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Abstract. In this paper, we obtain some limit theorems for concerning
local convergence of arbitrary adapted stochastic sequence. The key tools are
the stopping technique and martingale convergence theorem.
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1. INTRODUCTION

Let {&,, Fn,n > 1} be a adapted sequence of random variables defined on a
probability space (Q, F, F,,, P), namely, {F,,n > 1} is an increasing sequence
of o—fields with F,, C F for each n > 1 and Fy = {¢, 2}, &, is F,,— measur-
able for each n > 1.

The limit behavior of random sequence is a classical subject in probability
theory and statistics. For its importance and wide applications it has been in-
vestigated by many authors and attracted extension attentions (see ref. [1]-[4]).
In the present paper, we shall study > 7, 2—’; converges almost surely under
various Chung’s type conditions. The key tools are the stopping technique and
martingale convergence theorem.

2. MAIN RESULTS AND PROOFS

In this section, before presenting all the main results, we first give two
lemmas, they will be needed in this section. Denote by I(4) the indicator
function of a set A. Also in this section, ¢ denotes a finite positive constant
which may be different at different place.

!Foundation item: Supported by Science Foundation of the Education Committee of
AnHui Province( 2006Kj 246B).
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Lemma 1. Let {£,,n > 1} be an arbitrary integrable random variables, T is
. . . n TAN
a stopping time , if Y, _, & a.s. convergence, then Y, | & a.s. convergence.

Proof. Since Z;/\q‘ §e = >y Zk Vol =iy + D opey Eklrsny 1t is easy to see
that &, converges a.s. to Zk:l §ponset {7 =i} and Y ,_, & converges a.s.
can imply > 7 &, converges a.s. O

Lemma 2. (Lévy — Doob,[4]) Let {&,, Fn,n > 1} be a martingale difference
sequence, then Y oo | F[&2|Fr—1] < 0o a.s. implies Y ._, & converges a.s.

In the further consideration we also need the following concept of the equiva-
lence in the sense of Khinchin.

Definition 1. The sequence {&,,n > 0} and {n,,n > 1} are said to be equiv-
alent in the sense of Khinchin if > | P[§, # n,] < oco.

Theorem 1. Let {&,,n > 1} be given as above and {a,,n > 1} be a sequence
of positive numbers, {t,(x),n > 1} be a sequence of Borel functions: 1, :
(0,400) — (0,400) verifying that, for 0 < a,, < 3, < 1,n > 1 exist constants
Cy, D, > 0, such that if

¢n(u) <D uPn

> 0> 0= O, iy 2.1
w2v>0= G < s < Doy (2.1)
Let
ZA E| ¥n |§”) |Fra] < 00} (2.2)
where A, = maz{g-, Dn}. Then
Z En converges a.s.on w € L (2.3)
n=1 "
Proof. Let n, = & 1(¢,1<an), let | be a positive integral number, and
S Un(l€nl)
B ={w: A E Fro1l <1 2.4
I LAt
7 = min{n : ZAkE 0T | Fr—1] > 1} (2.5)

Yr(ax)

where 7, = oo, if the rlght hand side of (2.5) is empty. It is easy to see that

Sl A %('22' > ket wk(‘gk‘))f(nwc), I(;,>k) is Fj,_1 measurable.

Furthermore

A (3N e V(&)
E[; Ak ¢k(ak) ] - E[; Ak @Z)k(ak) I(Tle)]
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—E{ZA E wk ‘fk) Tl>k)|fk;_1]}

iﬂ(! k)
wk( k)

= E{ZAk ok B \Fra]}

TIAN
l §kl)

- B Al o

Since B; = {1, = oo}, we have from (2.6) that, for all n

ZA Ui (|€kl) dP ZA Ewk 1€k IBl]

| Fra]} < L. (2.6)

B Vir(ax) Uy (ag)
Ui ( |§k Ui ( |§k
E[I A A
Blz k%ak Z k%akz
TIAT TIAT

Z Z EW <l (2.7)

Hence

Unll&nl) ,
ZA e n(a) dP <. (2.8)

which implies that

ZPBJ En 7# 1n)] Z/ dP<Z/ ’m"’a”dp
Bi(|zn|>an) n

Bi(|zn|>an)

[e.9]

Yu(|z Yu(lzal)
A, A, dP <1 2.9
= Z /Bl(xn>an) ¢n an ; B ¢n(an) = ( )

n=1

Hence {&,,n > 1} {n,,n > 1} are equivalent in the sense of Khinchin. i.e.

