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Abstract

In this work, we give a necessary and condition for a complete metric
space to be CAT(κ) and then we give a remark on bounded subsets
of CAT(κ) spaces and thus we use that fact to show a new proof of
the unigueness of circumcenters of bounded sets in complete CAT(κ)
spaces. We also give some remarks on the projection onto complete
convex subspaces of CAT(κ) spaces.
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1 Introduction

Alexandrov introduced the concept of the lower and upper curvature bounds
on some metric spaces without the Riemannian structure as generalized Rie-
mannian manifolds [3, 5]; see also [6, 7, 8, 9, 11]. This idea has been very
fruitful because it extended many concepts to a much larger class of metric
spaces. A Riemannian manifold for which the curvature is bounded above
by κ is an example of a space of curvature bounded above by κ. A space of
curvature ≤ κ is not necessarily a Riemannian manifold.

The terminology of CAT(κ) spaces was coined by M. Gromov in 1987. The
initials are in honour of E. Cartan, A.D. Alexandrov and V.A. Toponogov. A
geodesic metric space X is said to be a CAT(κ) space if for any geodesic triangle
of appropriate size is not fatter than its comparison triangle in the model space
M2

κ . A metric space X is said to be of curvature bounded above by κ if it
is locally a CAT(κ) space. CAT(0) spaces are generalizations of Hadamard
manifolds, which are simply connected, complete Riemannian manifolds such
that the sectional curvature is nonpositive. It is well known that any complete,
simply connected Riemannian manifold having nonpositive sectional curvature



1250 Assa-Aree Sama-Ae

is a CAT(0) space. The classical hyperbolic spaces, Euclidean buildings (see
[10]) and the complex Hilbert ball with a hyperbolic metric (see [15]) are
examples of CAT(0) spaces. For more discussion of these spaces and of the
fundamental role they play in Geometry, see Bridson and Haefliger [9] and
Burago et al. [11].

The following studies, closely related to ours, are worth mentioning: Alexan-
der and Bishop [1] proved comparison and rigidity theorems for curves of
bounded geodesic curvature, Maneesawarng and Lenbury [17] studied total
curvature and length estimate for curves, Lang and Schroeder [16] studied
Jung’s theorem, Nigolaev [18] studied the tangent cones, Sama-Ae and Manee-
sawarng [19] studied geometry of curves on spheres, Chen [13] studied warped
products, and the Gauss equation for subspaces was proved by Alexander and
Bishop [2]. Chaoha and Phon-on [12] gave a note on fixed point sets in CAT(0)
spaces.

In this work, we give a necessary and condition for a complete metric space
to be CAT(κ), for a simple case see [7] page 23. Then we give a remark on
bounded subsets of CAT(κ) spaces and thus we use that fact to show a new
proof of the unigueness of circumcenters of bounded sets in complete CAT(κ)
spaces. Actually the uniqueness of circumcenters of bounded sets was proved
differently in [9], page 179 and in the paper of Lang and Schroeder in [16]. In
the last section, we give some remarks on the projection onto complete convex
subspaces of CAT(κ) spaces.

2 Preliminaries

Let (X, d) be a metric space and γ : [a, b] → X a curve in X. The length �(γ)
of γ is defined by

�(γ) = sup
k∑

i=1

d(γ(ti−1), γ(ti)),

where the supremum is taken over all partitions a = t0 < t1 < · · · < tk = b of
[a, b]. Then

di(x, y) := inf{�(γ)|γ is a curve from x to y}, for all x and y in X,

defines a metric on X with distance values in [0,∞]. We call di the inner
metric on X induced by d. A curve γ : [a, b] → X is called minimizing or
shortest if �(γ) = d(γ(a), γ(b)). It is said to be a geodesic if it, in addition, has
constant speed. We shall denote by [x, y] a specifically chosen geodesic from x
to y.

For convenience, throughout this work we let λ =
√
|κ| if κ �= 0. For

κ ∈ R let M2
κ denote the complete, connected, simply connected, Riemannian
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2-manifold of constant Gaussion curvature κ which we shall call a model space
and let

Dκ := diamM2
κ =

{
π
λ

for κ > 0,
∞ for κ ≤ 0.

