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Abstract. In this paper, we obtain some limit theorems for concerning
local convergence of arbitrary adapted stochastic sequence. The key tools are
the stopping technique and martingale convergence theorem.
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1. Introduction

Let {ξn,Fn, n ≥ 1} be a adapted sequence of random variables defined on a
probability space (Ω,F ,Fn, P ), namely, {Fn, n ≥ 1} is an increasing sequence
of σ−fields with Fn ⊂ F for each n ≥ 1 and F0 = {φ,Ω}, ξn is Fn− measur-
able for each n ≥ 1.

The limit behavior of random sequence is a classical subject in probability
theory and statistics. For its importance and wide applications it has been in-
vestigated by many authors and attracted extension attentions (see ref. [1]-[4]).
In the present paper, we shall study

∑n
k=1

ξk
ak

converges almost surely under
various Chung’s type conditions. The key tools are the stopping technique and
martingale convergence theorem.

2. main results and proofs

In this section, before presenting all the main results, we first give two
lemmas, they will be needed in this section. Denote by I(A) the indicator
function of a set A. Also in this section, c denotes a finite positive constant
which may be different at different place.
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Lemma 1. Let {ξn, n ≥ 1} be an arbitrary integrable random variables, τ is
a stopping time , if

∑n
k=1 ξk a.s. convergence, then

∑τ∧n
k=1 ξk a.s. convergence.

Proof. Since
∑τ∧n

k=1 ξk =
∑n−1

i=1

∑i
k=1 ξkI(τ=i) +

∑n
k=1 ξkI(τ≥n) It is easy to see

that ξτ∧n converges a.s. to
∑i

k=1 ξk on set {τ = i} and
∑n

k=1 ξk converges a.s.
can imply

∑τ∧n
k=1 ξk converges a.s.

Lemma 2. (Lévy − Doob,[4]) Let {ξn,Fn, n ≥ 1} be a martingale difference
sequence, then

∑∞
k=1E[ξ2

k|Fk−1] <∞ a.s. implies
∑n

k=1 ξk converges a.s.

In the further consideration we also need the following concept of the equiva-
lence in the sense of Khinchin.

Definition 1. The sequence {ξn, n ≥ 0} and {ηn, n ≥ 1} are said to be equiv-
alent in the sense of Khinchin if

∑∞
n=1 P [ξn �= ηn] <∞.

Theorem 1. Let {ξn, n ≥ 1} be given as above and {an, n ≥ 1} be a sequence
of positive numbers, {ψn(x), n ≥ 1} be a sequence of Borel functions: ψn :
(0,+∞) → (0,+∞) verifying that, for 0 ≤ αn ≤ βn ≤ 1, n ≥ 1 exist constants
Cn, Dn > 0, such that if

u ≥ v > 0 =⇒ Cn
uαn

vαn
≤ ψn(u)

ψn(v)
≤ Dn

uβn

vβn
, (2.1)

Let

L := {ω :
∞∑
n=1

AnE[
ψn(|ξn|)
ψn(an)

|Fn−1] <∞} (2.2)

where An = max{ 1
Cn
, Dn}. Then

∞∑
n=1

ξn
an

converges a.s. on ω ∈ L (2.3)

Proof. Let ηn = ξnI(|ξn|≤an), let l be a positive integral number, and

Bl := {ω :
∞∑
n=1

AnE[
ψn(|ξn|)
ψn(an)

|Fn−1] ≤ l} (2.4)

τl := min{n :

n+1∑
k=1

AkE[
ψk(|ξk|)
ψk(ak)

|Fk−1] > l} (2.5)

where τl = ∞, if the right-hand side of (2.5) is empty. It is easy to see that∑τl∧n
k=1 Ak

ψk(|ξk |)
ψk(ak)

=
∑n

k=1Ak
ψk(|ξk |)
ψk(ak)

I(τl≥k), I(τl≥k) is Fk−1 measurable.

