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Abstract

We consider the blow up mechanism for a perturbed system of
chemotaxis. First, using Moser’s iteration scheme the blow up point
of the solution is characterized in terms of the local Zygmund norm.
And then, by the analysis on the Gagliard-Nirenberg inequality together
with the study of the Green’s function associated with elliptic part of
system, we establish finiteness of blow up point.
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1 Introduction

We consider the following parabolic-elliptic system describing chemotactic ag-
gregation of slime molds:

du — . (Vu — xuVo), (z,t) € Q x(0,7T)

ot
(2) 0=Av — v — Blv]P~ v + au, (z,t) € 2 x (0,T)
Gu — v — (z,t) € 0 x (0,T)

u(z,0) = up(x), x €,

where Q is a bounded domain in R with smooth boundary 0 and T >
0. Here, u(x,t) and v(z,t) are the cell density and the concentration of the
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chemical substance at place x and time t, respectively, x, a, [, v are positive
constants, 1 < p < oo, and v is the unit outward normal vector on 0€). The
term F' = Vu — xyuVwv stands for the flux of u so that the effect of diffusion
V - Vu and that of chemotaxis xV - (uVv) are competing for u to vary.

For the problem (CZ) with 8 = 0, Nagai [7] showed that the conjecture of
Childress and Percus [5] on N = 2 is true for radially symmetric case. More
precisely, the chemotaxis collapse can occur if the total cell number on 2 C R2,
indicated by A = ||ugl|,, is larger than 2—; and can not occur in the other case.
Then, Senba and Suzuki [11] and Suzuki [12] have made clear the blowup
mechanism including non-radial case. Here we study the blowup solution in
the case of § # 0. For the initial function uy we suppose

1. ug > 0 and ug is not identical to 0 on €2,

2. ug is smooth on .

Chen and Zhong [3] showed that system (CZ) has a unique classical solution
denoted by (u,v) = (u(x,t),v(z,t)) defined for (z,t) € Q x [0, Tyax) under the
assumption of 1 < p < +oofor N =2 and 1 < p < % for N > 3, where
Tax = sup{T > 0 | (u,v)exists for z € Q,t € [0,T)} stands for the maximal
existence time of the solution. This solution satisfies u > 0 and A = |lu(-, )|l
is invariant in . Moreover, [4] obtained that if N = 2 and ||ugly = A < 3—’;{
then Thax = 00 and ||u(-,t)||e < C, and also that if ug is radially symmetric
and ||ugll, > 081—;, then Thhax < 00 can happen.

Henceforth we assume y = a = 3 = v = 1 for simplicity. We shall show
two theorems concerning the blowup of the solution. The first theorem justifies
the terminology 'blowup’.

Theorem 1.1 If Tiax < 00, then limyg,,. ||u(-, )] = 00.
Regarding this, we define the blowup set B of u as follows:
B = {zg € Q | there exist t; T Tiax and x, — o such that u(zg,t) — oo as k — oo},

and call each zq € B the blowup point. The condition T}, < oo implies
B # () by Theorem 1.1, while the next theorem guarantees its finiteness.

Theorem 1.2 [f T,,., < oo, then {B < oco.

Keller and Segel [6] discussed the initiation of cell aggregation as instability of
the spatially homogeneous steady state. As for the global in time behavior of
the solution, Nanjundiah [10] has posed the problem that cell density u(z, )
will blowup in finite time and form a J-function singularity. Such a result
is obtained for # = 0 by [11], and then the quantized blowup mechanism is
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proven by [12] suggested by the threshold conjectured of [5]. Even in this
perturbed system of 3 # 0, we can show the formation of collapse by Theorem
1.2 similarly. Thus, it holds that u(-,t) — > _zm(x0)dy, in M(Q) as ¢ 7
Thax- Here, mass quantization indicates the equality m(zg) = m.(x), where
m(zo) = 8™ and m,(xy) = 47 according to xy € Q and z( € I, respectively.
The estimate m(zg) < m.(x¢) may be proven similarly to [12], while m(xy) >
m.(zo) will be more delicate because there seems to be no (quasi-)Lyapunov
function associated with the Trudinger-Moser inequality.