A triangle �(p, q, r) in X is a triangle with points p, q, r as its vertices and
three chosen geodesics [p, q], [q, r], [p, r] as its sides. A comparison triangle
in M2

κ for a geodesic triangle �(p, q, r) in X is a triangle � = �(p′, q′, r′)
in M2

κ such that d(p, q) = d′(p′, q′), d(q, r) = d′(q′, r′) and d(p, r) = d′(p′, r′).
Such a triangle � ⊂ M2

κ always exists if d(p, q) + d(q, r) + d(r, p) < 2Dκ and
it is unique up to isometries. Given a pair of a triangle �(p, q, r) in X and
its comparison triangle �(p′, q′, r′) in M2

κ , the comparison point for a point
x ∈ [q, r] is the point denoted by x′ in [q′, r′] such that d(q, x) = d′(q′, x′).
A triangle � of perimeter less than 2Dκ in X is said to satisfy the CAT(κ)
inequality if for each pair x, y ∈ �, d(x, y) ≤ d′(x′, y′). X is called a CAT(κ)
space if for all pairs x, y ∈ X with d(x, y) < Dκ there exists a geodesic from
x to y and if all triangles in X satisfy the CAT(κ) inequality. A complete
CAT(0) space is called a Hadamard space. A metric space X is said to be of
curvature ≤ κ if it is locally a CAT(κ) space.

The angle at a common endpoint of two geodesics in a CAT(κ) space can
be defined as follows. Let c1 : [0, a1] → X and c2 : [0, a2] → X be two geodesics
in X with c1(0) = c2(0) = p. Given t1 ∈ (0, a1] and t2 ∈ (0, a2], we consider
the interior angle, denoted by � p(c1(t1), c2(t2)), at the point corresponding to
p of a comparison triangle of �(p, c1(t1), c2(t2)). The angle between geodesics
c1 and c2 is the number in [0, π] defined by:

� (c1, c2) := lim
t1,t2→0

� p(c1(t1), c2(t2)) = lim
t→0

� p(c1(t), c2(t)).

If p �= q and p �= r, the angle � p(q, r) at p of �(p, q, r) can be defined to be
the angle between the geodesics [p, q] and [p, r].

If a, b and c are arc lengths of the sides of a geodesic triangle in M2
κ with

opposite angles α, β and γ, respectively, then the following are the laws of
cosines,

cosh(aλ) = cosh(bλ) cosh(cλ) − sinh(bλ) sinh(cλ) cosα, if κ < 0,
a2 = b2 + c2 − 2bc cosα, if κ = 0,

cos(aλ) = cos(bλ) cos(cλ) + sin(bλ) sin(cλ) cosα, if κ > 0.

Now we state a well-known property of CAT(κ) spaces.

Theorem 2.1 [4, 9] In a CAT(κ) space, the angle between any two geodesics
at their common endpoints exists. If α1, α2 and α3 are angles of a triangle
in a CAT(κ) space corresponding respectively to angles α′

1, α
′
2 and α′

3 of its
comparison triangle in M2

κ , then αi ≤ α′
i for i = 1, 2, 3. An equality holds for

some i if and only if the two triangles bound totally geodesic surfaces isometric
to each other.
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3 Subsets of CAT (κ) Spaces

In what follows, we let (X, d) be a metric space and d′ the metric on M2
κ .

We firstly give a necessary and condition for a complete metric space to be
CAT(κ). Actually it is a generalization of the fact proved in [7].

Theorem 3.1 If X is a CAT(κ) space, then for any pair x, y of points in
X, there is a midpoint m between x and y such that

d(m, z) ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

λ
cosh−1

⎛
⎝cosh(λd(x, z)) + cosh(λd(y, z))

2 cosh λd(x,y)
2

⎞
⎠ if κ < 0

√
1

2
d2(x, z) +

1

2
d2(y, z) − 1

4
d2(x, y) if κ = 0

1

λ
cos−1

⎛
⎝cos(λd(x, z)) + cos(λd(y, z))

2 cos λd(x,y)
2

⎞
⎠ if κ > 0,

(1)

for all z ∈ X (d(x, y) + d(y, z) + d(z, x) < 2Dκ if κ > 0).
And necessity is true if X is a complete metric space.

