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Abstract. Let X be a real reflexive Banach space which admits a weakly
sequentially continuous duality mapping from X to X*, and C' be a closed
convex subset of X which is also a sunny nonexpansive retract of X, and
T : C' — X a non-expansive mapping satisfying the weakly inward condition
and F(T) # 0, and f : C — C be a fixed contractive mapping. The sequence
{z,,} is given by

Tpt1 = P(C“nf(xn) + (1 - O‘ﬂ)(ﬁnxn + (1 - ﬂn)Txn»:

where a,, 5, € (0,1), and P is sunny nonexpansive retract of X onto C'. We
prove that {z,} strongly converges to a fixed point of T" as «,, and (3, satisfying
some appropriate conditions.
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1. INTRODUCTION

Let X be a real Banach space and let J denote the normalized duality
mapping from X into 2X" given by

J(@) ={f e X7 (@, ) = [l {171l = (171} Ve e X,

where X* denotes the dual space of X and (-, -) denotes the generalized duality
pairing. In the sequel, we shall denote the single-valued duality mapping by
j. And let C' be a nonempty closed convex subset of X, and T : C' — C be a
nonexpansive mapping if for all z,y € C', such that

[Tz =Tyl < [lz =yl

!This work is supported by the National Science Foundation of China, Grant 10471033
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We use F(T) to denote the set of fixed points of T; i.e., F(T) = {x € C :
x = Tx}. Recall that a self-mapping f : C'— C'is a contraction on C' if there
exists a constant 5 € (0, 1) such that

1f(z) = fWIl < Bllz —yll, z,y € C.

In 2004, Hong-Kun Xu[l] defined the following one viscosity iteration for
non-expansive mappings in uniformly smooth Banach space:

Theorem 1.1. [1, Theorem 4.1, page 287/Let X be a uniformly smooth Ba-
nach space, C' be a closed convex subset of X, T : C — C' a non-expansive
mapping with F(T) # ¢, and f € g, where Ilg denotes the set of all contrac-
tions on C'. Then {x;} defined by the following:

re=tf(x) + (1 —t)Txy, z€C
converges strongly to a point in Fiz(T). If we define Q : e — F(T') by
Q(f) = P_{%fﬂt: felle,
then Q(f) solves the variational inequality
(I=5Q(f), J(Qf) —p) <0, fellg, pe F(T).

In [2], Schu introduced the iterative process below and proved the following
theorem:

Theorem 1.2. [2, Theorem 2.4, page 113] Let C' be a nonempty closed convex
and bounded subset of a Hilbert space H; Let T : C'— C' be a Lipschitz pseu-
docontractive mapping with Lipschitz constant L > 0; {\,}nen C (0,1) with
limy, oo An = 1; {an nen € (0,1) with lim,, . o, = 0 such that ({au,}, {gn})
has property (A), {(1—p,)(1—\,) "t} is bounded, and lim,, ., I;Z” =0, where
kn = (14 a2(1+ L)) and p, = 2—:, Vn € N; fix an arbitrary point w € C,
and define that for allmn € N,

Tpi1 = fpir (@ Tx, + (1 — ap)zy) + (1 — ppgr)w.

Then {x,}, converges strongly to the unique fized point of T closed to w.
Here the pair of sequences ({an }n, {ttn}n) C (0,00) x (0,1) is said to have

property (A) if and only if the following conditions hold:

(1){cn}n is decreasing;

(2){in }n is strictly increasing;

(8)There exists a strictly increasing sequence {3}, C N such that

(a)lim,, ==t = 0;

(D)l (1= pnas, ) (1 — )~ = 1;

(c)lim,, G, (1 — p,,) = oc.
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In [9], recently Yi-sheng Song and Ru-dong Chen extended Theorem 1.1 to
nonexpansive nonself-mapping in a reflexive Banach space: for t € (0, 1),

xy = P(tf(z) + (1 —t)Txy) (1.1)

and proved that {x;} strongly converges to a fixed point of T as t — 0.

