Int. Journal of Math. Analysis, Vol. 1, 2007, no. 28, 1361 - 1375

Higher-Order Dynamic Delay Differential
Equations on Time Scales
Qinfu Sun, Hua Su ! and Shixia Luan

School of Mathematical Sciences, Qufu Normal University
Qufu Shandong, 273165, People’s Republic of China

Abstract

Let T be a time scale. We study the existence of positive solutions
for the higher-order p-Laplacian dynamic delay differential equations on
time scales. By using the fixed-point index theory, the existence of pos-
itive solution and many positive solutions for nonlinear four-point sin-
gular boundary value problem with p-Laplacian operator are obtained.
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1 Introduction

The study of dynamic equations on time scales goes back to its founder Stefan
Hilger [12], and is a new area of still fairly theoretical exploration in math-
ematics. Boundary value problems for delay differential equations arise in a
variety of areas of applied mathematics, physics and variational problems of
control theory (see [5,4]). In recent years, many authors have begun to pay
attention to the study of boundary-value problems or with p-Laplacian equa-
tions or with p-Laplacian dynamic equations on time scales (see [1-3,6-14] and
the references therein).

In [8], Sun and Li considered the existence of positive solution of the fol-
lowing dynamic equations on time scales:

utV(t) +a(t)f(t,u(t)) = 0,t € (0,7), (1.1)

Bu(0) = yu(0) = 0, au(n) = u(T), (1.2)
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where 3, v > 0, 6+~ >0, n € (0,p(T)), 0 < o < T/n. They obtained
the existence of single and multiple positive solutions of the problem (1.1) and
(1.2) by using fixed point theorem and Leggett-Williams fixed point theorem,
respectively.

In [14], Wang discussed the following dynamic equation on time scales by
using Avery-Peterson fixed theorem (see [11]):

(Pp(u) +q(t) f(t, ul®), ult — 1),u'(t)) =0, t € (0,1), (1.3)
u(t) = £(t), —1 <t <0, u(l) =0, (1.4)

and
uw(t) =¢&(t), —1<t<0, u'(1) =0, (1.47)

They obtained some results for the existence three positive solutions of the
problem (1.3), (1.4) and (1.3), (1.4’), respectively.

However, there are not many concerning the p-Laplacian problems on time
scales. Especially, for the singular multi-point boundary value problems for
higher-order p-Laplacian dynamic delay differential equations on time scales,
with the author’s acknowledge, no one has studied the existence of positive
solutions in this case.

Now, motivated by the results mentioned above, in this paper, we study
the existence of positive solutions for the following nonlinear four-point sin-
gular boundary value problem with higher-order p-Laplacian dynamic delay
differential equations operator on time scales (SBVP):

(¢ (uﬁ"”(t)))v + g0 f (u(t), ult — ), ub(t), - vt () =0, 0<t < T,

(1.5)
u(t) = C(t), —T<t<0,
w2 (0) =0, 1<i<n-—3,
An—2 An-1 (1.6)
agy (u"(0) = B, (w4 (©) =0, ;
n — Y
1y (uA" () + 06, (ut" () =0
where ¢,(s) is p-Laplacian operator, i.e., ¢,(s) = [s[P™%s, p > 1, ¢ = ¢,

1—|—1 =1. & ne(0,T), 7€0,T]is prescribed and £ <7, g: (0,7) — [0,00),
g >q0,ﬁ >0,v>0,0 >0.

Our main tool of this paper is the following fixed point index theory.

Theorem 1.1, Suppose E is a real Banach space, K C E is a cone, let
Q, ={ue€ K :||u| <r}. Let operator T': Q, — K be completely continuous
and satisfy Tz # x, V x € 0f),.. Then

() I ||Tz| < ||z||, ¥V = € 0,, then i(T,Q,, K) = 1;

(i) If || Tx|| > ||z||, ¥V « € 09, then (T, Q,, K) = 0.
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This paper is organized as follows. In section 2, we present some prelimi-
naries and lemmas that will be used to prove our main results. In section 3,
we discuss the existence of solution of the systems (1.5), (1.6). In section 4,
we give a examples as the application.

2 Preliminary Notes

For convenience, we list here the following definitions which are needed later.
We begin by presenting some basic definitions which can be found in [1,2].

A time scale T is an arbitrary nonempty closed subset of real numbers R.
The operators ¢ and p from T to T ,

ot)=inf{reT|7>t} €T, pt)=sup{r e T|7<t}eT,

are called the forward jump operator and the backward jump operator, respec-
tively.