2 Preliminaries

In this section we confirm several inequalities used later. First, the Gagliardo-
Nirenberg inequality in two space dimensions is described by

lwll; < K2([Vwllf + w]7),  we W (),

where K is a constant determined by €.
Henceforth, we set Br(xg) = {z € R? | |z — 29| < R} and take the smooth
cut-off function ¢ satisfying
0<¢<1 inR?2 8_(,0:0 on Of2 (1)
v
as in [11, 12]. More precisely, given xy € €, we take Bag(zg) C 2 and ¢ €
Cs°(R?) satisfying 0 < ¢ < 1 and where R’ € (0, R). Given zq € 02, we
take 0 < R < 1 and the smooth conformal mapping X : Byg(z9) N Q2 — R2
satisfying zo — 0 and where R € (0, R). Then we set ¢ = ((X(z)), where
(e CP(R?),0<(<1,¢(=1o0n Byp(0), and ¢ =0 on R*\ B;(0). It holds

that 5 X
ggoX:E-(VgoX):0 on 0f),

because X is conformal and hence %—)If is proportional to (0,1) on 0f2. Thus,
we obtain (1) in both cases.

Then, ¢ = @) g g satisfies where A > 0, B > 0 are constants determined
by 0 < R < R < 1. We shall use the following lemma obtained by [11].

Lemma 2.1 The following inequalities hold for any s > 1, where C' > 0 is
a constant:
2

A
/u2wda; < 2K2/ udm/ u | Vul|*dr + K? (— + 1) lull3  (2)
(9] BR(xo)ﬂQ Q 2

2K*?
/quxgl /(ulogu+e1)dx/u1|Vu|2dx—|—2K2Hu||%+332|§2| (3)
0 Q 0
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T2K*

/u3¢dx < / (ulogu—}—e_l)dx/ [Vul*dz+Cllulli sy @w)na)+10/€2s’.
Q log s Br(z0)NQ Q

(4)
The second equation of (CZ) is written as

0
—Av +a(z,t)v =u in Q, 20 ondQ
v
with a(z,t) = 1+|v[’"", and then we obtain v > 0 by u > 0 and the maximum
principle. This implies
[l + [lofl5 = lull

and therefore, it holds that

0
—Av+v="h, h=u— v inQ, a—U:O on 0f2 (5)
v
with
1l < flully +llollf < 2flulls.

Then, L' estimate of [2] gives supg<;er,. ||v]lwra < Cyllully for ¢ € [1,2) and
hence

sup  [vfly < Cyllully  for g € [1,00) (6)
0§t<Tmax
by Sobolev’s embedding theorem. Here, we emphasize that A = ||u||, is invari-

ant in .

3 Characterization of the blowup point

Henceforth, we assume T}, < 0o and denote the blowup set by B. Using (6),
we can show the following lemma similarly to [11].

Lemma 3.1 We obtain xo € B if and only if

lim sup/ ulog udr = oo
11T max BR(IQ)HQ

forany 0 < R < 1.

Proof. The ’if” part is clear, because zoy ¢ B implies

lim sup/ ulogudr < oo (7)
tTTmax BR(mo)mQ

for some 0 < R < 1 by the definition.
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For the ’only if’ part to prove, we assume (7) and show xy ¢ B. First, we
obtain

lim sup/(u log u)ydr < oo
0

tT’Tmax

for ¢ = gago r g Where 0 < R' < R. Then, multiplying the first equation of
(CZ) by uy, we have

1d
—— u2wda:—|—/ \Vu|2wda:+/ uVu-Vipdr = / quUVud:I:—i-/ u?Vou-Vipda.
2dt Jgo Q 0 0 0

(8)
The first term of the right hand side of (8) is equal to

/ uyVu - Vodr = 1 / u?Av - Pdr — l/ u?Vu - Vipdz.
Q 2 Ja 2 Jao

Then, using the second equation of (CZ), we obtain

/ upVu - Vodz
Q

1 1 1 1
= —/u%zﬁdm— —/u2|v|p_lvdx+ —/u3¢dx— —/uQVU-V@/)dx
2Ja 2 Ja 2 Ja 2 Ja

1 1
< —/ugqbdx——/uQVU-V@/)dx
2 Ja 2 Ja

= 1/ugiﬂdl'—i—l/UV(UQ)iﬂdl'—i—l/uQUAwdiL’.
2 Ja 2 Ja 2 Jo

Since the second term of right side of (8) is equal to

/ u*Ve) - Vudr = — / vV (u?) - Vipdr — / w*vAdr,
Q Q Q
it holds that
1d 9 9
—— [ wdx + [ |Vu|*¢dz+ [ uVu-Vidr
2dt Jqo Q 0
1 1
= — / utipdr — = / oV (u®)Vipdr — / w*vAdr. 9)
2 Ja 2 Ja 0

By using Young’s inequality and the estimate of ¢, we have

L /u%Azﬁdm
21Ja

/ uVu - Vipdx
Q

1 B3
<1 / dde+ 2o, (10)
3/, 6

1 1 4 A8
<5 [Ivupvds+ g [ wvder 20l )
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and

1

<1 [1vuvde s [ wva Al a2
5 _4Qu :103qu481}6.

