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Abstract
In this paper, a new class of generalized nonlinear complementarity
problems is introduced and studied, and an iterative algorithm, called
the three-step iteration scheme with errors, is suggested. The existence
and uniqueness of solution for the generalized nonlinear complementar-
ity problem and the convergence, stability and weak stability of iterative
sequence generated by the algorithm are given.
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1 Introduction and Preliminaries

It is known that the variational inequality theory and complementarity theory
have lots of applications in diverse fields of mathematical, regional, physi-
cal, and engineering sciences (see [1], [3], [7]-[12], [14], [15] and the refer-
ences therein). The convergence, stability and weak stability of the Mann



1342 Zeqing Liu and Shin Min Kang

and Ishikawa iterative procedures for several kinds of nonlinear mappings and
equations were studied by several researchers ([2], [4]-[6], [13], [16]). Bokhoven
[14] used first the change of variables technique to study a class of linear com-
plementarity problems in R™. Later, Ahmad, Kazmi and Rehman [1] modified
the change of variables technique to suggest some iterative methods for solv-
ing to the implicit complementarity problem in Hilbert spaces. Liu and Kang
[7] discussed the convergence and stability of a perturbed three-step iterative
algorithm for a class of completely generalized nonlinear quasi-variational in-
equalities.

Inspired and motivated by the research work in [1]-[16], in this paper, we in-
troduce and study a new class of generalized nonlinear complementarity prob-
lems in Hilbert spaces. Using the change of variables technique, we prove
that the generalized nonlinear complementarity problem and the fixed point
problem are equivalent. Using this equivalence, we suggest and analysis a new
unified and general algorithm, which is called the three-step iteration scheme
with errors, for computing the approximate solution of the generalized non-
linear complementarity problem. Under certain conditions, we establish the
existence and uniqueness of solution of the generalized nonlinear complemen-
tarity problem, and the convergence, stability and weak stability of iterative
sequence generated by the algorithm. Our results are extensions and improve-
ments of previously known results.

Let H be a Hilbert space on which the inner product and norm are denoted
by (-,-) and || - || respectively. Let K be a nonempty closed convex cone of
H K*={ye H: (y,x) >0, Yz € K} denote the convex polar cone of K in
H and Pk stand for the projection of H onto K. Assume that T)A: H — H
and N : H x H — H are mappings. We now consider the problem of finding
u € H such that

u€ K,N(Tu,Au) € K* and (N(Tu,Au),u) =0, (1.1)

which is called the generalized nonlinear complementarity problem.
Related to the generalized nonlinear complementarity problem (1.1), we
consider the generalized nonlinear variational inequality as follows:

Find v € K such that (N(Tu, Au),v —u) >0, VoveK. (1.2)
It is worth mentioning that problem (1.1) can be written as
ve K, v=N(Tu,Au) € K* and (v,u)=0. (1.3)

Let us recall the following concepts and results. For each v € H, we define
the absolute value of u as follows:

lu| =ut +u”, w" =sup{0,u} and w = —inf{0,u}.
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It is known that for any arbitrary element v € H, we get that u = u™ + u~
and (u™,u~) = 0. For all z € H, we consider the following change of variables:

2| -2z 2271

=2t =Pg(2), v=

2
: E =T =P ), (1)

where p > 0 is a constant.

Lemma 1.1. [3] Let z be an arbitrary element in H and K be a closed
convez set of H. Then u € K satisfies the inequality (u — z,v —u) > 0 for all
v € K if and only if u = Pk(z). Moreover, Pk is nonexpansive.

Lemma 1.2. [15] Let K be a closed convex cone of H. Then
(a) (P(z) —x,y) >0, V(z,y) € H X K;
(b) (Pa(z) — . Pa(a)) = 0, Vo € K.

Lemma 1.3. [4] Let {ay}n>0, {bn}n>0 and {c, }n>0 be nonnegative sequences
satisfying
Ap41 S (1 - tn)an + tnbn + Cn, vn Z 07
where {t,}n>0 C [0,1], > 77 jt, = 00, lim,, o b, =0 and > 7 ¢, < co. Then
lim,, o a, = 0.