Let f: T — R and t € T* (assume ¢ is not left-scattered if ¢ = supT),
then the delta derivative of f at the point ¢ is defined to be the number
fA(t) (provided it exists) with the property that for each € > 0 there is a
neighborhood U of ¢ such that

1f(a(t) = f(s) = f2(t)(o(t) — s)| < |o(t) —s|, forallseU.

Similarly, for t € T (assume t is not right-scattered if ¢ = inf T'), the nabla
derivative of f at the point ¢ is defined in [1] to be the number fV(t) (provided
it exists) with the property that for each € > 0 there is a neighborhood U of ¢
such that

[f(p(1)) = F(s) = [Y () (p(t) = s)| < [p(t) — 5], forallse€U.

If T =R, then 22(t) = 2V(t) = 2/(t). f T = Z, then 22(t) = z(t + 1) — (¢)
is the forward difference operator while 2V (t) = x(t) —z(t — 1) is the backward
difference operator.

A function f is left-dense continuous (i.e., l[d-continuous), if f is continuous
at each left-dense point in T and its right-sided limit exists at each right-dense
point in T. It is well-known that if f is [d-continuous, then there is a function
F(t) such that FV(t) = f(t).

If FV(t) = f(t), then we define the nabla integral by
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Define 2" (t) to be the delta derivative of f2" (¢), i.e., f2"(t) = (f2" ().
In the rest of this article, T is closed subset of R with 0 € T, T € T*.
And let

B={ueCl-r,0NC0,T]: u*'(0)=0, 0<i<n-—3}.

Then B is a Banach space with the norm |lu|| = rrfgx%(] A" (¢)]. And let
te|0,

K= {u e B: u”"(t) >0, uP" (1) is concave function, t € [O,T]}.

Obviously, K is a cone in B. Set K, = {u € K : ||ul] <r}.
In the rest of the paper, we also make the following assumptions:
(Hl) f S Cld([O, +OO)", [O, +OO));
(Hs) g(t) € Ciq((0,T),]0,+00)) and there exists ty € (0,T), such that

T
g(tg) >0, 0 < / g(s) Vs < 4o00;
0

(H?)) C(t) S O([_T7 0]) g(t) >0 on [_7_7 O) and C(O) = 0.
It is easy to check that condition (Hy) implies that

0< /OT bq </Osg(sl)V31> As < +oo0.

We can easily get the following Lemmas.
Lemma 2.1 Suppose condition (Hs) holds. Then there exists a constant

1
g € (0, 5) satisfies
-6
0< /0 g(t)Vt < oo.

Furthermore, the function

Alt) = /; be (/stg(sl)V:sl) As+ /t” be (/tsg(sl)V:sl) Vs, t € [0, — 0]

is positive continuous functions on [0, T — 6], therefore A(t) has minimum on
[0, T — 0]. Hence we suppose that there exists L > 0 such that A(t) > L, t €
6, T — 0].

Lemma 2.2 Let v € K and 6 of Lemma 2.1, then

u(t) > 0llull, t € 0,7 - 0).

The proof of the above two lemmas are similar to the proof of in [6, Lemma
2.1 and Lemma 2.2], so we omit it.
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Lemma 2.3 Suppose that conditions (H;), (Hs), (Hsz) hold, u(t) € BN
C71(0, 1) is a solution of the following boundary value problems for 0 < t < T

(@0 (™' ®)) +(t) =0, (2.1)

(2.2)

where

@(t) = g(t)f (u(t)’ u(t - T) + h<t - 7-)7 UA(t)a B uA"* (t))

B C(t), —-1<t<0,
W)_{ 0, 0<t<T.

Then, u(t) = u(t)+ h(t), —7 <t < T is a positive solution to the SBVP (1.5),
(1.6).

Proof It is easy to check that @(t) satisfies (1.5) and (1.6).

So in the rest section of this paper, we focus on SBVP (2.1) and (2.2).
Lemma 2.4 Suppose that conditions (H;), (Hz), (Hs3) hold, u(t) € BN
C171(0,1) is a solution of boundary value problems (2.1), (2.2) if and only if
u(t) € B is a solution of the following integral equation

-7 <t<0,
ult) = / / / W(Sp—2)Asp_oAs,_3---Asy;, 0<t<T,
where
b, (é /U 90(8)VS> + /t b4 (/J cp(r)Vr)As, 0<t<o,
w(t) = o b (2.3)

®q (% /: cp(s)Vs) + /tT b4 (/: cp(r)Vr)As, c<t<T.

Proof. Necessity.

Obviously, for t € (—7,0), we have u(t) = ((t). If t € (0, 1), by the equation
of the boundary condition, we have u®"" (€£) > O u®""" () < 0, then there
exist a constant o € [¢,5] C (0,T) such that w2 (¢) = 0.

