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Quasiconformal Mappings
and the Max Property!
Yuming Chu ? and Gendi Wang
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Abstract

Suppose that D is a Jordan proper subdomain of R’ whose boundary
contains at least three points, D* = R \ D, the exterior of D. We say
that D has the max property if there exists a family I of curves in D
and a constant ¢ > 1 such that each pair of points x1,z2 € D\ {oo} can
be joined by a curve v € I' and such that

@ —yl < cmax|z; —y|

for each ordered triple of points z1,x, s € v and each y € 9D \ {oo0}.

In this paper, the author proves the following two results: (1) D is
a quasidisk if and only if both D and D* have the max property; (2)
A homeomorphism f : R — R’ with f(00) = o0 is a quasiconformal
mapping if and only if f(D) has the max property for any D C R with
the max property.
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1 Introduction

We shall assume throughout this paper that D is a Jordan proper subdomain
of B whose boundary contains at least three points, D* = R \ D, the exterior
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of D. For convenience we shall adopt the notation and terminology as in paper
[18]. For z € R?* and 0 < r < oo, let B*(z,r) = {z € R* : |z —z| < r},
E2($,T) be the closure of B*(x,r), S'(z,r) = dB*(x,r), B*(r) = B*(0,r) and
B* = B%(1). Suppose that f is a homeomorphism in R with f(cc) = oo, for
r € R*and 0 < r < oo, let L(z, f,r) = ‘ a|X |f(y) — f(x)|, and I(z, f,r) =
y—zx|=r
min_|£(y) - f(2)].

ly—z|=r
Suppose that ¢ > 1 is a constant, we say that D has the c—max property

if there exists a family I' of curves in D such that each pair of points xq, x5 €
D\ {oo} can be joined by a curve v € I' and such that for each v € T,

@ =yl < emaxa; —y| (1.1)

for each ordered triple of points x1,z, 25 € v and each y € 9D \ {oo}. And we
say that D has the max property if D has the c—max property for some ¢ > 1.

The max property is an important concept in analysis and geometry, it was
first introduced by F.W.Gehring and K. Hag in their study [5] of uniform and
quasiconformal extension domains, in which they proved that a proper domain
E of R™ is a uniform domain if and only if £ has the max-min property. Later,
it has been used extensively in the research of John disks by O.J. Broch!?, Z.
Balogh and A. Volberg?®, R. Nikki and J. Viisald'?!, K. Hag and P. Hagl”),
and K. Kim!.

D is called a quasidisk if there exists a K —quasiconformal mapping (K > 1)
f: R — R’ such that D is the image of the unit disk B? under f.

It is well-known that quasidisks play a very important role in quasiregu-

[13,16] and Teichmiiller

lar mappings!'¥, Kleinian groups!'?, complex dynamics
space theorym7 1419 ete.

The purpose of this paper is to prove the following two results.

Theorem 1.1. D is a quasidisk if and only if both D and D* have the
max property.

Theorem 1.2. A homeomorphism f : R — R with f(oo) = 0 is a
quasiconformal mapping if and only if f(D) has the max property for any
D C R with the maz property.

For the sake of convenience we shall introduce the following important
concepts, they will be used to prove our theorem 1.1 and theorem 1.2 in the
next sections.

Let ¢ > 1 be a constant. (1) If for any 7y € R? and 0 < r < +o0, each pair
of points x1,25 € D N EQ(xo,r) can be joined by a curve in D N EQ(xo,cr),
then we say that D is a c—inner linearly locally connected domain, denoted
by D € ¢ — ILC; (2) If for any 7y € R?> and 0 < r < +o0, each pair of
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finite points z1, 2o € D\ B%(z0,r) can be joined by a curve in D\ B?(zg,r/c),
then we say that D is a c—outer linearly locally connected domain, denoted
by D e c— OLC.

D is called a linearly locally connected domain if D € ¢ — ILC and D €
¢ — OLC at the same time for some ¢ > 1.

The following example shows that there exists a domain D which is not
¢ — ILC and ¢ — OLC' at the same time for any ¢ > 1.