P[B(&, # np),i.0.] =0 (2.10)
By the Borel-Cantelli lemma, it holds that

Z S0 =1 converges a.s. on B (2.11)
Qn

Since £ = |J;2, By, so we get further

Z &0 Thn converges a.s. on L (2.12)
an
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From condition (2.1), we have

el e ol

an N ¢n( n)
Note that
S ] . Un(|7a])
—dP < dP
nZ/Bl(|mn<an) n B ;\/Bl(anan wn(an>
Z ’ Qf;iz"? dP <1 (2.13)

Hence > 7, Z—: converges absolutely on B;, and so it converges a.s. on By,
Since £ = J, By, we get the desired result.

o0

Zn—” converges a.s. on L (2.14)

n=1 "

Hence the assertion of the theorem 1 follows immediately from (2.12) and
(2.14). 0

Theorem 2. Let {&,,n > 1} be an arbitrary integrable stochastic sequence,
let {an,n > 1} be a sequence of positive real predictable random variables such
that > 07, an, < 00,a.s.. Let {¢,(x),n > 1} be a sequence of Borel functions:
¢+ (0,400) — (0, +00) verifying that, for some r, > 2 there exists constant
D >0, such that

w>v> 0= DU:: < ZZEZ; (2.15)
Let
Z d) E[n(|éa])|Faa] < 00} (2.16)
then
S (6, - B6alFar)] converges as. we T (2.17)
=

Proof. In order to investigate the martingale limit theorem (2.17), we define
random variables (, by (, = &, — E(&,|F.—1), hence {(,, F,} is a martingale
difference sequence (i.e., {d",_, (s, Fn,n > 1} is a martingale), and let d be a
positive real number, define

n+1

—inf{n >1: Z¢ ) Eéw(|€x]) | Froa] > d}, (2.18)
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Thus p is a stopping time and {> 7% G = Yot Cel(pskys Fonnsmt > 1} is a
martingale
nAp nAp

E’Z@’Q E‘Z@-[(pk)’ < CEZ [P
k=1

=Y E{E[G Lpzp| Freal} = CE{Z E[CkP Iz | Fre-a]}

k=1 k=1
nAp
- E[ZE“@’Q’}}A] (2.19)
k=1
We have by the conditional expectation property and Holder’s inequality.
E(IG*| Fir] < B (1G] ™ | Fra] < B [|1€k]™ | Fra] (2.20)
Note that

B (|6 [ Fra] = B {166 Leni< yar) + 166 g1 yap) [ Fe} (2:21)
If |&k| > y/ak, condition (2.15) and (2.21) imply

Var T D on(yay)
le.
e < V@ On(l€k])
€l™ < PN (2.22)
(2.21) together with (2.22) yield
BT[] [ Froa] < an + DE[jkk((fk_D)’f’“] (2.23)
Since > 7 | a, < 00 a.s., we have by (2.23)
pAN pAN pAN
Engky%cE{ZaH ZE ]]-"kl}<cZak—|—d (2.24)
k=1
i.e. me (i is Ly bounded, thus
ng converges a.s. on w € J. (2.25)
k=1
Note that
{Za E |§k ’fk— | <d} = (p=+400) (2.26)

o(Var)
Z Cel(p=k) = Z Ch- (2.27)
k=1 k=1
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These and lemma 1 imply Theorem 2. O

Corollary 1. (see ref.[]]) Let {&,,n > 1} satisfy the conditions of Theorem
2. If

T ={w:>_ay " ?E[|&| ™| Fu] < oo} (2.28)
then "
i[ﬁn — E(&,|Fn-1)] converges a.s. weJ (2.29)
n=1
Proof. Letting ¢, (z) = 2™, n > 1 in Theorem 2, it follows. O

Theorem 3. Let {&,, F,,n > 1} be a sequence of adapted random variables
and let ¢ : R — RT be even, continuous and nondecreasing on (0, +00) func-
tion with lim, ., p(x) = 0o, and such that

o)