/ vVu? - Vpdr
Q

Inequalities (9)-(12) are summarized by

1d

1 3
ta [ o 1 2 <2 .3 ‘
o Qu @/)dx+2/9|Vu| ¢dx_2/ﬂu Ydr + C4 (13)

Using (4) with s < 1, we obtain

pr u 2hdx + = / |Vul*ydr < 20.

This implies
sup / u*pdr < oo. (14)
Q

0§t<Tmax

Multiplying the first equation of (CZ) by u%) and integrating by parts, we
have

o dex+ /]wa%dx<4/ whdz + Cy (15)

for w = u%? in a similar way. Here, it holds that

sup wlogwdr < co and sup ||lw < 00
0<t<Tmax /BR, (@0)NQ2 s 0<t<Tmax | HLI(BR’(w )

by (15) and therefore, we can repeat the above argument. Thus, with u, R,
and ¢ = gagO’R,vR, replaced by w, R/, and ¢ = @207R,,,R,, it follows that

2/3
sup Hw||L/2 (By(zo)n2) —  Sub ||u||L3(BT(z0)mQ) < 00
0<t<Tmax 0<t<Tmax

similarly to (14), where R” € (0, R') and r € (0, R). This implies

sup ||h - < 00
o 11| 35, @o)ne)

n (5) by (6), and then

sup "U"W2’3(Br/(mo)ﬂﬁ) < 00
0<t<Tmax

follows for v € (0,7) from the elliptic regulality. Since R’ € (0, R) and ' €
(0, R') are arbitrary, this guarantees

sup  ||v]lc1s, (m)n0) < 00 (16)
0<t<Timax
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for any r € (0, R) by Morrey’s theorem. Repeating the argument once more,
we have also

sup  ||ul| Laes, (mo)n) < 00. (17)
0§t<Tmax

From this stage we use only the first equation of (CZ), and the proof is the
same as that of [11]. For reader’s convenience, we describe the story in short.
First, taking ' € (0,7), ¢ = 903077,/77,, and ¢ > 1, we multiply the first equation
of (CZ) by uqpat:

1 d
g+ 1dt Jq

Then, it follows that

(up) ™ de = — / V (uip?™H).Vudr+ / uV (ulp?™)-Vodr = —IT+11.
Q Q

I = / (qui™ ' Vu + uIVyYItt) - Vude
Q

2 at1 2 A2(g+ 1 2\ 3
—/ ‘Vuf2 doe — 2 (¢ + >_||u0’|1/3 (/ Uﬁ?’q)
q+1Jq 2 Q

where u; = ut. Next, using (16),

>

L= sup |Vv|Lr=B (@w)na) < 00,
0St<’Tmax

we obtain

q+1

1 o1 (2 s 5/6
= —/ [V, | 422 (q+1) / Wl o+ LA(g+1) o | (/ “i“"d“’)
q+1Jg Q Q
dz + C3(q + 1)* / uwitdz

and hence
i/u‘f“dm < —/ Vuf%l
dt Jq 0 0

» , oy 2/3 Lrtq 5/6
3(q + 1) Uy + Uq )
Q Q

Here, ('3 > 0 is independent of ¢ > 1 and we apply Moser’s iteration scheme
[1]. Then, it follows that

2

1/4
sup  Juglloo < C'4max{( sup Hu1||i+1) ,||u0||oo+1}

0<t<Tmax 0<t<Tmax
and hence
sup HulHoo = sup ||u¢1||oo <0
0<t<Tmax 0<t<Tmax

by (17). This implies lim supy7,  ||u|lze (B, (2o)ne) < 00 and therefore, zy ¢ B.