Lemma 1.4. Let K be a closed convex cone of H, t and p be positive con-
stants with t < 1. Then the following statements are equivalent each other:

(a) the generalized nonlinear complementarity problem (1.1) has a solution
u € K;

(b) the generalized nonlinear variational inequality (1.2) has a solution u €
K;

(c) there exists an element u € K such that

1
u= Py <u ~ 5pN(Tu, Au)), (1.5)
(d) the mapping G : H — H defined by
Giz)=(1—-1t)z+ t<z+ — %pN(TzJF,AzJF)), 2t =Pg(z), Vze H (1.6)

has a fized point z € H. Moreover, u = P(z).

Proof. We first assume that problem (1.1) has a solution u € K. Since
N(Tu, Au) € K*, it follows that

(N(T, Au),v — u) = (N(Tu, Au),v) — (N (Tu, Au), u)
= (N(Tu, Au),v) >0, YovekK.
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That is, problem (1.2) has a solution u € K.
Conversely, suppose that problem (1.2) has a solution u € K. Then 2u and
0 are in K. Taking v = 2u and v = 0 in (1.2), respectively, we have

(N(Tu, Au),u) >0 and (N(Tu,Au),u) <0,
which imply that (N(Tu, Au),u) = 0. It follows that
0 <(N(Tu,Au),v —u) = (N(Tu, Au),v), Vv eEK,

that is, N(Tu, Au) € K*. Therefore, problem (1.1) has a solution u € K.
It follows from Lemma 1.1 that u € K is a solution of problem (1.2) if and
only if

<u— <u—%pN(Tu Au)),v—u> >0, VvekK

S u= Py

VRS

u— —pN (Tu, Au))
We next assume that (c) holds. Put
1
z=u— ipN(Tu, Au) (1.7)

In view of (1.4) and (1.5), we know that (1.7) can be written as:
1
z=2z" - ipN(Tz+, Az, (1.8)
where 2zt = Pg(z). Note that ¢ € (0,1]. Hence (1.8) is equivalent to

le(Tz*,Az*)) € G(z).

:(1—t)z+t<z+—2

Consequently, (d) holds.
We finally assume that (d) holds. Using (1.4), we conclude that the follow-
ing statements are true:

1
2e€GR) e 2=2" - épN(Ter,Aer)

1
& 27 = CpN(T=+, A2) (1.9)

< v = N(Tu, Au).

By virtue of (1.4), (1.9) and (a) of Lemma 1.2, we infer that u = Px(z) € K
and v = N(Tu, Au) € K*. On the other hand, (1.4), (1.9) and (b) of Lemma
1.2 ensure that

(N(Tu, Au),u) = (v, u) = <%(PK(Z) _ ), PK(Z)> ~0.

Therefore, (a) holds. This completes the proof. O
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Invoking Lemma 1.4, we suggest the following three-step iteration scheme
with errors for the generalized nonlinear complementarity problem (1.1):

Algorithm 1.5. Let K be a closed conver cone of H and T, A : H — H
and N : H x H — H be mappings. Given zy € H, compute the sequence
{zn}n>0 by the iterative schemes

Tn =1 —=79)2n + Vn <z:{ — gN(T;;:{,Aﬁ{)) + 8n, 27 = Pr(z,),

Yn = (1= Bn)zn + Bn <:IJZ - gN(TxZ, Awi)) + qn, T = Pg(n),

Zng1 = (1 — ) zn + (y;r - gN(Ty:{,Ay;r» + Pns y:{ = Px(y.) (1.10)

for all m > 0, and {sp}n>0, {@n}tn>0 and {pn}n>0 are the sequences of the
elements of H introduced to take into account possible inexact computations,

and the sequences v buzo, {Batnzo and {3 }uzo satisfy

0<an,Bn <1 foralln>0 and Zan:oo (1.11)
n=0

Definition 1.6. Let A: H — H be a mapping. A mapping N : H x H —
H is said to be

(1)r-strongly monotone with respect to A in the first argument if there
exists a constant r > 0 such that (N(Ax,z2) — N(Ay, z),z —y) > rllz — y|?
for all x,y,z € H,

(2) a-Lipschitz continuous in the first argument if there exists a constant
a > 0 such that ||N(x,z) — N(y, 2)|| < aljlz — y|| for all x,y € H.