Firstly, by integrating the equation of the problems (2.1) on (o, T'), we have

t

B (1) = By(u 7 (0)) = [ () Vs, (2.4)

g
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ud"( —¢q< 5V >

uA (L) = uh /(: bq (/J VT) As. (2.5)

By u®"'(¢) = 0 and condition (2.4), let ¢t = on (2.4), we have

then

thus

n

a(w () = = [T o(s)Vs.

g

By the equation of the boundary condition (2.2), we have

pr(uAn 2( T)) = __¢p( A 1( ),

then

20 =0, (2 [ o(6)95).

Then, by (2.5) and let let £ =T on (2.5), we have

ur" (o) = ¢, <% /a77 ga(s)Vs) + /UT bq </: @(r)Vr) As. (2.6)

Then

L J [ T s
An _ z . 2.
w0 =0 (2 [owvs) 4 o ([Cenvi)as @)
Then by integrating the equation (2.7) for n — 2 times on (0,7"), we have
t prs1 Sp—3 o n
/0 /o /o bq <;/5 gp(s)Vs) Asg, - AsaAsy
t rs1 Sn—3 T s
+/0 /0 . -/0 (/Sn2 bq (/J gp(r)Vr) As) Asg, -+ AsgAsy.

Similarly, for ¢t € (0, 0), by integrating the equation of problems (2.1) on (0, o),

we have
/t /sl,.,/%?’ b <§ /" gp(s)Vs) Asy - AsyAs,
+/ / / (/ o (/:sa(ﬂw) As)Assn_2~-~A32Asl.
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Therefore, for any t € [0, 77, u(t) can be expressed as equation

—7<t<0

— - )

u(t) =
/ / / Sn 2 Asn ZASn 3" Asla 0 S t S T7

where w(t) is expressed as (2.3). Then the results of Lemma 2.2 holds.
Suf ficiency.

Suppose that wu(t / / / W(Sp—2)ASp_oAs,_3---Asy,0 <t <
T. Then by (2.3), we have

6ol [ o(s)Vs) >0, 0<t <o,
WA (t) = (/t ’ ) (2.8)

—gbq</atcp(s)Vs> <0, 0<t<T,

So, (¢p(u®" "))V 4+ (t) =0, 0 < t < T. These imply that the equation (2.1)
holds. Furthermore, by letting ¢t = 0 and ¢ = T on (2.3) and (2.8), we can
obtain the boundary value equations of (2.2). The proof is complete.

Now, we define a operator equation T given by

(Tu)(t) =
/ / / Sn 2 Asn 2A3n 3° Asla 0 S t S T7

where w(t) is given by (2.3).

From the definition of 7" and above discussion, we deduce that for each
u € K, Tu € K. Moreover, we have the following Lemma.
Lemma 2.5 T : K — K is completely continuous.

Proof. Because

bq (/tago(sWs) >0, 0<t<oa,

(T (1) = wd(e) = t
—q </ s@(s)Vs> <0, o<t<T,
is continuous, decreasing on [0, 7] and satisfies (Tu)®" " (o) = 0. Then, Tu €

K for each u € K and (Tu)" (o) = H%(?%(Tu)mfz(t). This shows that
te|0,

TK C K. Furthermore, it is easy to check by Arzela-ascoli Theorem that
T : K — K is completely continuous.
Lemma 2.6 Suppose that conditions (H;), (Hz), (Hs) hold, the solution u(t)
of problem (2.1), (2.2) satisfy:

max |u(t —7) + h(t —7)] < max |((t)],

0<t<T —7<t<0
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u(t) < TuP(t) < -~ < T30 (t), t € [0,T]
1
and for 0 € (0, 5) in Lemma 2.1, we have

T

WA < guﬁ””(t), tel0,T -0

Proof. Firstly, we can have

max |u(t —7) + h(t — 7)] < max |u(t — 7)| + max |h(t — 7)|

0<t<T To<i<T 0<t<T
= _max fu(t)|+_max |h(t)]
= max [((t)]

2.2), then u®" " (t) is concave

Next, if u(t) is the solution of problem (2.1), (
t € [0, 7], Thus we have

function, and u®'(t) >0, i =0,1,---,n — 2,

. t . . )
WA 1) = / WA (5)As < AT () < TuAT (), i = 0,1, -, — 4,
0

ie., u(t) < Tub(t) <--- < T 32" (1), t € [0,T).
Finally, by Lemma 2.2, for t € [#, T — 6], we have v®" " (t) > 0||[u®""||. By
t -2 n—2
) = [ ()As < Tt we have
0

W) < =u (), te [0, T — 0]

| S

The proof is complete.
For convenience, we set

H= max [C(t), 60" =2, 0. !

