerical
solution is indirectly obtained by solving (13) with (14) and Pn = YnX

−1
n, see

Remark 3.2. The RERMid and REREuler stands for the index RER of the
implicit mid-point rule and the improved Euler method, respectively.
Example 4.1
In the linear quadratic regulator problem (1) with performance indexes (2)
and (12), respectively, let tf = 1.5 and parameter matrices

F =

⎡
⎢⎢⎢⎣

0 1 0 0
0 0 1 0
0 0 0 1
10 3.1 3.1 3.1

⎤
⎥⎥⎥⎦ , and G =

⎡
⎢⎢⎢⎣

0 0
0 0
0 0

0.2 0.2

⎤
⎥⎥⎥⎦ ,

the weight matrices R = I2 and Q = S = I4, where Id stands for the iden-
tity matrix of dimension d. Taking h = −0.001 when the implicit mid-point
rule and the improved Euler method is applied to differential matrix Riccati
equation (3) with (4), respectively. We can obtain RERMid (solid line) and
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REREuler, (dashed line) see Fig. 1. The SER is shown in Fig. 2 when
the implicit mid-point rule is applied to (13) with (14). RERMid < 0.004,
REREuler < 0.016 and SER < 2.5×10−9 are seen in Fig.1 and Fig. 2, respec-
tively.
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Fig.1. RER
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Fig.2. SER

Example 4.2
In the linear quadratic regulator problem (1) with performance indexes (2)
and (12), respectively, let tf = 5 and parameter matrices

F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0 0 0 0
0 0 0.2165 −0.0356 0 −0.0299 0 −0.027 0

−0.0458 1 −0.0133 0.0004 0 0.0006 0 0.0007 0
0 0 0 0 1 0 0 0 0
0 0 0 −29.81 −0.0546 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 −169 −0.13 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 −334.3 −0.1826

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and

G =
[

0 −1.138 −0.0348 0 29.56 0 47.25 0 16.4
]T

,
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the weight matrices

Q = diag
{

0.1 0.05 0.5 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
}

R = 1 and S = I9, where diag{· · · , qi · · ·} stands for a diagonal matrix with the
i−th diagonal element qi. The example can be found in [4]. Taking h = −0.001,
when the implicit mid-point rule and the improved Euler method is applied to
differential matrix Riccati equation (3) with (4), respectively. We can obtain
RERMid (solid line) and REREuler, (dashed line) see Fig. 3. The SER is
shown in Fig. 4 when the implicit mid-point rule is applied to (13) with (14).
RERMid < 4 × 10−6, REREuler < 8 × 10−6 and SER < 6 × 10−10 are seen in
Fig.3 and Fig. 4, respectively.
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Fig.3. RER
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Fig.4. SER

The above numerical experiments show that accuracy of the implicit mid-
point rule is higher than the improved Euler method for problem (3) with (4),
see Fig. 1 and Fig. 3. At the same time, the symplectic geometric property
(24) can be approximately preserved by the implicit mid-point rule with high
accuracy, see Fig. 2 and Fig. 4.
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