It follows from (1) and (2) that o > ~. Similarly, we can define the Lipschitz
continuity of N in the second argument.

Definition 1.7. ([2], [16]) Let T': H — H be a mapping and {a, },>¢ be
a sequence in [0, 1]. Assume that zg € H and z,41 = f(T, an, z,,) define an
iteration procedure which yields a sequence of points {z,},>0 C H. Suppose
that F(T)={x € H:x =Tz} # () and {x, },>0 converges to some u € F(T).
Let {z,}n>0 be an arbitrary sequence in H and &,, = ||z,41 — f(T, o, 2,,) ]| for
all n > 0. If lim,,_o €, = 0 implies that lim,_,., 2, = u, then the iteration
procedure defined by z,.1 = f(T, v, x,) is said to be T-stable or stable with
respect to T. If e, = €, + ¢l with > 7 el < oo and €]/ = l,q, for all n > 0

and lim,,_. l,, = 0 implies that lim,,_,, 2, = u, then the iteration procedure
{Zn}n>0 1s said to be weakly T -stable.

Zhou, Chang and Cho [16] pointed out that T-stability implies weak 7-
stability. Harder and Hicks [2] proved how such a sequence {z,},>¢ could arise
in practice and demonstrated the importance of investigating the stability of
various iterative schemes for various classes of nonlinear mappings.
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2 Convergence, Stability and Weak Stability

We now study the existence and uniqueness of solution of the generalized non-
linear complementarity problem (1.1) and establish the convergence, stability
and weak stability of iterative sequences of generated by Algorithm 1.5

Theorem 2.1. Let K be a closed conver cone of H and T)A : H — H
be a-Lipschitz continuous and (-Lipschitz continuous, respectively. Let N :
H x H — H be v-Lipschitz continuous in the first argument and &-Lipschitz
continuous in the second argument, and h-strongly monotone with respect to
T in the first argument. Assume that

1 1
0= §p55+\/1—ph+1p272042, (2.1)
Tn Bl = lmn flgull =0 (22)

and one of the conditions (2.3) and (2.4) below holds:

> " lpall < oo, (2.3)
n=0

there exists a nonnegative sequence {d,}n>o such that
|pnll = dnoy, for all n >0 and lim d,, = 0.

n—oo

(2.4)
Let { fn}n>0 be an arbitrary sequence in H and define {e,}n>0 C [0, +00) by

!

fo1 — [(1 — ) fo 4 an <9Z - %pN(TgI, Agi)) +pn]

en = |

hon = (1 =) fn +7n<f: - %pN(Tf:,Af:)) + Sn,

gn = Pr(gn),  hy =Pr(ha), [ = Pr(fa) (2.5)
for alln > 0. If there exists a positive constant p satisfying
P < 2 (2.6)
and one of the following conditions
B <h, p<d(h—¥B)(ya®—8p%)"", (2.7)
ay <683, p>4(66—h)(6°6% — a®y*) 7 (2.8)
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then

(a) the mapping G defined by (1.6) has a unique fized point z € H;

(b) the sequence {z,}n>0 generated by Algorithm 1.5 converges strongly to
2;

(c) the sequence {z,}n>0 generated by Algorithm 1.5 is weakly G-stable.

Proof. We first prove that (a) holds. Let x, y be arbitrary elements in H. Since
N is ~-Lipschitz continuous in the first argument and ¢-Lipschitz continuous
in the second argument, and h-strongly monotone with respect to 7' in the
first argument, we deduce immediately that

1
o — y* = Sp(N(Ta", A®) = N(Ty*, Ar)?
= o™ — y*|? — p(N(Tat, Ac™) — N(Ty*, Ax®),at — y)
1
+7P°IN(Ta™, Ax®) = N(Ty", AxT)|?