Let C' be a closed convex subset of a reflexive Banach space X with a weakly
sequentially continuous duality, the purpose of this paper is to use the following
iteration process:xy € C,

Tnp1 = Plon f(2n) + (1 — ) (Burn + (1 = 8,)T'7,)) (1.2)

where {ay, }n, {Bn}n are sequences in (0,1) and f : C' — C'is a fixed contractive
mapping, to approximate to the fixed point of non-expansive mapping 7', which
extends and improves several recent results.

2. PRELIMINARIES

Recall that a Banach space is said to be smooth if the duality mapping J
is singed valued. If C' and D are nonempty subsets of a Banach space X such
that C' is nonempty closed convex and D C C', then a mapping P : C — D is
called a retraction from C to D if P? = P. It is easily known that a mapping
P : C — D is retraction, then Pr = x, Vo € D. A mapping P : C — D is
called sunny if

P(Pz + t(x — Pz)) = Pz, Vx € C
whenever Pr+t(x— Pxz) € C and t > 0. A subset D of C' is said to be a sunny
nonexpansive retract of C' if there exists a sunny nonexpansive retraction of C'
onto D. For more detail, see[3,4,5].

The following Lemma is well known (referece [1], [8]):

Lemma 2.1. Let C' be a nonempty convex subset of a smooth Banach space
X, D cCdC,J:X — X* be the (normalized) duality mapping of X, and
P:C — D a retraction. Then the following are equivalent:

(i){z — Pz, j(y — Pz)) <0

(12) P is both sunny and nonerpansive.

Let C be a nonempty convex subset of a Banach space X, then for z € C,
we define the inward set[5]:

Ie(z)={ye X:y=xz+ ANz —1x), z€ C and X\ > 0}.

A mapping T : C' — FE is said to be satisfying the inward condition if Tx €
Io(x) for all z € C. T is also said to be satisfying the weakly inward condition
if foreach x € C, Tx € Io(x) (I¢(x) is the closure of I(z)). Clearly C' C I (x)
and it is not hard to show that /() is a convex set as C' does.

Using Lemma2.1 and above these definitions, we can easily show the follow-
ing Lemma (more details see reference [9)):
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Lemma 2.2. Let C' be a nonempty closed subset of a smooth Banach space
E, and T : C — FE be nonexpansive nonself-mapping satisfying the weakly
mward condition, and P be a sunny nonexpansive retraction of E onto C.
Then F(T) = F(PT).

Lemma 2.3. [9, Theorem 2.2]Let X be a real reflexive Banach space which
admits a weakly sequentially continuous duality mapping J from X to X*.
Suppose C' is a closed convex subset of X which is also a sunny nonexpansive
retract of X, and T : C — X a non-expansive mapping satisfying the weakly
inward condition and F(T) # 0, and f : C' — C be a fized contractive mapping.
t €(0,1), let {x;} be defined by (1.1), where P is a sunny nonexpansive retract
of X onto C. Then ast — 0, {z;} converges strongly to some fized point q
of T such that q is the unique solution in F(T) to the following variational
inequality:

(I = f)g,5(q—u) <0, Yu e F(T).

If Banach space X admits sequentially continuous duality mapping J from
weak topology to weak star topology, by Lemma 1 of reference [10], we get
that duality mapping J is single-valued. In the case, duality mapping J is
also said to be weakly sequentially continuous, i.e. for each {z,} C X with
x, — x, then J(z,) —* J(z) (reference [8, 10]).

A Banach space X is said to be satisfying Opial’s condition if for any se-
quence {z,} in X, z,, = x (n — 00) implies

limsup ||z, — x| < limsup ||z, —y|, Yy € X with z # y.

By Theorem 1 of reference [10], we know that if X admits a weakly sequentially
continuous duality mapping, X satisfies Opial’s condition.

Lemma 2.4. Let C be a nonempty closed convex subset of a reflexive Ba-
nach space X which satisfying Opial’s condition, and suppose T : C' — X is
nonexpansive. Then the mapping I — T is demiclosed at zero, i.e.

Ty, =, x, — T, — 0 implies x = Tx.