710 L <T+¢q (g)) N </0Tg(r)w>'

where L is the constant from Lemma 2.1. By Lemma 2.4, we can also set

. f(u17u27"'7un)
fo= lim max — ,
Un—0 (ug,u2, - ,un)EN Ug
. f(ula Uz, 7un>
foo = lim min —
p—1 ’
Un =00 (ug,u2, - ,un)EN Un,
n—3 n—2
where N = {(uy, ug, -+, up)| 0 < uy < Tug--- < T Pupy < =y, uy <

Y.
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3 Main Results

In this section, we present our main results.
Theorem 3.1 Suppose that condition (H;), (Hs), (Hs) hold. Assume that f
also satisfy

(Aq): f(ul,u2,~- JUy) > (mr)P7t for Or < w, <7, (ug, U, -, U,) € X
(A2): f(u17u27 U ) S (M )p 17 for 0 S Unp, S Ra (u17u27 o '7un) S Na
,0.).

where m € (6*,00), M € (0
Then, the (SBVP) (2.1), (2.
and R.

The proof of Theorem 3.1 Without loss of generality, we suppose that
r < R. For any u € K, by Lemma 2.2, we have

2) has a solution u such that ||u|| lies between r

W) > ||, tels, T -6 (3.1)
We define two open subset €2; and €25 of E:
={ue K :|ul|<r}, Q={ue K :|ul <R}
For any u € 0%, by (3.1) we have
P =l = w7 2 Olul = 0, te[,T— 0.

For t € [0,T — 0] and u € 09, we shall discuss it from three perspectives.
(i) f o € [0, T — 0], thus for u € 0, by (A;) and Lemma 2.3, we have

2| Tul = 2(Tuw)*" (o)
o [ rmn) s [ e
- [l om)ass o[ so)a

> mrA(o) > mrL > 2r =2||u]|.
(i) If o € (T — 60, T}, thus for u € 0, by (A4;) and Lemma 2.3, we have

Tl = (Tu)* (o)

> @ (g /: SO(S)VS> + /00 ®q (/: @(T)Vr) As

> OH o, < / o so(r)Vr) As

>mrA(T —0) >mrL > 2r >r = |ul.
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(iii) If o € (0,0), thus for u € 08, by (A4;) and Lemma 2.3, we have

Tl = (Tu)*" (o)

> g (% /: SO(S)V:?) + /JT b4 (/: @(T)VT) As
> [ o ([ etryvr) as

> mrA(0) > mrL > 2r >r = |ul.
Therefore, no matter under which condition, we all have
| Tu|| > ||u|, Vue o.
Then by Theorem 1.1, we have
(1,9, K)=0. (3.2)
On the other hand, for u € 99y, we have u(t) < ||u|]| = R, by (Az2) we know

|Tull = (Tu)* (o)

< g (g /: cp(s)Vs) + /OT b4 (/U go(r)Vr) As
< (r o (2)) aems, ([ atr1or) < m=

| Tul|| < ||u||,¥ u € d8s.

thus

Then, by Theorem 1.1, we have
i(T,Qq, K) = 1. (3.3)
Therefore, by (3.2), (3.3), r < R, we have
i(T,Q0\ 0, K) =1.

Then operator T has a fixed point v € (1 \ Q3), and r < |ju]| < R. This
completes the proof of Theorem 3.1.

Theorem 3.2 Suppose that condition (H;), (Hs), (Hs) hold. Assume
that f also satisfy

() fo=pe [o, (%))
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(Ag): fao=AE (<QZ*>1)_ ,oo)

Then, the (SBVP) (2.1), (2.2) has a solution u such that ||u|| lies between r
and R.
The proof of Theorem 3.2

0 p—1 0 p—1
First, by fo = ¢ € |0, <Z*> , for e = <Z*> — ¢, there exists an

adequately small positive number p, as 0 < u,, < p, u, # 0, we have

flug,ug, - up) < (@ 4+ €)(uy)Pt < <%> i PPt = (%p) i ) (3.4)

0.
Then let R =p, M = 1 € (0,6.), thus by (3.4)

flug,ug, -+ uy) < (MR)p’l, 0<u, <R.

So condition (Ajy) holds.

20* p—1
Next, by condition (A4), foo = A € (( z ) ,oo), then for e = \ —

20*\"
( 7 ) , there exists an appropriately big positive number r # R, as u,, > 0r,

we have

20

7 ) (Or)P~t = (207r)P~t,  (3.5)

flur,ug, - uy) > (A —€)(u,)P~t > <

Let m = 20* > 6*, thus by (3.5), condition (A;) holds. Therefor by Theorem
3.1 we know that the results of Theorem 3.2 holds. The proof of Theorem 3.2
is complete.

