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Abstract. The purpose of this article is to prove strong convergence the-
orems of fixed point for quasi-nonexpansive mappings. In order to get the
strong convergence theorems for quasi-nonexpansive mappings, the monotone
hybrid iteration method is presented and is used to approximate the fixed point
of quasi-nonexpansive mappings. Noting that, the hybrid iteration method
presented by S.Matsushita and W.Takahashi can be used for nonexpansive
mapping but it can not be used for quasi-nonexpansive mappings. However,
the monotone hybrid method can be used for quasi-nonexpansive mappings.
The results of this paper modify and improve the results of S.Matsushita and
W.Takahashi and some others.
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1. Introduction

Let K be a nonempty closed convex subset of a real Banach space E. A
mapping 7' : K — F is called quasi-nonexpansive [1-4] if

lp—Tz|<|p—=z||, Vpe F(T),VeeK

where F(T) = {x € K : x = Tz} is the fixed points set of T', and it is assumed
that F'(T") be nonempty. 7' is called nonexpansive if

[Tz =Tyl < |lz—yl, Va,yeK.
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It is clear that a nonexpansive mapping T with F'(T) # () is quasi-nonexpansive.
However, there exist quasi-nonexpansive mappings that are not nonexpansive.
Let T': R — R be defined by Tz = gsini if z 0 and 70 = 0. Then T
is quasi-nonexpansive but not nonexpansive (see [5]). The quasi-nonexpansive
mappings has been introduced and studied by various authors[1-4], but the
results of this paper is very different to them.

In recent years, the hybrid (CQ) iteration methods for approximating fixed
points of nonlinear mappings has been introduced and studied by various
authors[6-9].

In 2003, Nakajo and Takahashi[6] proposed the following modification of
Mann iteration method for a single nonexpansive mapping 7' in a Hilbert
space H:

(29 € C chosen arbitrarily,

Yn = QpTp + (1 - O4n>Txn7

Co={z€C:|lyn — 2|l < [lzn — 2}, (1.1)
Qn={z€C:{(x,—2zz0—x,) >0},

(Tn+1 = Po,no, (20),

where C' is a closed convex subset of H, Px denotes the metric projection
from H onto a closed convex subset K of H. They proved that if the sequence
{a,,} is bounded above from one then the sequence {z,} generated by (1.1)
converges strongly to Pp(r)(2o). Where F/(T') denote the fixed points set of T'.

In 2006, T.H.Kim and H.K.Xu[7] proposed the following modification of
the Mann iteration method for asymptotically nonexpansive mapping 7" in a
Hilbert space H:

(29 € C chosen arbitrarily,

Yn = Ay + (1 — o) Ty,

Co={2€C: |y —2[> < llzn — 21> + 0}, (1.2)
Qn={2€C:(x, — 2,20 —1x,) >0},

\ Ln+1 = PCann ($0),

where C' is bounded closed convex subset and
0, = (1 —a,) (k2 — 1)(diamC)? — 0 as n — oo.

They proved that if the sequence {a,} is bounded above from one then the
sequence {z,} generated by (1.2) converges strongly to Prr)(o).

They also proposed the following modification of the Mann iteration method
for asymptotically nonexpansive semigroup <& in a Hilbert space H:
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(29 € C' chosen arbitrarily,

Yn = Qpxy, + (1 — O‘”>i Ot" T(s)xnds,

Co= {2 €C lgn— 2P < law — 21 + B}, (13)
Qn={2€C:(xy— 2,20 —x,) >0},

(Zni1 = Pe,no, (T0),

where C' is bounded closed convex subset and

5, = (1— @n)[(ti /0 " L(u)du)? — 1)(diamC)? — 0 as n — oo.

n

They proved that if the sequence {e,} is bounded above from one then the
sequence {z, } generated by (1.3) converges strongly to Pr(q)(z0). Where F/(<)
denote the common fixed points set of .