The following lemmas will be needed in the sequel. Lemma2.5 is well know,
(see, e.g., [1], [6]). The proof of Lemma2.5 can be deduced from [7, Lemma
2.5]:

Lemma 2.5. Let X be an arbitrary real Banach space. Then
lz +ylI” < llll* +2(y, (@ + y)), (1.2)
for all x,y € X and for all j(x +vy) € J(x +y).
Lemma 2.6. Let {a,}, be a sequence of nonnegative real numbers such that
an1 < (1 —ay)a, + @B, n €N, (1.3)

where {a,}, C [0,1], and Y7 o, = 00, lim,, o 3, = 0.
Then lim,,_, a, = 0.
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Lemma 2.7. Let {a,} be a sequence of nonnegative real numbers satisfying
the property,

An41 S (1 - ’Yn)an + bna n Z O>
where {v,} C (0,1), and {b,} are such that:

(i) lim 7, =0, and > v, = o0;
n—oo n=0

(i1) S |b| < +o0.
n=0

3. MAIN RESULTS

Theorem 3.1. Let X be a real reflexive Banach space which admits a weakly
sequentially continuous duality mapping J from X to X*. Suppose C is a
closed convex subset of X which is also a sunny nonexpansive retract of X, and
T :C — X a non-expansive mapping satisfying the weakly inward condition
and F(T) # 0, and f : C — C be a fized contractive mapping. The sequence
{z,} is defined by (1.2), where P is sunny nonexpansive retract of X onto C,
and oy, B, € (0,1), and satisfy the following conditions:

(i) lim o, = 0;

n—oo

(i) =g On = 00;

(#i) lim 3, = 0;

(1) 0o lon — ani| < +00;

(V0o |Bn = Baa] < +oc.

Then as n — oo, the sequence {x,} converges strongly to a fized point q
of T such that q is the unique solution in F(T) to the following variational
inequality:

(I = f)g,5(q=u)) <0, Yue F(T).
Proof. First we show {x,} is bounded. Take u € F(T), it follows that
[0 1 = ull =[Pl f(zn) + (1 = an)(Bown + (1 = p)Tzp)) — Pull
Sllanf (@) + (1 = o) (Buwn + (L= Bn)Tn) — uf
<ap |[f(zn) —ull + (1 = an) [|Bu(zn — u) + (1= 5,)(Tzn — u)]]
<anf lon = ull + o [[f(w) = ull + (1 = an)Bn |20 — ull
+ (1= 8a)(1 = an) [l — ull
=(1 = (1= B)an) [lzn — vl + an [ f(u) —u]

1
< max{|lz, — ull, 15 1f () = wll},
By induction,
1
[ — ul] < max{[lzo —ull, 15 1 (w) = ull}, n=0.

Therefore {x,} is bounded, so are {T'z,} and {f(z,)}.
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Then we have

|Zps1 — Py, | P(af(xn) + (1 — an)(Batn + (1 — B,)Tx,)) — PTa,||
ln f (n) + (1 = o) (Ban + (1 = B)Tn) — Tz

Qn Hf(l'n) - TZEnH + (1 - an) ||ﬁnxn + (]. - ﬁn)TZEn — Tl‘nH
an || f(n) = Tanll + (1 = an)Bn |20 — T

— 0, (n — o0).

A IA

We claim that
|Tnt1 — 2ol — 0, as n — oc.

Indeed we have

Hanrl - xn”
= [[P(anf(zn) + (1 — ) (Bpzn + (1 = B2)Txy))
_P(an—lf(xn—l) + (1 - an—l)(ﬁn—lxn—l + (1 - ﬁn—l)Txn—l))”

< an [[f(@n) = f@n-) | + | — ana| [ f(zn-1)]
+(]- - an) Hﬁnxn + (1 - ﬁn)T-rn - ﬁn—ll‘n—l - (]- - 6n—1)TIn—1||
+|an - an—1| ||ﬁn—1xn—1 + (1 - ﬁn—l)T‘rn—lH