<(1-ph+ 4/%2@2) |zt =yt (2.9)

and
IN(y", Az™) = N(y™, Ay")|| < 6lla™ — ™. (2.10)
Using (1.6), (2.1), (2.9), (2.10) and the nonexpansivity of Py, we infer that

1G(z) — G(y)|
=@ =0 =+ efot -yt = JpNT A - N(Tyt Ay

< (1= 1)lle — gl +1]la* g - %p(N(TJ:*, Ax*) = N(Ty*, A

1
5t N(Ty*™, Ax®) = N(Ty*, Ay™)|

IN

=0k =l (1= ph o+ Jorva + 409 )l )
— (1= lle =yl + B Pec(o) — Pl
<(1-t(1- O~y

(

Notice that (2.1) and (2.6) mean that

1 1
0<1&1—ph+ Zp2720z2 <1—pifg+ —p252ﬁ2
1

& 70%(1% = 820%) < plh - 60)

(2.11)
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Now we consider the following three cases:
Case 1. Suppose that §3 < h. Note that ya > h. Then (2.11) implies that
0 <1 p<d(h—366)(vy*a®— 623"

Case 2. Suppose that §3 = h. Since ya > h, it follows from (2.11) that
1
0<1<0< ZpQ(’yQC(Q —6%3%) < p(h—88) =0,

which is a contradiction.
Case 3. Suppose that 65 > h. If ya > 63, then (2.11) means that

1
0<1e0< 1p2(72042 —8°6%) < p(h —d3) <0,
which is impossible. Hence ya < §3. According to (2.11), we get that
0 <1 p>468—h) (6% —~*?)~L.

Thus € < 1 is equivalent to (2.7) and (2.8). It follows from (2.7), (2.8) and
t € (0,1] that 1 —#(1 — ) < 1. Hence G has a unique fixed point z € H.

We next prove that (b) holds. Since z is the unique fixed point of G, we
have

z2=1—v)z+Mm <z+ — gN(TzJ’,Az’L)),
= (1= )z + Bu (2% = EN(T2F, 42%)),
=(1—ay)z+ a, <z+ — gN(Tz’L, Az+)>, (2.12)

where 2T = Pg(z). From (1.10), (2.9), (2.10) and (2.12), we conclude that

I
= [ =)z = 2)

1
+n [z:{ — 2t — ip(N(Tz:, AzF) — N(Tz, Az+))] + sp

< (T=7)llzn = 2]

1
|| = 2t = SR(N(TES, Az = N(T=*, 420)|

1
+5mmp | N(T2", Azp) = N(T2, AZ5)| + sl

< (@ =y)llzn = 2l +wmbllzy — 2 [+ llsnll
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< (=1 = 0))llzn — 2l + [|sal
< lzn = 2l + [[snll

Similarly, we have
lyn = 2ll < (1= Ba)llzn — 2]l + Bubllzy — 271 + llal

< 2 = 2l + Bullsnll + llgnll

and
[E

< (1= o)z — 2l + by — 271 + [Ipall

< (1= an(l = 0)l1z0 — 21l + an(Ballsall + laall) + lIpall (2.13)

Suppose that (2.3) holds. Set a,, = ||z, —z2||, bn = (1 — 0) 7 (Ballsull + g l]),
¢n = ||pn|l and t,, = (1 — )y, for all n > 0. It follows from (1.11), (2.2), (2.3)
and (2.13) and Lemma 1.3 that lim, . 2z, = 2.

Suppose that (2.4) holds. Put a,, = ||z, — 2||, b, = (1 — 0) 72 (Bal|snll + || 2]
+dy), ¢, =0and t,, = (1 — 0)a, for all n > 0. According to (1.11), (2.2), (2.4)
and (2.13) and Lemma 1.3, we conclude that lim,,_, 2z, = 2.