In 2006, Carlos Martinez-Yanes and Hong-Kun Xu[8] proposed the following
modification of the Ishikawa iteration method for nonexpansive mapping 7" in
a Hilbert space H:

(29 € C' chosen arbitrarily,
Yn = @y + (1 — )T 2p,
Zn = Bnn + (1 = Bn) Ty,
Co= {2 € Cs g — 21> < an — 2] (1.4)
(1 = an)(lzall® = llwall® + 2(zn — 20, 2)) },
Qn={2€C:(xy— 2,20 —x,) >0},

( Tnt1 = Po,no, (o),

where C'is a closed convex subset of H. They proved that if the sequence {«,, }
is bounded above from one and (3, — 0, then the sequence {z,} generated by
(1.4) converges strongly to Pp(r (o).

Carlos Martinez-Yanes and Hong-Kun Xu[8] proposed also the following
modification of the Halpern iteration method for nonexpansive mapping 7" in
a Hilbert space H:

(3:0 € C chosen arbitrarily,

Yn = o + (1 — ap) Ty,

Co={2€C:|lyn — 2| < flwa — 2|
+an([|zoll? + 2z — w0, 2))}

Qn={2€C:(xy—2,20—x,) >0},

( Znt1 = Pe,nq, (7o),

where C' is a closed convex subset of H. They proved that if the sequence
a, — 0, then the sequence {z,} generated by (1.5) converges strongly to
Prery (o).
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The purpose of this article is to prove strong convergence theorems of fixed
point for quasi-nonexpansive mappings. In order to get the strong conver-
gence theorems for quasi-nonexpansive mappings, the monotone hybrid itera-
tion method is presented and is used to approximate the fixed point of quasi-
nonexpansive mappings. Noting that, the hybrid iteration method presented
by S.Matsushita and W.Takahashi can be used for nonexpansive mapping but
it can not be used for quasi-nonexpansive mappings. However, the monotone
hybrid method can be used for quasi-nonexpansive mappings. The results of
this paper modify and improve the results of S.Matsushita and W.Takahashi
and some others.

2. Strong convergence for quasi-nonexpansive mappings

Theorem 2.1. Let E be a Hilbert space, let C' be a nonempty closed convex
subset of E, let T : C — C be a closed quasi-nonexpansive mapping with
nonempty fized points set F(T). Assume that {a,} is a sequences in [0, 1]
such that imsup,,_, o, < 1. Define a sequence {x,} in C by the following
algorithm:

xo € C' chosen arbitrarily,
Yn = QpTp + (1 - &n)Txna
Co={2€CoaNQu-r: 2z =yal <z —zall},

Co={z€C:|lz—woll <|z—moll}, (2.1)
Qn={2€Cro1NQn-1: (¥n — 2,30 — z) > 0},
QO = 07

\ Tn+1 = PCann ($0)

Then {xn} converges strongly to Ppryxo, where Ppry is the metric projection
from C onto F(T).

Proof. Let H be a real Hilbert space, C' be a any closed convex subset of H.
Given points z,y € H, we claim that, the set

D={veC:|y—v|<lz—v}

is closed convex. As a matter of fact, the defining inequality in D is equivalent
to the inequality
(2 —y),v) < [l=l* — [lyl1>

This inequality is affine in v and hence the set D is convex. This implies that,
Cy is closed convex. Since Qo = C'is closed convex, so that C; and (), are
closed convex. Therefore, by induction, we obtain that, C,, and @,, are closed
convex for all n > 0.

Next, we show that the fixed points set F'(T') C C,, for all n > 0, indeed, we
have, for all p € F(T),

Y — pII”> = lan(za — p) + (1 — o) (Txy — p)|?
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< anllzn = p)I* + (1 = an)|20 — p|?
= |lzn — pII*
So p € C,, for every n > 0, therefore, F'(T') C C,, for every n > 0.

Next, we show that F(T) C C, (@, for all n > 0. It suffices to show that
F(T) C @, for all n > 0. We prove this by mathematical induction. For
n =0, we have F'(T) C C' = ()y. Assume that F(T) C Q,. Since x,; is the
projection of xy onto C), N Q),,, we have

(Tpn41 — 2,00 — Tpt1) >0, Vz € Q,NC Yy,

as F\(T) C C,, N Q,, the last inequality holds, in particular, for all z € F(T).
This together with the definition of @41 implies that F(T') C @Q,+1. Hence
the F'(T') C C,, () @ holds for all n > 0.