Proof. Suppose that X is a CAT(κ) space. Let x, y and z be points in X and
m a midpoint between x and y. Now we prove in the case κ > 0. On M2

κ , we
let �(x′, y′, z′) be a comparison triangle of �(x, y, z), m′ a comparison point
of m and α = � m′(x′, z′). By the law of cosines in M2

κ , we have that

cos(λd′(x′, z′)) = cos(λd′(x′, m′)) cos(λd′(m′, z′))

+ sin(λd′(x′, m′)) sin(λd′(m′, z′)) cosα, (2)

and

cos(λd′(y′, z′)) = cos(λd′(x′, m′)) cos(λd′(m′, z′))

+ sin(λd′(x′, m′)) sin(λd′(m′, z′)) cos(π − α). (3)

Combining Equations (2) and (3), we get

cos(λd′(x′, z′)) + cos(λd′(y′, z′)) = 2 cos(λd′(x′, m′)) cos(λd′(m′, z′)),

which implies

d′(m′, z′) =
1

λ
cos−1

(
cos(λd′(x′, z′)) + cos(λd′(y′, z′))

2 cos(λd′(x′, m′))

)
. (4)

As d(m, z) ≤ d′(m′, z′), d(x, y) = d′(x′, y′), d(x, z) = d′(x′, z′), d(z, y) =
d′(z′, y′), and m′ is the midpoint of x′ and y′, Equation (4) becomes

d(m, z) ≤ 1

λ
cos−1

⎛
⎝cos(λd(x, z)) + cos(λd(y, z))

2 cos λd(x,y)
2

⎞
⎠ ,
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as required. For the case κ ≤ 0, we use the law of cosines for triangles in
the model spaces involved and prove in the same way as the first case. Hence
sufficiency is completely proved.

Next we shall prove the necessity. Let X be a complete metric space and
we assume that for any pair x, y of points in X there is a midpoint m ∈ X
between x and y satisfying inequality (1). We shall show that X is a CAT(κ)
space. For the case κ = 0, see [7] on page 23. Now we let κ > 0 be fixed. Then,
we have that X is a Dκ-geodesic, i.e., for any pair x and y with d(x, y) < Dκ

there is a geodesic segment joining x to y, see [9] on page 4. We now show
that X satisfies the CAT(κ) inequality. Let �(u, v, w) be a triangle in X with
d(u, v) + d(v, w) + d(w, u) < 2Dκ. Let t be a midpoint between u and v,
�(u′, v′, w′) a comparison triangle of �(u, v, w) and t′ a midpoint between u′

and v′. By inequality (1), we have

d(t, w) ≤ 1

λ
cos−1

⎛
⎝cos(λd(u, w)) + cos(λd(v, w))

2 cos λd(u,v)
2

⎞
⎠ . (5)

As d(u, v) = d′(u′, v′), d(v, w) = d′(v′, w′) and d(u, w) = d′(u′, w′), inequality
(5) becomes

d(t, w) ≤ 1

λ
cos−1

⎛
⎝cos(λd′(u′, w′)) + cos(λd′(u′, w′))

2 cos λd′(u′,v′)
2

⎞
⎠ = d′(t′, w′).

Therefore X is a CAT(κ) space. With the same method, we can prove the
result for the case κ < 0. This completes the proof.

For a bounded subset A of X, we let r(A) = inf
x∈X

rx(A), where rx(A) :=

sup
y∈A

d(x, y).