r!
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4 Proof of Theorem 1

The proof of Lemma 3.1 is valid even to ¢ = 1, and in this case we can show
that

limsup/ ulogudr < oo (18)
1T Ja
implies
lim sup ||ul|o < 0. (19)
“T

If (19) is the case, then the elliptic and parabolic regularity guarantees that
the solution w is continued after t = T'. Here, we shall show that (18) follows
from

liminf/ ulogudr < oo (20)
ar Jo

and consequently, Ti.x < oo implies

lim inf/ ulogudr = oo,
0T Jo

and hence limyr ||ul| = 00 as is desired.
In fact, multiplying log u by the first equation of (CZ), we have

i/ulogudm%—/u_1|Vu|2+uv+uvpdx:/u2dx. (21)
dt Jo Q Q

The right-hand side is estimated from above by (3), and then it follows that

2K?
i/ulogudx—i—{l— /(ulogu+e‘1)dx}/U_I\Vu|2dx§0Hu0||f+3s2|§2|.
dt Q IOgS Q Q

Taking s = s(t) = exp (2K? [,ulogu+ e™')) dz > 1, we obtain
dJ 9 9
< Ol + 312 exp (41621

where J = [,(ulogu + e ')dx. This inequality guarantees that (20) implies
(18).

5 Proof of Theorem 2

Given o € , we take 0 < R’ < R << 1 and set 1) = o mop Let G =
G(z, ") be the Green’s function defined by

0

G=0 (2 €99Q)
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for x € Q. Using G(z,2') = G(2', x), we can show the following [11].

Lemma 5.1 It holds that p € L>(§2 x Q), where
p(z,2") = Vip(x) - V,G(z,2") + V(2" )V G(z, ).

Multiplying u1) to the first equation of (CZ), we obtain

4 (ulogu)wdx+/(u_1|Vu|2+uv+uvp)1/)dx

:/qudx+/(—(logu+1)Vu+ulogqu)-dex
0 Q

similarly to (21). The right-hand side is treated by the method of [11]. Using
(6), we obtain the following.

Lemma 5.2 It holds that

4 (u logu);/zdx%—i/

u | Vul*pdr < 2/ u*pdx + Cs. (22)

Q

Then, the argument in the previous section can be localized. More precisely,
we obtain

d 1
— [ (ulogu)ydr + - (1 - 16K2/ udx) / u | Vul*ypdr < Cg
dt Jq 4 Br(z0)NQ Q

by (22) and (2), and therefore, the assumption

imsup | dz < .
im sup udr < g9 = ———
tT’Tmax BR(Z‘O)QQ ]‘6K2

implies

lim sup/ ulogudr < lim sup/(u log u)Ydxr < oo.
tTTmax BR’ (Io)ﬁﬂ t1Tmax Q

Then, it follows that zq ¢ B from Lemma 3.1. In other words, each zo € B
admits the estimate

lim sup / udx > &g (23)
tTTmax BR(mo)mQ

for any 0 < R < 1.
Now, we shall replace this condition by

lim inf/ udx > e, (24)
tTTmax BR($0)0Q



1270 M. Kurokiba and T. Suzuki

where g € B and 0 < R < 1 are arbitrary. If this is the case,

¢B < [[uol|1 < 00
€0
because L' norm of v is invariant: |[u(-,#)|l; = |luoll1, and then the proof is

complete.
For this purpose, we use the first equation of (CZ) and derive

4 uwda::/qudx+/qu~dex, (25)
dt Jq 0 0

where | [, uApdz| < Bl|ug| 11 is obvious. Then, the second term of the right-
hand side of (25) is equal to

/ / w(z, t)Vip(x) - V,G(x, o) [u(a', t) — P (2, t)] da' dx
aJo

= %/Q/Qp(x,x’)u(:v,t)u(x’,t)dxdx’—/ﬂ/Qu(:v,t)vw(x)-VxG(m,x’)vp(x’,t)dx’da:.

Here, Lemma 5.1 implies

[ p<m,y>u<x,t>u<y7t>dmy\ < pllolluoll,
QJN
while

//u(m,t)Vg/J(x)-VxG(x,x’)vp(x',t)da:’dx
aJo

< Alluolly [[(=A+ D)7
< AC fuoll7

holds by (6). Thus, we obtain

d
— d
dt/ﬂmﬁx

and hence the convergence

Timax d
li dr = d — - t)bdx ) dt.
tTilanrix ngb x /Quo(x)g/z x+/0 (dt/ﬂu<’ ) x)

Since 0 < R <« 1 is arbitrary in (23), we obtain (24).

1
< Blug||rr + §||P||L°°(Qx9)’|uo||f + AC ||uo|
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