Furthermore

E[

τl∧n∑
k=1

Ak
ψk(|ξk|)
ψk(ak)

] = E[
n∑
k=1

Ak
ψk(|ξk|)
ψk(ak)

I(τl≥k)]
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= E{
n∑
k=1

AkE[
ψk(|ξk|)
ψk(ak)

I(τl≥k)|Fk−1]}

= E{
n∑
k=1

AkI(τl≥k)E[
ψk(|ξk|)
ψk(ak)

|Fk−1]}

= E{
τl∧n∑
k=1

AkE[
ψk(|ξk|)
ψk(ak)

|Fk−1]} ≤ l. (2.6)

Since Bl = {τl = ∞}, we have from (2.6) that, for all n

n∑
k=1

Ak

∫
Bl

ψk(|ξk|)
ψk(ak)

dP =
n∑
k=1

AkE[
ψk(|ξk|)
ψk(ak)

IBl
]

= E[IBl

n∑
k=1

Ak
ψk(|ξk|)
ψk(ak)

] = E[I(τl=∞)

n∑
k=1

Ak
ψk(|ξk|)
ψk(ak)

]

= E[I(τl=∞)

τl∧n∑
k=1

Ak
ψk(|ξk|)
ψk(ak)

] ≤
τl∧n∑
k=1

AkE
ψk(|ξk|)
ψk(ak)

≤ l. (2.7)

Hence
∞∑
n=1

An

∫
Bl

ψn(|ξn|)
ψn(an)

dP ≤ l. (2.8)

which implies that
∞∑
n=1

P [Bl(ξn �= ηn)] =

∞∑
n=1

∫
Bl(|xn|>an)

dP ≤
∞∑
n=1

∫
Bl(|xn|>an)

An
|xn|αn

aαn
n

dP

≤
∞∑
n=1

∫
Bl(|xn|>an)

An
ψn(|xn|)
ψn(an)

dP ≤
∞∑
n=1

An

∫
Bl

ψn(|xn|)
ψn(an)

dP ≤ l (2.9)

Hence {ξn, n ≥ 1} {ηn, n ≥ 1} are equivalent in the sense of Khinchin. i.e.

P [Bl(ξn �= ηn), i.o.] = 0 (2.10)

By the Borel-Cantelli lemma, it holds that
∞∑
n=1

ξn − ηn
an

converges a.s. on Bl (2.11)

Since L =
⋃∞
l=1Bl, so we get further

∞∑
n=1

ξn − ηn
an

converges a.s. on L (2.12)
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From condition (2.1), we have

|x|
an

≤ |x|βn

aβn
n

≤ An
ψn(|x|)
ψn(an)

, for |x| ≤ an

Note that
∞∑
n=1

∫
Bl(|xn|≤an)

|xn|
an

dP ≤
∞∑
n=1

∫
Bl(|xn|≤an)

An
ψn(|xn|)
ψn(an)

dP

≤
∞∑
n=1

An

∫
Bl

ψn(|xn|)
ψn(an)

dP ≤ l (2.13)

Hence
∑∞

n=1
ηn

an
converges absolutely on Bl, and so it converges a.s. on Bl,

Since L =
⋃
lBl, we get the desired result.

∞∑
n=1

ηn
an

converges a.s. on L (2.14)

Hence the assertion of the theorem 1 follows immediately from (2.12) and
(2.14).

Theorem 2. Let {ξn, n ≥ 1} be an arbitrary integrable stochastic sequence,
let {an, n ≥ 1} be a sequence of positive real predictable random variables such
that

∑∞
n=1 an < ∞, a.s.. Let {φn(x), n ≥ 1} be a sequence of Borel functions:

φn : (0,+∞) → (0,+∞) verifying that, for some rn ≥ 2 there exists constant
D > 0, such that

u ≥ v > 0 =⇒ D
urn

vrn
≤ φn(u)

φn(v)
, (2.15)

Let

J := {ω :
∞∑
n=1

an
φ(
√
an)

E[φn(|ξn|)|Fn−1] <∞} (2.16)

then
∞∑
n=1

[ξn − E(ξn|Fn−1)] converges a.s. ω ∈ J (2.17)

Proof. In order to investigate the martingale limit theorem (2.17), we define
random variables ζn by ζn = ξn − E(ξn|Fn−1), hence {ζn,Fn} is a martingale
difference sequence (i.e., {∑n

k=1 ζk,Fn, n ≥ 1} is a martingale), and let d be a
positive real number, define

ρ := inf{n ≥ 1 :
n+1∑
k=1

ak
φk(

√
ak)

E[φk(|ξk|)|Fk−1] > d}, (2.18)
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Thus ρ is a stopping time and {∑n∧ρ
k=1 ζk =

∑n∧ρ
k=1 ζkI(ρ≥k),Fρ∧n, n ≥ 1} is a

martingale

E|
n∧ρ∑
k=1

ζk|2 = E|
n∧ρ∑
k=1

ζkI(ρ≥k)|2 ≤ cE
n∑
k=1

|ζk|2I(ρ≥k)

= c

n∑
k=1

E{E[|ζk|2I(ρ≥k)|Fk−1]} = cE{
n∑
k=1

E[|ζk|2I(ρ≥k)|Fk−1]}

= cE[

n∧ρ∑
k=1

E[|ζk|2|Fk−1] (2.19)

We have by the conditional expectation property and Hölder′s inequality.