Theorem 3.2 Let X be a CAT(κ) space and A a bounded subset of X.
Then for any pair x, y of points in X satisfies the following inequality:

d(x, y) ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2

λ
cosh−1

(
cosh(λrx(A)) + cosh(λry(A))

2 cosh(λr(A))

)
if κ < 0√

2[rx(A)]2 + 2[ry(A)]2 − 4[r(A)]2 if κ = 0
2

λ
cos−1

(
cos(λrx(A)) + cos(λry(A))

2 cos(λr(A))

)
if κ > 0,

(6)

we assume furthermore that d(x, y) + d(y, z) + d(z, x) < 2Dκ if κ > 0.

Proof. Let x, y be two points in X and t a midpoint between x and y. By
Theorem 3.1, we have that inequality (1) holds for points x, y and t. We now
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prove in three possibilities.
Case κ = 0. We have

d(t, z) ≤
√

1

2
d2(x, z) +

1

2
d2(y, z) − 1

4
d2(x, y) for all z ∈ A,

that is

4d2(t, z) ≤ 2d2(x, z) + 2d2(y, z) − d2(x, y) for all z ∈ A.

Hence

sup
z∈A

4d2(t, z) ≤ sup
z∈A

[2d2(x, z) + 2d2(y, z) − d2(x, y)]

≤ 2sup
z∈A

d2(x, z) + 2 sup
z∈A

d2(y, z) − d2(x, y),

and therefore

4[rt(A)]2 ≤ 2[rx(A)]2 + 2[ry(A)]2 − d2(x, y),

which implies

d2(x, y) ≤ 2[rx(A)]2 + 2[ry(A)]2 − 4[rt(A)]2.

But we know that r(A) ≤ rt(A), the latest inequality becomes

d(x, y) ≤
√

2[rx(A)]2 + 2[ry(A)]2 − 4[r(A)]2,

as required.
Case κ > 0. We have

d(t, z) ≤ 1

λ
cos−1

⎛
⎝cos(λd(x, z)) + cos(λd(y, z))

2 cos λd(x,y)
2

⎞
⎠ for all z ∈ A.

Since the function cosx decreases on [0, π
2
], we get that

cos(λd(t, z)) ≥ cos(λd(x, z)) + cos(λd(y, z))

2 cos λd(x,y)
2

for all z ∈ A,

which gives

cos(λrt(A)) = cos(λ sup
z∈A

d(t, z))

= inf
z∈A

cos(λd(t, z))

≥ inf
z∈A

⎛
⎝cos(λd(x, z)) + cos(λd(y, z))

2 cos λd(x,y)
2

⎞
⎠



On subspaces of CAT(κ) spaces 1255

≥
inf
z∈A

cos(λd(x, z)) + inf
z∈A

(cos λd(y, z))

2 cos λd(x,y)
2

=

cos(λ sup
z∈A

d(x, z)) + cos(λ sup
z∈A

d(y, z))

2 cos λd(x,y)
2

=
cos(λrx(A)) + cos(λry(A))

2 cos λd(x,y)
2

.

Thus

cos
λd(x, y)

2
≥ cos(λrx(A)) + cos(λry(A))

2 cos(λrt(A))

≥ cos(λrx(A)) + cos(λry(A))

2 cos(λr(A))
.

Therefore

d(x, y) ≤ 2

λ
cos−1

(
cos(λrx(A)) + cos(λry(A))

2 cos(λr(A))

)
.

Case κ < 0. We have

d(t, z) ≤ 1

λ
cosh−1

⎛
⎝cosh(λd(x, z)) + cosh(λd(y, z))

2 cosh λd(x,y)
2

⎞
⎠ for all z ∈ A,

that is

cosh(λd(t, z)) ≤ cosh(λd(x, z)) + cosh(λd(y, z))

2 cosh λd(x,y)
2

for all z ∈ A.

Then

sup
z∈A

cosh(λd(t, z)) ≤ sup
z∈A

⎛
⎝cosh(λd(x, z)) + cosh(λd(y, z))

2 cosh λd(x,y)
2

⎞
⎠

≤
sup
z∈A

cosh(λd(x, z)) + sup
z∈A

(cosh λd(y, z))

2 cosh λd(x,y)
2

=

cosh(λ sup
z∈A

d(x, z)) + cosh(λ sup
z∈A

d(y, z))

2 cosh λd(x,y)
2

=
cosh(λrx(A)) + cosh(λry(A))

2 cosh λd(x,y)
2

. (7)

Since

cosh(λrt(A)) = sup
z∈A

cosh(λd(t, z)), (8)
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combining (7) and (8), we have

cosh(λrt(A)) ≤ cosh(λrx(A)) + cosh(λry(A))

2 cosh λd(x,y)
2

.