< onf g =zl + om — ana| 1 (@) + (1 = an) [Bn 20 — 20

+Bn = Bna| |onall + (1 = Bn) |7 — 20|
+8n = Bu-1| | Txp1]] + o — 1] |Br—12n—1 + (1 = Bpe1) T ||
= anf vy — o] + (1= an) (|20 — Tooa || + | — a1 |[[| f(20-1) ]|
+Bn-12Zn—1+ (1 = Bu-))Tona ] + (1 — ) [Bn — Bu-sl[|zn-a || + 17251 ]
= (]‘ - (1 - 6)0471) ||xn - xn—l” + Mn‘
where M,, = |8, — Bu-1|(1 — a)[[|zn-1 || + 1T 201 ||] + [tn — 1 [([| f (zn-1) | +
Hﬂnflxnfl + (1 - ﬂnfl)T'xanH)
From the bounded-ness of {z,}, there exists a constant M; > 0 such that
Mn < Ml(‘an - anfl‘ + yﬂn - Bn71’>7
thus,

i1 — 2all < (1= (1 = B)an) [|[2n — Tpoal| + Mi(|on — ana| + B — Ba-al)-
From conditions (i) (ii),(iv) and (v), we obtain from Lemma 2.7 that
2011 = 2]l = 0 (n — 00).
Therefore we get

|70 — PTx,|| < |lzn — 2nal| + (|20 — P12,
(3.1)
— 0 (n — 00).
Let ¢ = lim;_,o 24, where {z;} is defined by (1.1), from Lemma 2.3, we get
that ¢ is the unique solution in F'(T") to the following variational inequality:
(I —f)g,j(g—u)) <0, Yue F(T) (3.2)

Next we show
limsup(f(q) — ¢, j(xn — q)) <O0. (3.3)

n—oo
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Indeed we can take a subsequence {x,, } of {z,} such that

limsup(f(q) — ¢, j(vn — q)) = limsup(f(q) — ¢, j(Tn, — q))

n—00 k—oo

we may assume that x,, — z* by X reflexive and {z,} bounded. It follows
from Lemma 2.4, Lemma 2.2 and (3.1) that «* € F(T) = F(PT). Hence by
(3.2) and the duality mapping J is weakly sequentially continuous from X to
X*, we obtain,

limsup(f(q) — q,j(zn — q)) = (f(q) — ¢, j(z" —q)) <0

n—oo

Finally we show that x,, — q.

As a matter of fact,
Tn1 = (nf (@n) + (1 = an)q) = (Tn41 — @) — an(f(zn) —q)
By Lemma 2.5 we have,
011 — gl
= [|zn1 = (nf () + (1 = @a)q) + @l f (20) = @)
< N[@nsr = Planf(xa) + (1 = @) @)lI* + 200 (f () = ¢, j (2011 — @)
< lanf () + (1= an) (Buzn + (1 = Ba)Tn) — (o f(2n) + (1 = a)g) |
+ 200 (f (xn) = £(@), J(@nt1 — @) + 200 (f(q) = ¢, J(Tns1 — @)
< (1= an)’[Bullzn — all + (1 = Ba) [Tz — ql)?
+ 200 (f (#n) = [(a), (@1 — @) + 200 (f (@) — @ j(@nt1 — @)
< (1= ) llzn = qll* + 200 [ £ (20) = F(@)Il || 2041 — gl
+200(f(q) = 4.3 (@ns1 — @)
< (1= ) [lzn = all* + an(llf () = F(@I° + lzns1 — qll”)
+ 200 (f(q) = ¢ (Tn41 — )
Therefore, we have
(1= ) [lzns1 = gl
<(1 =200 + @) [l — ql* + @ |20 = all* + 200 (f (@) = ¢, 5 (@01 — @))-

ie.
1-— B 2
|1 —qll* < (1— = gnan) lzn — qll* + a |z — qf”
20, .
o (f(@) — ¢, 3 (21 — @)

< (1= 7) |20 — gl + M, + %ﬁﬂz(f@ — ¢, j(Tp1 — q))-

Where 7, = %an and A a constant such that A > =5 ||z, — qll.
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10.

Hence,

2 2
[2n1 = gl < (1 =) lzn — ]

2 , (3.4)
+ (A, + W(f(f]) ~ ¢, § (g1 — q)))-
It is easily seen that v, — 0, >_ =, = 00, and noting (3.4) that
n=1
. 1 .
Jim (A + =55 (@) = ¢ j(@nss = 0))) <0
Therefore applying Lemma 2.6 to (3.4), we conclude that z,, — q.
The proof is complete. O
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