E[|ζk|2|Fk−1] ≤ E2/rk [|ζk|rk |Fk−1] ≤ cE2/rk [|ξk|rk|Fk−1] (2.20)

Note that

E2/rk [|ξk|rk |Fk−1] = E2/rk{[|ξk|rkI(|ξk|≤√
ak) + |ξk|rkI(|ξk |>√

ak)]|Fk−1} (2.21)

If |ξk| > √
ak, condition (2.15) and (2.21) imply

[
|ξk|√
ak

]rk ≤ 1

D

φn(|ξk|)
φn(

√
ak)

i.e.

|ξk|rk ≤
√
ak
D

φn(|ξk|)
φn(

√
ak)

(2.22)

(2.21) together with (2.22) yield

E2/rk [|ξk|rk|Fk−1] ≤ ak +
ak
D
E[

φk(|ξk|)
φk(

√
ak)

|Fk−1] (2.23)

Since
∑∞

n=1 an <∞ a.s., we have by (2.23)

E|
ρ∧n∑
k=1

ζk|2 ≤ cE{
ρ∧n∑
k=1

ak +
ak
D

ρ∧n∑
k=1

E[
φk(|ξk|)
φn(

√
ak)

|Fk−1]} ≤ c[

∞∑
k=1

ak + d] (2.24)

i.e.
∑ρ∧n

k=1 ζk is L2 bounded, thus

ρ∧n∑
k=1

ζk converges a.s. on ω ∈ J . (2.25)

Note that

{
∞∑
k=1

akE[
φk(|ξk|)
φk(

√
ak)

|Fk−1] ≤ d} = (ρ = +∞) (2.26)

∞∑
k=1

ζkI(ρ≥k) =
∞∑
k=1

ζk. (2.27)
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These and lemma 1 imply Theorem 2.

Corollary 1. (see ref.[4]) Let {ξn, n ≥ 1} satisfy the conditions of Theorem
2. If

J := {ω :

∞∑
n=1

a1−rn/2
n E[|ξn|rn|Fn−1] <∞} (2.28)

then
∞∑
n=1

[ξn − E(ξn|Fn−1)] converges a.s. ω ∈ J (2.29)

Proof. Letting φn(x) = xrn , n ≥ 1 in Theorem 2, it follows.

Theorem 3. Let {ξn,Fn, n ≥ 1} be a sequence of adapted random variables
and let ϕ : R → R

+ be even, continuous and nondecreasing on (0,+∞) func-
tion with limx→∞ ϕ(x) = ∞, and such that

ϕ(x)

x
↓ (2.30)

or
ϕ(x)

x
↑ and

ϕ(x)

xp
↓ x→ ∞ (2.31)

for some 1 < p ≤ 2, suppose that
∞∑
k=1

[E
ϕr(ξn)

ϕr(an) + ϕr(ξn)
|Fn−1] <∞ a.s. (2.32)

for r = 1 in case (2.30) and r = p in case (2.31), where {an, n ≥ 1} is a
sequence of positive numbers. Then
n∑
k=1

ξk
ak

a.s. (P ) converges iff
n∑
k=1

E[
ξk
ak

|Fk−1)] a.s. (P ) converges(2.33)

Proof. Define

Gn :=

n∑
k=1

[E(I(|ξk |≥ak)|Fk−1) − I(|ξk|≥ak)],

Kn :=

n∑
k=1

E[
|ξk|
ak

I(|ξk|>ak)|Fk−1], K∞ := lim
n→∞

Kn,

Ln :=

n∑
k=1

E[
|ξk|
ak

I(|ξk|≥ak)], L∞ := lim
n→∞

Ln

It is easily seen that {Gn,Fn, n ≥ 1} is a martingale such that E supn≥1 |Gn−
Gn−1| ≤ 1.