Therefore

cosh
λd(x, y)

2
≤ cosh(λrx(A)) + cosh(λry(A))

2 cosh(λrt(A))

≤ cosh(λrx(A)) + cosh(λry(A))

2 cosh(λr(A))
,

which gives

d(x, y) ≤ 2

λ
cosh−1

(
cosh(λrx(A)) + cosh(λry(A))

2 cosh(λr(A))

)
,

as required.

We shall utilize the results of Theorem 3.1 and 3.2 to give a new proof
of the uniqueness of circumcenters of bounded subsets in complete CAT(κ)
spaces.

Theorem 3.3 Let X be a complete CAT(κ) space and A ⊂ X a bounded
subset with r(A) < Dκ

2
. Then there is a unique x ∈ X, the circumcenter of A,

such that rx(A) = r(A).

Proof. By assumption we have that inequality (6) holds. We now prove that
a given sequence (xn) with rxn(A) → r(A) is Cauchy by considering three
possibilities:
Case κ > 0. Since r(A) = inf

x∈X
rx(A) < Dκ

2
, there exists a large positive n∗

such that rxn(A), rxm(A) and d(xn, xm) will not exceed Dκ

2
for all n, m > n∗.

Because rxn(A) → r(A), we get

cos(λrxn(A)) + cos(λrxm(A))

2 cos(λr(A))
→ 1, as n, m → ∞.

By using inequality (6), we have cos λd(xn,xm)
2

→ 1 , as m,n → ∞ and then
d(xn, xm) → 0.
Case κ < 0. By considering the following inequality

1 ≤ cosh
λd(xn, xm)

2
≤ cosh(λrxn(A)) + cosh(λrxm(A))

2 cosh(λr(A))
,

we have that cosh λd(xn,xm)
2

→ 1 as m,n → ∞, which implies d(xn, xm) → 0.
Case κ = 0. It is clear that d(xn, xm) → 0 as m,n → ∞ by inequality (6).
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By showing above we have that the sequence (xn) with rxn(A) → r(A) is
Cauchy. Since X is complete, we have that a circumcenter exists and unique-
ness of circumcenter follows directly from the fact of inequality (6).

Remark 3.4 If we change the condition of the space X in Theorem 3.3
from being CAT(κ) to being of curvature ≤ κ, the theorem may not be true.
For instance, consider a 2-dimensional cylinder. It is a complete space of
curvature ≤ 0 but the circumcenter of bounded tube is not unique.

4 Convex Subspaces and Projections

The projection onto a complete, convex subspace of a CAT(0) spaces X is the
name given to the map p : X → C constructed in the following proposition.

Theorem 4.1 [9] Let X be a CAT(0) space, and let C be a subset which is
complete in the induced metric. Then,

(1) for every x ∈ X, there exists a unique point p(x) ∈ C such that
d(x, p(x)) = d(x, C) := infy∈C d(x, y),

(2) if x′ belongs to the geodesic segment [x, p(x)], then p(x) = p(x′), and
(3) given x ∈ X − C and y ∈ C, if y �= p(x), then � p(x)(x, y) ≥ π

2
.

Actually we can generalize the projection onto convex subsets of CAT(κ)
spaces for arbitrary κ, when κ > 0 we assume furthermore that C is Dκ-
geodesic and we replace X by V = {x ∈ X | d(x, C) < Dκ

2
}. See more detail

in [9].
Now we shall prove the necessity of Proposition 4.1(3) for arbitrary κ. We

start the proof with the following lemma.

Lemma 4.2 Let � be a triangle in M2
κ with sides of length a, b, c > 0 and

angle γ at the vertex opposite to the side of length c. If c < a ≤ Dκ, then
γ < π

2
.

