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Abstract
In this paper,by using the fixed point index theorem,the existence
results of positive solutions for some second-order singular semipositone
boundary value problem are obtained.
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1 Introduction

Consider the following boundary value problem(BVP):

" 1 B 1 _ 1 B
Ut e o 2-45)=00<t<1,
au(0) — bu'(0) = 0, cu(1) +du'(1) = 0,

(1.1)

which arises in many different areas of applied mathematics and physics. Sin-
gular problems of this type that the nonlinearity g may change sign are referred
to as singular semipositone problems in the literature. Motivated by BVP (1.1),
this paper presents the existence results of the following second-order singular
semipositone boundary value problem:

{ u' + f(tu) +g(t,u) =0, 0<t<l,

au(0) — bu'(0) = 0, cu(1) + du'(1) = 0, (1.2)

where a,b,c,d > 0, f, g is singular at ¢ = 0, 1, and the sign of ¢g may change.

In recent years, singular boundary value problems in the case of g = 0
(i.e.positone problems) have been studied extensively(see,for example,[1-4]and
references therein). Naturally we hope there are the same excellent results on
singular semipositone boundary value problems, so the purpose of this paper is
to deal with the second-order singular semipositone boundary value problems.
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2 Preliminary Notes

Concerning the boundary value problem(1.2), we make the following hy-
potheses:

(Hy) f, g:(0,1) x (0,00) — R is continuousf(t,u) > 0, g(t,u) >
—q(t), V(t,u) € (0,1) x (0,00), where q(t) € L'(0,1), q(t) > 0;

()  f(tu) < pr(Dar(u), gtu) < pa(t)p(u), where py € C[(0,1) —
R*], po € C[(0,1) — R], ¢¢ € CI[R" — R*Y], ¢ € C[R" — R], 0 <

fe(s)q(s)ds < oo, and 0 < [; e(s)(pi(s) + pa(s) + q(s))ds < oo, where

b+as)(d+c(l—s
o) = st

(H3) There exists 7:7 > 2 [} q(s)ds such that

r 1
>/ els s) + p2(s) + q(s))ds;
odnax {ai(u), laz(u)l, 1} = Jo (s)(p1(s) + pa(s) + q(s))
ull<r
(Hy) lim, . inf M > M, where M~' = L max [} G(t,s)ds, 0 €

0<t<1 2 0<t<1
(0.3).
We define E = (0, 1] be the Banach space, || u ||= max |u(t)| be the

norm of F,and G(t,s) be the Green's function of the followmg second-order
boundary value problem:

u'=0, 0<t<l,
au(0) —bu'(0) = 0, cu(1) +du'(1) = 0,

that is
Granldiell=s)) (< <5<,

G(t,s) = { (braiattlion)
T actadtbe 0 S S < t < 1.

It is clearly that: G(t,s) > 0, G(t,s) < e(t) = % for V (t,s) €
(0,1). We define a cone K C E by

K={ul|uekFE, ult)>el)ul|, te]l0,1]}.
Let

[u]*_ u,u > 0,
] 0,u<O,

Let us define a mapping A: K — E by

Au(t) = [ Glt,5)(F (s, i = w]") + 905, = w]") + a()ds,

where
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It is easy to check that w is the positive solution of the second-order singular
semipositone boundary value problem (1.2) if and only if u > 0 and u + w is
the fixed point of A .

The following lemmas are important to the proof of our theorem.

Lemma 2.1° Let K be a cone of the real Banach space E, Q be a bounded
set of E,0 € Q,and A: QN K — K be completely continuous. Suppose
that Au # mu for Vu e 00N K, m > 1, then i(A,QNK,K)=1.

Lemma 2.2 Let K be a cone of the real Banach space E, 2 be a bounded
set of £,0 € Q,and A: QN K — K be completely continuous. Suppose that
there exists B : 02 N K — K which is completely continuous such that

(1) inf ||Bu| >0,

ueIQNK

(2) u— Au # mBu, Yu € 00N K, m > 0,
then (A, QNK,K)=0.

Lemma 2.3 If (H;),(H2) hold, then A : K — K is completely
continuous.