Example.
Let
Dy = {(w1,x)|a} + (22— 1) < 1,21 < 0,22 < 1},
Dy = {(z1,22)]2 + (22 +1)? < 1,21 < 0,20 > —1},
D3 = {(I1,$2)|ZE1 > O, —1l <z < ].}
and

Then the simple connected domain D C R? is not ¢ — ILC and ¢ — OLC

at the same time for any ¢ > 1. In fact,
(I) For « > 0, denote A the point (—z,0), O the point (0,0), d(A, D) and
d(A, O) the Euclidean distance from A to 0D and O, respectively. Then
d(A,O) , x

WG4 D) AT T
Hence for any ¢ > 1, there exists a point A(—z,0) such that d(A4,0O) >
4ed(A,0D). This concludes that there exist points in D N EQ(A, 2d(A,0D))
which can not be joined by curves in D N EQ(A, 2¢d(A,0D)), thus D is not
c—ILC.
(IT) For any ¢ > 1, denote B the point (3¢?,0), r = 2¢*. It is obvious
that there exist points in D \ B*(B,r) which can not be joined by curves in
D\ B%*(B,r/c), thus D is not ¢ — OLC'.

+00.

Let b > 0 be a constant, D is called a b—cigar domain if each pair of points
x1,29 € D\ {o0} can be joined by a curve v C D for which
min dia(y(zj,x)) < bd(z,0D) forall  x €7, (1.2)
]: ’
where v(z;, z) is the part of v between z; and =, and d(x, D) is the Euclidean
distance from x to 9D, and dia(y) is the Euclidean diameter of ~.

We say that D is a cigar domain if D is a b—cigar domain for some b > 0.
F.W. Gehring proved the following result in [4].

Theorem A. The following four conditions are equivalent each other:
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(1) D is a quasidisk;
(2) D is a linearly locally connected domain,
(3) There exists a constant d > 1 such that for each pair of points xy,xs €
0D \ {oo},
]rrzl% dia(v;) < d|zy — x4/, (1.3)

where y1,v2 are the components of 0D \ {x1,z2}.
(4) There exists a constant b > 1 such that each pair of points x1,z5 €
D\ {0} can be joined by a rectifiable curve 3 in D for which

]nzlilgl(ﬁ(xj,x)) < bd(z,0D) (1.5)

for each x € 3. Here () denotes the Euclidean length of (3.

2 Lemmas

In this section, we shall establish and introduce the following five lemmas which
are crucial in the proof of our theorem 1.1 and theorem 1.2.

Lemma 2.1. If D has the c—max property, then D* is a 2a¢(2c+1)—cigar
domain, where aqy is an absolute constant.

Proof. For any finite points 21, 29 € D*, let v be the hyperbolic geodesic
which joins z; and 2z, in D*, for any z € v\ {21, 22}, suppose that f: B> — D*
is a conformal mapping with f(0) = z and

') CR={z:2€ R* Imz =0},
where f~! is the inverse of f. Then there exist
r1€{z:2€ 5 Imz >0} and zy € {z:2¢€ S Imz <0}
by [17,Corollary 10.3] such that o;; = f([0, z;)) is rectifiable with
l(aj) < apd(z,0D"), j=1,2,

where ag is an absolute constant, and [0, z;) is the half open segment which
joins the origin O and z;, j = 1, 2.
Let y; = f(z;), @« = a3 U ay, then y; € 0D and

l(a) <o) + l(ag) < 2apd(z,0D").
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For above y1,y2 € 0D* = 0D, there exist a simple curve § C D which joins
y1 and yo such that

ly — | < errzl%)é‘y/ —vy;| forall yep and y €0D (2.1)

by D has the c—max property.
If taking ¢ = y; in (2.1), then we get

ly =yl < clyr — yo
for any y € #. This and the triangular inequality imply
dia(B) < 2cly; — yo| < 2cl(a). (2.2)

If we denote by Dy the bounded domain with boundary aU 3, then one of
the points z; and z; must be in Dy. Without loss of generality, we may assume
that z; € Dy, then we can obtain

dia(y(z1,2)) < dia(Dy) = dia(0Dy)
< dia(a) + dia(f)
< (04) + dia(B)
< 2ap(2¢+ 1)d(z,0D"). (2.3)

This yields
min dia(y(z;, 2)) < 2a9(2¢+ 1)d(z,0D"),

J=12
hence D* is a 2ag(2¢ + 1)—cigar domain.
Lemma 2.2. If D is a c—cigar domain, then D € (2c+2) — OLC.

Proof. Take b = 2c¢ +2. If D & b — OLC, then there exist y, € R?,
0 <r <oocand zy,73 € D\ B*(yo,7), such that x; and x5 can not be joined
by any curve in D\ B*(yo,7/b).
Since D is a c—cigar domain, there exists an arc v C D such that v joining
r1 and xo with
min dia(y(x;,z)) < cd(xz,0D) (2.4)

j=12
for all = € ~.
It is obvious that v N S(yy,r/b) # 0. If taking y € v N S (yo, /), then
(2.4) implies
1 1 1

o 1
d(y,0D) 2 — min dia(y(z;,y)) = _ min fo; —y| 2 —(1 - 4)r. (2.5)



318 Yuming Chu and Gendi Wang

But r
The above (2.5), (2.6) and the triangular inequality yield
1 1 2
b<2c+1, (2.7)

(2.7) contradicts with b = 2¢ + 2. Hence D € (2¢+2) — OLC.
Lemma 2.3. If D* is a co—cigar domain, then D € (16¢y + 21) — ILC.