2.
- (2.30)
or
MT and Ml T — 00 (2.31)
x xP
for some 1 < p < 2, suppose that
Z[E ?'(6n) | Fao1] < o0 a.s. (2.32)

2 ) + ¢ &)
for r =1 in case (2.30) and r = p in case (2.31), where {an,n > 1} is a
sequence of positive numbers. Then

Zi—i a.s. (P) converges iff ZE[%|fk_1)] a.s. (P) converges(2.33)
1 k=1

Proof. Define

n

Gp = Z[E(I(|§k|2ak)|fk_l) B I(‘Eklza’“)]’

k=1

~ ol .
K= ) B laszan | Fit] Ko = lim Ko,

k=1

n—oo

~ |6l .
L, = ZE[a—kI(wZak)],Loo .= lim L,
k=1

It is easily seen that {G,, F;,,n > 1} is a martingale such that E'sup,, |G, —
anly S L.

Since
o0

D B euzam | Fa1)]

n=1
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(&n)
< 22 ) + ) | Froi1] < 00 (2.34)

Hence sup,,», G, < oo and G, converges almost surely(see ref.[1]), and

(e 9]

> alzan] < oo (2.35)

n=1

i.e. P(|&,] > ay i.0.) = 0 which imply that L,, a.s. converges
Assume A, > 0, define

n+1
. : ¢ (&k)
=inf{n >1,L,,1 > A}, 7:=inf{n > 1, E[ Fr—1| >
{ i +1 } { Z (ak)_}_@T( )| k 1] :U’}
Obviously o, 7 are stopping times, and
|§k|
E(Kn/\o' ZE (|§k\>ak)ﬂ(a>k)] E(Ln/w') < A
k=1
Note that, for any n > 1 K,,, = K, on {0 = oo}, we obtain
E(KnAo’I(U:oo)) = E(KnI(U:oo)) S A
We have by the monotonic theorem
EKoolio=)l = im Kpligmoe) < A
Hence
KOOI(UZOO) < o0
In view of the arbitrariness of A\, we get K., < oo, thus
K,=Y}_FE [|§k|l e >ar) | Fr—1] a.s. converges. (2.36)
Note that
- " (&)
E Ii7>n
2 P+ e )
- ¢" (&)
= EFE Fo1lliz>n
; | [W(an)ﬂpr(fn)’ Herzn)
S &n)
< an [T:n
2" Z: T L
<Y Eludi=p] < p (2.37)

i
I
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Moreover, for n > 1, let H, :== > 7_, 2—’;, then Hopnr = > 0 %I(Tzk‘): define
M, :=0,M,:=>_, E[i—’;]fk,l](n > 2)
If {M,,n > 1} a.s.(P) converges, note that

Munr = 535355 B Py + D B[ P2y (0 2 2
k k

Thus
M, A+ converges to ZQZQE[Q\.HA] on set {T =i}
ay,
and

M,a.s.(P) converges = M,n; a.s.(P) converges on set {T = o0}

s0 Myunr a.s.(P) converges. Similarly, K., and Ly, a.s.(P) converges. Let

gn 5"
Un = ~L(g,|<annrzn) = Bl enl<annirzn [ Fa-i]

It is easy to see that {d_;_, Ux, F,,} is a martingale.
In order to prove H,,, a.s.(P) converges, noting that H,,, = Lyar — Konr +
> ri Up + My p,, we only need to prove Y ), Uy a.s.(P) converges.
In fact,
B|Sp_ Upl® < eXp_ BUR
2
< Xy E—]Sfoskkak)m(rzk)
Ay

©" (&)
< E T 1ea e
= k=1 @T(ak) + (Pr(fk) (1€l <ar)N(r=>k)
<en B—F (&) s

¢ (ar) + " (&)
Thus X¢_, Uy converges(L?), so X0_ Uy, a.s.(P) converges which imply that
Hypr a.s.(P) converges. Noting that H, . = H,, on set {7 = oo} this together
with the arbitrariness of x4 imply H,, a.s.(P) converges.

On the other hand, if H,, a.s.(P) converges, then H,,, a.s.(P) converges.
By noticing that M,r, = Hunr — Lynr + Konr — Y pq Ug a.s.(P) converges,
similar as in the proof of the above, the theorem 3 follows immediately. 0
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