Proof. In the case κ = 0, it is obvious. We are going to show in the case κ > 0.
By the law of cosine in M2

κ , we have

cos(cλ) = cos(aλ) cos(bλ) + sin(aλ) sin(bλ) cos γ. (9)

Since c < a ≤ Dκ, we get cos(aλ) < cos(cλ) and therefore Equation (9)
becomes

cos(aλ) < cos(aλ) cos(bλ) + sin(aλ) sin(bλ) cos γ.

Consequently,

cos γ >
cos(aλ) − cos(aλ) cos(bλ)

sin(aλ) sin(bλ)

=
cos(aλ)(1 − cos(bλ))

sin(aλ) sin(bλ)
> 0,
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which implies γ < π
2
.

Lastly, for the case κ < 0, we use the law of cosine in M2
κ for κ < 0 and

prove in the same way as the case κ > 0. The lemma is then completely
proved.

Theorem 4.3 Let X be a CAT(κ) space, and C a convex subset which is
complete in the induced metric (when κ > 0 we assume that C is Dκ−geodesic
and we replace X by V = {x ∈ X | d(x, C) < Dκ

2
}). If x ∈ X − C and

� z(x, y) ≥ π
2
, for a fixed point z ∈ C and for all y ∈ C with y �= z, then z is

the projection of x in C.

Proof. We shall show that d(x, z) = d(x, C). Suppose that there were some w ∈
C such that d(x, w) < d(x, z). Consider a comparison triangle �(x′, z′, w′) of
the triangle �(x, z, w). Since d(w′, x′) < d(z′, x′) by Lemma 4.2, we have that
� z′(w

′, x′) < π
2
. Therefore � z(w, x) ≤ � z′(w

′, x′) < π
2
, which is a contradiction.

Thereby d(x, z) = d(x, C). This proves the theorem.

Next we generalize the fact in Proposition 3.1 of [14] to CAT(κ) spaces.
For a nonempty subset C of X put IC(x) =

⋃
y∈X

{y : (x, y] ∩ C �= φ} ∪ {x}.

Theorem 4.4 Let C be a nonempty closed convex subset of a CAT(κ) space
X, x ∈ X and p(x) ∈ X the projection of x in C (when κ > 0 we assume
that C is Dκ−geodesic and we replace X by V = {x ∈ X | d(x, C) < Dκ

2
}). If

y ∈ IC(p(x)) − {p(x)}, then d(x, p(x)) < d(x, y).

Proof. Let y ∈ IC(p(x))−{p(x)}. Then there exists a sequence (yn) in IC(p(x))
such that yn → y. For all large n we can find zn ∈ (p(x), yn] ∩ C. Because
zn ∈ C − {p(x)}, � p(x)(x, zn) ≥ π

2
. Therefore the angle at p(x) of comparison

triangle �(p(x), x, yn) is greater or equal π
2
. By the laws of cosines we have

that

cosh(λd(x, yn)) ≥ cosh(λd(x, p(x))) cosh(λd(p(x), yn)) if κ < 0,
d2(x, yn) ≥ d2(x, p(x)) + d2(p(x), yn) if κ = 0,

cos(λd(x, yn)) ≤ cos(λd(x, p(x))) cos(λd(p(x), yn)) if κ > 0.

By taking n → ∞, we have

cosh(λd(x, y)) ≥ cosh(λd(x, p(x))) cosh(λd(p(x), y)) if κ < 0,
d2(x, y) ≥ d2(x, p(x)) + d2(p(x), y) if κ = 0,

cos(λd(x, y)) ≤ cos(λd(x, p(x))) cos(λd(p(x), y)) if κ > 0,

which give

cosh(λd(x, y)) > cosh(λd(x, p(x))) if κ < 0,
d2(x, y) > d2(x, p(x)) if κ = 0,

cos(λd(x, y)) < cos(λd(x, p(x))) if κ > 0.

Therefore we obtain d(x, p(x)) < d(x, y) for any κ, as required.
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