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1 Introduction

Let f be a complex-valued measurable function defined on a o-finite measure
space (X, A, p). For s > 0, define s the distribution function of f as

up(s) = pfe € X 1 [f(2)] > s).
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By f* we mean the non-increasing rearrangement of f given as
f7(t) =1inf{s > 0: pus(s) <t}, t>0.

By a weight function [6] w, we mean w : (0,00) — (0, 00) is a non-increasing
locally integrable function such that [5°w(t)dt = oco.
Let ¢ : [0,00) — [0, 00) be a continuous convex function such that

(i) ¢(2)=0 <= z=0,
(i) lim p(z) = oo.

Such a function is known as a Young function. The Young function ¢ is
said to satisfy the As-condition if for some k& > 0,

0(2x) < ko(x), ¥V x> 0.

If ¢ satisfy As-condition, then the class of simple functions is dense in L,
where L, ,, is defined as

{f : X — C measurable : /oo cp<ozf*(t)>w(t)dt < 00, for some o > 0}.
0

The space L, is called an Orlicz-Lorentz space and is a Banach space
with respect to the Luxemberg norm

1l = inf {> 0 /()0090<‘f*(t)|>w(t)dt <1}

€

For more details on Orlicz-Lorentz spaces one can refer [6], [12] and the
references therein.

Let F(X) be a function space on a non-empty set X. Let u: X — C be a
function such that u- f € F(X) whenever f € F(X). Then the transformation
fru-fon F(X)is denoted by M,. In case F(X) is a topological space and
M, is continuous, we call it a multiplication operator induced by u.

If in a measure space X, Y is a measurable subset of X and T : Y — X
is a measurable transformation, then we define the linear transformation Cr
from L, ,, into the space of all complex-valued measurable functions on X as

= { 57(T(x))7 i)ftﬁefwiifs;e

for all f € L,,. If Cr is bounded with range in L,,, we say that Cr is a
composition operator on L ,, induced by 7'.

For systematic study of the multiplication operators on different spaces we
refer to [1, 2, 3, 8, 15 and 18] and for the study of composition operators on
different function spaces we refer to [5, 9, 10, 13, 15 and 16].



Multiplication and composition operators on Orlicz-Lorentz spaces 1229

2 Multiplication operators

In this section boundedness and invertibility of the multiplication operator M,
are characterized in terms of the boundedness and invertibility of the complex-
valued measurable function u respectively.

Theorem 2.1 The linear transformation M, : f +— w - f on the Orlicz-

Lorentz space Ly, is bounded if and only if u is essentially bounded. Moreover
[IMul] = [[u]los-

Proof. Let u € L (1), then we find

(w- f)* () < flulleof"(2).
Then

o (M,f) () o lulloof*(?)
/ w(wﬁm)w(wdt < | @(W)w(zﬁ)dt <1

Hence for f € L

p,w>
IMufllow < lullool[fl] - (1)

Conversely, suppose M, is a bounded operator. If u is not essentially
bounded function, then for every n € N, the set
E, ={x € X : Ju(x)| > n} has positive measure. Now

Xe(t) = X, ue.)(t)

and

This gives us

0o * (¢
IMEllpne > inf 3> 0: [T o(PB D) < 1)
0

= n||XEn||<P7w

This contradicts the boundedness of M,,. Hence u must be essentially bounded.
Clearly from (1) we obtain ||M,|| < [|u|le. For e > 0, let E denote the
set {x € X :|u(x)| > ||ul| — €} having positive measure. Then

[ (Wil — N0y gy < [ o (XSO Y,y <y

HMuXEHgo,w HMuXEH<p,w
Hence Mol
uXE||low
X , < - e v
|| E||90w ||U||oo_€

which proves that ||M,|| > ||u|lsc — €. This gives ||M,|| = ||u|]so-
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Theorem 2.2 The set of all multiplication operators on L., is a mazimal
abelian subalgebra of B(Ly.,,), the algebra of all bounded operators on Ly .

Proof. The proof follows on the similar lines as in case of Lorentz space [2].

Corollary 2.3 The multiplication operator M, on L., s invertible if and
only if w is invertible in Lo ().