Proof We define a function 7(s) : [0,1] — [0,1] such that G(7(s),s) =
max G(t,s), then we have

0<t<
b‘*b‘;('l(ts)’ t, T(S) <s,
(b+at)(d+c(1—s))
_Glts) Gras){erell=rGN)’ t<s<7(s),
- +c(1—
Gre).s) | @y s <t,7(s),
(b+as)(d+c(1-t))
Brar(s)(dte(1—s)) T(s) <s <t
b+ at)(d 1—t
> ot) = LA+ (L= 1)

- ac + ad + be
thus, for V u € K, we get

Aut) = Jy ( )(f(sa([u—W]*)Hg( ([u—w])) +q(s))ds
foG G (s), ) (f(s, (fu = w]) + g(s. ([u = w]")) + a(s))ds
()HAUII t € [0,1],

which implies A : K — K, and it is easy to prove that A is completely
continuous(see [6]).

3 Main Results

Theorem 3.1 Suppose (Hy) — (Hy4) hold, then BVP (1.2) has at least one
positive solution.

Proof  Firstly, we prove: u # cAu,a € [0,1], u € 0Q,, Q. = {u e Q|
[ul| <r}.
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If otherwise, there exist «ag € [0,1], ug € 092, such that
Ug = Oé()AU(),
then we have
uo(t) = |luollet) =r-e(t),
on the other hand,

w(t) :/ s)ds < / s)ds-e(t Muo(t)ds, t€0,1]. (3.1)

r

— #)UO(t) 2 %Uo(t) 2 07 te [07 1]7 (32>

$))ds

ds
(8)q1([uo — w]) + pa(s)qa([uo — w]) + q(s))ds

p1(s) + pa(s) + q(s))ds - maxo<u<r {q1(u), |ga(u)|, 1}

< Jo e(s)(p1(s) + pa(s) + q(s))ds - mmax {qy(u), [g2(w)], 1}

= Qy fol G(tv S)(f(s’ [UO - w]*) + g(sv [UO - w]*) + Q(
(s, [uo = w]") + (s, [uo — w]") +q(s))

s
|

then o] = 7 < i e(s)(p1(5) + () +a(s))ds - oo {an (), [ )] 1}, which

is contradict to (H3). By Lemma 2.1 we know
(A, NK, K) =1, (3.3)

By (H,), for Ve > 0, there exists R > r > 0 such that f(t,u) > (M + ¢)u
for Ve > 0,u > R". et Qp = {u € Q| Ju| < R}, where R > 2000 R,
Let Bu(t) = 1, for Vt € [0,1]. It is clearly that inf ||Bul| > 0, and
u€ONRNK
B : 00N K — K is completely continuous.
Secondly, we prove that u — Au # mBu for Yu € 00N K, m > 0.
Otherwise, there exist vy € 0Q2g, mg > 0, such that vy — Avg = moBuy.
Let £ = min{vg(t),t € [0,1 —6],0 € (0,1). Since R > r > 0, noticing that
(3.2) holds, then for any ¢t € [#,1 — 6], we have

vo(t) = Jo G(t,8)(f (s, [vo — w]*) + (s, [vg — w]*) + g(s))ds + my
> 37" G(t,5)(f (s, [vo — w])ds + mo
>l G, >%<M+a>ds &+ mo
= MY (M +¢e)+mg
>€7
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which is contradicts to & = min{ve(t),t € [6,1—6],0 € (0,3)} . Then for
Yu € 0Qr N K,m > 0, we have u — Au # mBu. By Lemma 2.2, we get

i(A,Qr N K, K) = 0. (3.4)

It follows from (3.3) — (3.4) that i(A, (Qr \ Q) N K, K) = —1. According
to the fixed point index theorem (see[7]), we get that A has a fixed point
u, r < ||u]] < R. Let v = & — w. Since ||a|| > r, then a(t) —w(t) > (1 —

W)ﬂ(t) > su(t) > 0. Thus v = @ — w is a positive solution of BVP (1.2).

1
2

I BVP (L1),let f(t,0) = ey 9(bu) = = 7= 2=k, a(t) =

\/ﬁa pi(t) = mv ¢ (u) = Hﬁy pa(t) = _%7 G2(u) =2 - ﬁ
It is easy to check that (H,), (Hsz) hold. Let r = 14, then r > 2 [ ¢(s)ds >

1 2 _ r 1.2(1 _ \2
2D i ® = A s > 7 > o s = 8 0s) £ pals) +

q(s))ds = ﬁ + & then (Hy) also holds. It follows from Theorem 1 that
BVP (1.1) has at least one positive solution.
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