Theorem 3.3 Suppose that condition (H;), (Hs), (Hs) hold. Assume that f
also satisfy

() fu=he [o, (%) );

(Ag): Jo=yp € (<Qz*>p_ ,oo).

Then, the (SBVP) (2.1), (2.2) has a solution u such that [|u|| lies between r
and R.
The proof of Theorem 3.3.
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26*\"""
First, by condition (Ag), fo = ¢ € (( 7 ) ,oo), then for e = ¢ —

6

r, u, # 0, we have

f@u@~u%nmw—mWV1=(%jp%wv%

29* p—1
< , there exists an adequately small positive number r, as 0 < u,, <

0

thus when 6r < u,, < r, we have
20°\""
ﬂmmm~wwz<9> (r)1 = (2% (36)
Let m = 26* > 6*, so by (3.6), condition (A;) holds.

f p—1 0 p—1
Next, by condition (As): foo = A € [O, <Z*> ), then for € = (f) _

A, there exists an suitably big positive number p # r, as u,, > p, we have

AMJ@~wuws<A+omuP1s(%)<wv1. (3.7)

If f is unbounded, by the continuity of f on [0,00)", then exists constant
R (# 1) > p, and a point (ugy, g, -, Ugs) € [0,00)™ such that

pSUOnSR

and
flur,ug, -+ up) < fluor, woz, -+, uon), 0 <u, <R.

Thus, by p < ug, < R, we know
p—1 p—1
flur,ug, -+ uy) < f(uor, w2, - -+, Uon) < <—> (ug,)P < <ZR> .

Choose M = 974* € (0,60,). Then, we have

flur,ug, - up,) < (MRY™ 0<u, <R.
If f is bounded, we suppose f(u1,ug, - -, u,) < Wp_l, u, € [0,00), M € Ry,

there exists an appropriately big positive number R > Q_M’ then choose

*

MZH

Z* € (0,0,), we have

. 6, \"!
f(ulau%"'aun)gMp 1§ <ZR> :(MR)pil, OSUnSR

Therefore, condition (Ay) holds. Therefore, by Theorem 3.1, we know that the
results of Theorem 3.3 holds. The proof of Theorem 3.3 is complete.
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4 Main Results

Example 4.1 Consider the following 3-order singular boundary value problem
(SBVP) with p-Laplacian

(o227 (1) + 5ot~ 2 ()
' M un

)
= =0, 0<t<l1
5 + 120u(t)u(t — 1) + Teu () 4 e2u(0) ’ ’ (5.1)

[N

(t)-

u(t)=t*-1, -1 <t <0,

BB (0) — 6B () =0, 6,(uP(1)) + 0, (u(3)) =0,
where
3 1 1 1
05:’7:17 ﬂzlv p=73 5207 §217 77257 9:_7 T=T=1

94
T o2t (1)

1 5
5 =0, 0<t<1,
5 + 120u(t)[u(t — 1) — h(t — 1)] + Tev®®) 4 202 ®)

u(t) =0, =1 <t<0,

5y (u2(0)) = 6p(u>2(3)) = 0, 6,(u>(1)) + 88, (u24(5) =0,

(5.2)

where

1 . 5
5 120uqug + Teus 4 e2us

NI=

f(Uh Uz, U3) = (U3)

Then obviously, ¢ = 3,

o1
H= max |[((t)| =1, fo=¢= lim max f(ul’—qu’uB):_

—1st<0 us—0" 0<ur < Fu,0<ua<1 uf~
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fo=A— lm  min Stz 95 /Tg(t)vt: 1
U300 0<yy < Lug,0<us<1 ub 0

so conditions (Hy), (Hs), (Hs) hold.

Next,
1

e

p—1 p—1
. 2 51 . \ .
then <%> = i > 5—, ie. € [0, (0_) ), so conditions (As) holds.

= 50,

2 20 4
For 6 = 7 it is easy see by calculating that
1 (7 3
L= min A(t)=— ——i—£ :
te[0,7—06] 16 \ 36 3
Because of

207 - =96 x 71 < %
0 N 7+ 123 5

20* p—1
A E (( z ) ,oo) ,
so conditions (A4) holds. Then by Theorem 3.2, SBVP (4.2) has at least a

positive solution u(t). So, w(t) = u(t) + h(t), —1 < t < 1 is the positive
solution of SBVP (4.1).

N =

then
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