Theorem 2.4 Let M, € B(Ly,). Then M, is compact if and only if
L, .((u,€)) is finite dimensional for each € > 0, where

(u,e) ={x € X :|Ju(x)] > €} and Lyu((u,€) ={fXwe : [ € Low}

Proof. If M, is a compact, then L, ,,((u, €)) is a closed invariant subspace
of M, and hence M,| Lo () is a compact operator. Moreover for each
@,w )
f € Lgo,wa

[MufXwollow = €l X llow
Thus M,| Lo ((0s0) has closed range in L, ((u,€)) and hence invertible.

Being compact, L, ., ((u, €)) is finite dimensional.

Conversely, suppose that L, ,((u,€)) is finite dimensional for each ¢ > 0.
In particular for each natural number n, L, ((u,1/n)) is finite dimensional,
then for each n, define u,, : X — C as

~f u(z), x € (u,1/n),
un(x) = { 0, otherwise.

We find that

(=) () < f°(0), V150

Consequently
1
||Munf - Muf||<p,w S % ||f“cp,w7

which implies that M, converges to M, uniformly. As L. ((u,€)) is finite
dimensional so M, is a finite rank operator. Therefore M, is a compact
operator and hence M, is a compact operator.

Corollary 2.5 If (X, A, ) is a non-atomic measure space, then the only
compact multiplication operator from L., into itself is the zero operator.

Theorem 2.6 Let M, € B(L,.,). Then M, has closed range if and only if
there ezists a § > 0 such that |u(z)| > § a.e.(u) on S = {z € X : u(x) # 0},
the support of u.
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Proof. If |u(x)| > 6 a.e.(u) on S, then for f € Ly, t >0
(ufxs)"(t) = o(fxs)"(t)

and so
IMufxsllow > Ol fXs g0

Hence M, has closed range.
Conversely if M, has closed range, then there exists an ¢ > 0 such that

IMufllow 2 €l fllouw,

for all f € Ly, (5), where Ly, ., (S) = {fxs: f € Lyw}-
Let E={x € S: |u(x)] <e€/2}. If u(E) > 0, then we can find a measurable
set I' C E such that xp € Ly, (S). It is known that

el !
XFllow = —
v e (%)

where k = [ w(t)dt. Also we have for ¢ > 0,

{% >0 fypw(s) < t} C {s >0 flyypw(s) < t}
so that
(u-xe)" (1) < 5 (xa)"(0).

Hence

| MyuxFllpw = inf {e >0: /Omga(w)w(t)dt}

€

< inf {e >0: /Ooog0<§X}(t)>w(t)dt}

€

€
= 5 el

which is a contradiction. Therefore p(E) = 0. This completes the proof.

3 Composition operators

In this section a necessary and sufficient condition for the boundedness of
composition mapping Cr is given. If (X, A, ) is a o-finite measure space and
T : X — X is a non-singular measurable transformation and w is a weight
function, define a measure v on the o-algebra A as

V(E) = /0 M )t
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Then v < p and w is the Radon-Nikodym derivative of v with respect to pu.
Also vT~! < v. Now for E € A,

IxEllpw = inf{k>0:/ < Ek > t < 1}
_ mf{k>0 / (%) (t)dt < 1}

Theorem 3.1 LetT : X — X be a non-singular measurable transformation
Then Cr (f +— foT) induced by T is bounded on L., if and only if there
exists a constant M > 1 such that

vVITY(E) < Mv(E), V¥ Ec€A. (2)
Proof. Let C7 is a composition operator, then we can find M > 1 such that

HCTfH<p,w S MHsto,w’ v fELso,w'

If £ € Ais such that v(F) = oo, then (2) holds. Suppose E € A is such that
v(F) < oo. Then xg € Ly, and hence

|CrxEllpw < M|IXEl|pw-

This implies

that is

""‘l(y&;)) < MW(ﬁ)’

Using [14] (¢! is concave) we have

1 1

or

v(T™Y(E)) < Mv(E).
Conversely, if inequality (2) holds for all £ € A, then

uT—L(E) Mu(E)
/ w(t)dt < / w(t)dt
0 0



Multiplication and composition operators on Orlicz-Lorentz spaces 1233

for all £ € A. This implies
V(T YE) <Mv(E), Y EcA

and therefore for ¢ > 0
(foT)"(Mt) < f*(t).

Since p(at) < ap(t) for « < 1 and w is non-increasing

/OOO w(%)ﬂﬁdt < /Ooo M@<%)w(t)dt

/Ooocp<7MJ|C|;(ﬁl7w>w(t)dt < 1.

Hence
HCTfH<p,w S MHsto,w’ v fELso,w'

This gives the boundedness of Cr.
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