Proof. Take § = 8cy+10. For any u € R?, s > 0, and 2, 2 € DQEQ(U, s),
21 # z3. Denote z = %(21 + z2) and r = |21 — 23]. Next we first prove that
21, 2o must be in the same component of EQ(Z, sor)\ D*.

If z1, 25 belong to different components of §2(2, $0r)\ D*, then 21, z» must
be in the different components of §2(z, +r) \ D*. Let 3 be the line segment

which joins z; and 2o, then [ contains a subcurve o« C D* such that o divide
D* into Dy and D,, and dia(D;) > 3r(6 — 1), j = 1,2. This yields

DY >
Inin dia(D;) >

r(d—1). (2.8)

N —

For any = € «, if D1 € B*(z,(2co + 2)dia(a)) and Dy € B?*(x,(2¢o +
2)dia(«)), then take

z; € D;\ B (z, (2c0 + 2)dia(a)),  j=1,2.

Since D* is a cp—cigar domain, there exists an arc v C D* joining x; and
min dia(y(z;,w)) < cod(w,0D™) (2.9)

J=1
for all w € .
Take y € v N S*(z,dia(a)), then we can get

ly — x;| > (2co + 1)dia(a), .
{ min dia(+(z;,y)) < eod(y,0D%), I =1= (2.10)
j: b
This implies
2 + 1
d(y,0D%) > 22 dia(a). (2.11)
Co

But
d(z,0D") < dia(a). (2.12)
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(2.11),(2.12) and the triangular inequality yield

2 1
“ L ia(a) < d(y,dD%) < |y — 2| + d(x, dD*) < 2dia(«),

Co

S0
dia(a) <0,

this is obviously impossible. Hence D; C E2($7 (2¢9 + 2)dia(a)) or Dy C

B (z, (2¢co + 2)dia(c)), and we can obtain

min dia(D;) < 2(2¢ + 2)dia(). (2.13)

j=12
(2.8), (2.13) and dia(«) < 7 imply
(5 S 800 + 9,

this contradicts with 6 = 8c¢o+10. Hence z1, 2o must be in the same component
of E2(Z, 20r) \ D*, and there exists an arc v C D joining z; and z with

dia(y) < or = §lz; — 29| < 20s. (2.14)
The above (2.14) implies
v C DNB(u,s+dia(y)) € DN B (u, (26 + 1)s)
D N B*(u, (16¢y + 21)s).
Hence D € (16¢¢ + 21) — ILC, this completes the proof of lemma 2.3.

Lemma 2.4. Suppose that f : RoTRisa K —quasiconformal mapping
with f(00) = oo, for any v € R%, if 0 <11 < ry < +00, then

L<w7f77'2> T2 K
Iz, f,r1) =¢ (7’_1> 7 (2.15)

where ¢ = ¢(K) is a constant which depends only on K.
Proof For any z € R?> and 0 < r < +o0, since f is a K —quasiconformal
. —2 .
mapping of R, according to [18, prg| we have
L
(z, f,r) <! (2.16)
Iz, f,r)
where ¢ = ¢(K) is a constant which depends only on K.

For any 0 < 1 < ry < 400, from (2.16) we can get

L(:L‘,f,Tg) / l(x, faTQ)
o fir) =< T ) (2.17)
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Without loss of generality, we may assume that [(x, f, 7o) > L(z, f,r1). Let
I" be the curve family which joins S*(z, 1) and S(z, r2) in B2(z, r2)\B (2, 11),
M(T) is the module of T', Making use of the comparison principle of module
and the properties of K —quasiconformal mappings in [18] we can obtain

27 1 1 27

2T M(F(T) 2 M) = (2.18)
log i(é’f}’f}?) K K'log 2
Combining (2.17) and (2.18) we get
L. fora) _ o (Tﬁ)K (2.19)
l(l', f7 7'1) N A1 ’

from (2.19) we can obtain (2.15) with ¢ = ¢.