By Lemma 2.1, F(T) is closed convex, there exists a unique element zy, €
F(T) such that zy = Pp(r)(z0). From z,41 = Pe, 0o, (20) , we have

[2nt1 — 2ol| < [|z — @0
for every z € C,, [\ Qn. As zp € F(T) C C, [ @n, we get
[2n1 = 2ol < [[z0 — @0

for each n > 0. This implies that {z,,} is bounded.
Next, we show that {x,} is Cauchy sequence, hence {x,} converges strongly
to a point p € C. As z,11 = Pe, ng.(%0) C @y and z, = Py, (20), we have
21 = wol| = [l — 2ol

for every n > 0, which together with Lemma 2.3 implies that, there exists
the limit of ||z, — z¢||. On the other hand, from z,, € Q,, we have (z,, —
Tptm, To — Tpn) > 0 and hence
[Zntm — 2all® = [(Zn4m — 20) — (25 — @0)|*

< Hxn+m - xOHQ - Hxn - xOHQ - 2<$n+m — Tn, Tp — x0>

< N @nam = wol* = llwn — zol|* — 0, n — o0 (2.2)
for any m > 1. So that {z,} is a Cauchy sequence in C, then there exists a
point p € C' such that lim,, .. x, = p.

Finally, we show that, {x,} converges strongly to zy = Pg)(2). Since
Tne1 € C, implies that
1yn = @nal® < |20 — Taga |
therefore
Hyn - xn-‘rlH — 0.

This combined with (2.2) implies that

1Yn = @all < Yo — Zngall + [[Tn41 — 20| — 0.
Noticing that Tz, = y, — an(x, — Tx,) , we have

|20 — Txn|| < |20 — ynll + anllvn — Tyl
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It follows that

|20 — Ta,|| <

n

Since lim sup,,_,, a,, < 1, then we obtain
|n — Tzy|| — 0.

We have proved that {z,,} converges in norm to a point p € C' which together
with the ||Tx,, — x,|| — 0 implies that p is a fixed point of T'.

We claim that p = 29 = Pr(r)(20), if not, we have that ||xo—p|| > ||zo — 20|
There must exists a positive integer N, if n > N then ||zg — z,|| > ||zo — 20||
which leads to

120 — zol|* = |20 — T + 20 — @0]?

= 120 = zall* + |20 — zoll* + 2(20 — @, 2 — 20)-

It follows that (zy — @, 2, — 29) < 0 which implies that zp € @,, so that
2o € F(T), this is a contradiction. This complete the proof.

Corollary 2.2. Let E be a Hilbert space, let C' be a nonempty closed con-
vex subset of E, let T : C' — C be a nonexpansive mapping with nonempty
fized points set F(T). Assume that {c,} is a sequences in [0,1] such that
limsup,,_,, an < 1. Define a sequence {x,} in C' by the following algorithm:

(20 € C' chosen arbitrarily,

Yn = Ay + (1 — )Ty,

Cn={2 € Coe1 N Qu-1: |2 = ull < Iz = zall},
Co={z€C:|z=wl <z — o},
Qn={2€Cr1NQn-1: (Tn — 2,20 — x,) > 0},
Qo =0C,

\xn-i-l = anan (.T())

Then {xn} converges strongly to Ppryxo, where Ppry is the metric projection
from C onto F(T).

Remark. In recent years, the hybrid iteration methods for approximating
fixed points of nonlinear mappings has been introduced and studied by various
authors[1-4]. In fact that, all hybrid iteration methods can be replaced (or
modified) by monotone hybrid iteration methods respectively. On the other
hand, by using the monotone hybrid method we can easy show the iteration
sequence {x,} is Cauchy sequence, so that without use of the Kadec-Klee
property, demiclosedness principle and Opial’s condition or other about weak
topological technologies.
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