Since ∞∑
n=1

[E(I(|ξn|≥an)|Fn−1)]
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≤ 2
∞∑
n=1

[E
ϕr(ξn)

ϕr(an) + ϕr(ξn)
|Fn−1] <∞ (2.34)

Hence supn≥1Gn <∞ and Gn converges almost surely(see ref.[1]), and

∞∑
n=1

[I(|ξn|≥an)] <∞. (2.35)

i.e. P (|ξn| ≥ an i.o.) = 0 which imply that Ln a.s. converges
Assume λ, µ > 0, define

σ := inf{n ≥ 1, Ln+1 > λ}, τ := inf{n ≥ 1,

n+1∑
k=1

E[
ϕr(ξk)

ϕr(ak) + ϕr(ξk)
|Fk−1] ≥ µ}

Obviously σ, τ are stopping times, and

E(Kn∧σ) =
n∑
k=1

E[
|ξk|
ak

I(|ξk|≥ak)∩(σ≥k)] = E(Ln∧σ) ≤ λ.

Note that, for any n ≥ 1 Kn∧σ = Kn on {σ = ∞}, we obtain

E(Kn∧σI(σ=∞)) = E(KnI(σ=∞)) ≤ λ.

We have by the monotonic theorem

E[K∞I(σ=∞)] = lim
n→∞

KnI(σ=∞) ≤ λ

Hence

K∞I(σ=∞) <∞
In view of the arbitrariness of λ, we get K∞ <∞, thus

Kn = Σn
k=1E[

|ξk|
ak

I(|ξk|≥ak)|Fk−1] a.s. converges. (2.36)

Note that
∞∑
n=1

E[
ϕr(ξn)

ϕr(an) + ϕr(ξn)
I(τ≥n)]

=
∞∑
n=1

E[E[
ϕr(ξn)

ϕr(an) + ϕr(ξn)
|Fn−1]I(τ≥n)]

≤
∞∑
k=1

E[
k∑

n=1

E[
ϕr(ξn)

ϕr(an) + ϕr(ξn)
|Fn−1]I(τ=n)]

≤
∞∑
k=1

E[µI(τ=n)] ≤ µ (2.37)
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Moreover, for n ≥ 1, let Hn :=
∑n

k=1
ξk
ak
, then Hn∧τ =

∑n
k=1

ξk
ak
I(τ≥k), define

M1 := 0,Mn :=
∑n

k=2E[ ξk
ak
|Fk−1](n ≥ 2)

If {Mn, n ≥ 1} a.s.(P ) converges, note that

Mn∧τ = Σn−1
i=2 Σi

k=2E[
ξk
ak

|Fk−1]I(τ=i) + Σn
k=2E[

ξk
ak

|Fk−1]I(τ≥n)(n ≥ 2)

Thus

Mn∧τ converges to Σi
k=2E[

ξk
ak

|Fk−1] on set {τ = i}
and

Mna.s.(P ) converges⇒ Mn∧τ a.s.(P ) converges on set {τ = ∞}
so Mn∧τ a.s.(P ) converges. Similarly, Kn∧τ and Ln∧τ a.s.(P ) converges. Let

Un :=
ξn
an
I(|ξn|<an)∩(τ≥n) − E[

ξn
an
I(|ξn|<an)∩(τ≥n)|Fn−1]

It is easy to see that {∑n
k=1Uk,Fn} is a martingale.

In order to prove Hn∧τ a.s.(P ) converges, noting that Hn∧τ = Ln∧τ−Kn∧τ +∑n
k=1 Uk +Mn∧τ , we only need to prove

∑n
k=1 Uk a.s.(P ) converges.

In fact,
E|Σn

k=1Uk|2 ≤ cΣn
k=1EU

2
k

≤ cΣn
k=1

ξ2
k

a2
k

I(|ξk |<ak)∩(τ≥k)

≤ cΣn
k=1E

ϕr(ξk)

ϕr(ak) + ϕr(ξk)
I(|ξk|<ak)∩(τ≥k)

≤ cΣn
k=1E

ϕr(ξk)

ϕr(ak) + ϕr(ξk)
I(τ≥k)

Thus Σn
k=1Uk converges(L2), so Σn

k=1Uk, a.s.(P ) converges which imply that
Hn∧τ a.s.(P ) converges. Noting that Hn∧τ = Hn on set {τ = ∞} this together
with the arbitrariness of µ imply Hn a.s.(P ) converges.

On the other hand, if Hn a.s.(P ) converges, then Hn∧τ a.s.(P ) converges.
By noticing that Mn∧τ = Hn∧τ − Ln∧τ + Kn∧τ −

∑n
k=1 Uk a.s.(P ) converges,

similar as in the proof of the above, the theorem 3 follows immediately.
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