Lemma 2.5, Let f: R R bea homeomorphism with f(oco) = co. If
there exists a constant ¢ > 0 such that

[dia (f (B*@,n))]" <c-m[f (B*a,r)] (2.20)

for allx € R?* and 0 < r < oo, then f is a quasiconformal mapping. Here
m [f (B*(x,7))] denotes the 2—dimensional Lebesque measure of f(BQ(x, 7’))

3 Proofs of theorems

Proof of theorem 1.1. The necessity. In fact the necessity was proved by
F.W. Gehring and K. Hag in [5, theorem 2.7], for the sake of readability, we
give the proof as follows.

If D is a quasidisk, then from the equaivalent condition 4 of theorem A
and the corollary 2 in [6] we know that there exists a constant b > 1 such that
each pair of finite points z1, x5 € D can be joined by the hyperbolic geodesic
B C D and (3 satisfies (1.4) and (1.5).

Next let I' denote the family of hyperbolic geodesics in D. Then each pair
of finite points z1,29 € D can be joined by a curve v € I'. Fix v € ' and
for any ordered triple of points zy,z,z5 € v and any y € 9D \ {oo}, then
B = vy(x1,x2) € I' and by (1.4) and the triangle inequality we have

1
o=yl < gl — o]+ oyl e — ol + oo — )

1

< SUB) + v =yl + |22 — y])
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1
5(5\361 — Za| + 71 — Y| + 22 — ¥|)

b+1
(o — g+ 2 — )

< (b+ 1)jrr:1511>2<\xj —yl.

IN

IN

Hence D has the c—max property with ¢ = b+1 and I the family of hyperbolic
geodesics in D.

Since D is a quasidisk, hence D* is also a quasidisk. Makeing use of the
same method as above we can get that D* has the max property.

The sufficiency. Suppose that both D and D* have the max property.

(1) Since D* has the max property, hence D is a cigar domain by lemma
2.1, this and lemma 2.2 imply D € OLC.

(2) since D has the max property, hence D* is a cigar domain by lemma
2.1, this and lemma 2.3 imply D € ILC.

From the above (1), (2) and the equivalent condition 2 of theorem A we
know that D is a quasidisk.

Proof of theorem 1.2. The necessity. Suppose that D has the c—max
property. Let I' C D be the family of curves which satisfies (1.1), I = f(T'),
then T” is a family of curves in D'. For any 2}, =5, € D'\ {oo}, denote
ry = f71(2}) and 2y = f7(z}), then x1, 25 € D\ {00}, and z1, 25 can be
joined by a curve v € I' for which (1.1) is satisfied. Let 4" = f(v), then o' € I
and v/ joins x} and zf,.

Next for any ordered triple of points 2, ', z, € 4" and each y' € D"\ {0},
let 1y = f71(2}), x = f7H2'), o = f71(a}) and y = f~1(y/), then z1, z, 29 € 7y
are the ordered triple of points and y € 9D \ {oo} for which (1.1) is satisfied.

without loss of generality, we may assume that

[z —y| < cay —yl.
From this we can get
|f(x) = f(y)| < L(y, f,clzr — yl). (3.1)
On the other hand, it is obvious that
[f (1) = fF()] = Uy, £ |2 — yl). (3-2)
Making use of (3.1), (3.2) and lemma 2.4 we get

@) I .
) - fw)] =
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where c* is a constant which depends only on K, and hence
|2’ — /| < c¢*c® max |2 — |,
j=1,2"7

this implies that D’ has the c¢*c —max property.
The sufficiency. For any z € R? and 0 < r < oo, choose y € B*(z,r)
such that

dia (f(B(z,7))) < 3|f(z) — f()|. (3.3)

Theorem 1.1 implies that (B?(z,r))* has the max property. By the as-
sumption of theorem 1.2 we know that f((B?*(x,r))*) has the max property,
hence f(B?%*(z,r)) is a cigar domain by lemma 2.1. There exists a constant
b> 0 and a curve v C D joins f(z) and f(y) such that

min{dia(y(f(x),2)), dia(v(f(y), 2))} < bd(z,0(f(B*(z,7)))) (3-4)

for all z € . If we choose zy € 7 such that dia(y(f(z),20)) = dia(y(f(y), 20)),
then (3.3) and (3.4) imply

d(z0, 0(f(B*(z,7)))) =

v

(Y

v

This yields

BQ <207 dza(f(ib(xar)))> g f(B2(x,7’)),

. (dm(f(ib(x’m)> < m(f(B*(z,1))),

and
2 36b7
S -
T

(dia(f(B*(x,7)))) m(f(B(x,7))). (3.5)

From (3.5) and lemma 2.5 we know that f is a quasiconformal mapping,.
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