We finally prove that (c) holds. Suppose that €, = ¢/, +¢/) with > 7 el <
oo and €’ = [, for all n > 0 and lim,, . [,, = 0. As in the proofs of (a) and
(b), from (2.5) and (2.12) we infer that

1
| = @+ (gt = 3oN (gt AGD) + 0~ 2
< -a)lfu =

1
gr— 2" — 5P(N(Tgi,z49$) — N(T=", Ag)))

+ay,

1
+5anp|N(T=7, Agy) = N(T=", Az5)| + [lpall

< (1= an)llfn = 2l + anfllgn — 2l + [Inll (2.14)

and
[gn — 2Il < (L = Bl fu — 2ll + Babllhn — 2| + [l gl

1 = 2] < (1 =)l fn = 2l + 70l fr = 2 + [ snl]- (2.15)

Substituting (2.15) into (2.14), we have

1
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< (1= an(1 = O fa = 2l + n(Ballsall + lgal) + lIpal. (2.16)

In view of (2.5) and (2.16), we obtain that

an+1 - ZH

1
S 5n+ H(l _an)fn"i_an(g;_ - apN(qu—z’—aAg;—)) +pn —Zz

< (1= an(I =) fa = 2l + an(Ballsall + llgnll) + l[pnll + €n. (2.17)

Suppose that (2.3) holds. Let a, = [|f, — 2|, tn» = (1 = 0)a, by = (1 —
) (Bullsnll + |gnll +10)s cn = |Ipnl| + €., for each n > 0. It follows from (1.11),
(2.2), (2.3), (2.17) and Lemma 1.3 that lim, ., f, = 2.

Suppose that (2.4) holds. Let a, = | fo — 2|, tn = (1 = O)a, b, = (1 —
)~ (Bullsnll + llgnll + Ln + |[pall); cn = €, for each n > 0. Using (1.11), (2.2),
(2.4), (2.17) and Lemma 1.3, we know that lim,, . f, = z. This completes
the proof. O

Remark 2.2. Under the assumptions of Theorem 2.1, by Lemma 1.4 we
know that the generalized nonlinear complementarity problem (1.1) has a
unique solution u = Pk(z) = lim, . Pk (2,), where z is the unique fixed
point of G and {z,},>0 satisfies (1.10).

We next study the stability of the three-step iteration sequence generated
by Algorithm 1.5.

Theorem 2.3. Let K, N, T, A and 0 be as in Theorem 2.1 and (2.2) and
(2.5) hold. Suppose that

lim ||p,|| =0 (2.18)
and

there exists a constant s € (0,1) such that o, > s for all n > 0. (2.19)

If there exists a constant p > 0 satisfying (2.6) and one of (2.7) and (2.8), then
(a) the mapping G defined by (1.6) has a unique fized point z € H and the
sequence {z, }n>0 generated by Algorithm 1.5 converges strongly to z;

(b) lim,,—. frn = 2z if and only if lim, . &, = 0.
Proof. Let d,, = ||pn||;* for all n > 0. Then (2.18) and (2.19) yield that (2.4)

holds. Thus the conclusion of (a) follows from (a) and (b) of Theorem 2.1. It
is easy to verify that (2.16) and (2.17) hold.
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Suppose that lim,,_, f, = z. Then (2.2), (2.16), (2.18) and (2.19) ensure
that

1
e < s = 2l + | (1 = @)+ a8 = SoN(TaE AgE)) +pu = 2

< [ for = 2l + (1= an(1 = ) fo = 2l + an(Bullsnll + llgnl) + [lpnll
< for = 2l + (1= s(1 =)l fn — 2] + Bullsnll + llgnll + [[pnl]

— 0

as n — oo. That is, lim,_. &, = 0.
Conversely, suppose that lim, .., = 0. Then (2.2) and (2.17)-(2.19)
imply that
[ frar = 2]l

< (L= an(X = 0)fn = 2l + an(Ballsall + llgull) + Ipall + €n

< (1 =s(=0)llfn — 2l + Bullsnll + llgnll + Ipnll + &n. (2.20)

Put a, = |[fo = 2Il, bu = s7H(L = )7 (Ballsull + llgull + lpall +€n), ¢u = 0 and
tn, = s(1—0) for all n > 0. It follows from (2.2), (2.18), (2.20) and Lemma 1.3
that lim,, ., f,, = z. This completes the proof. O

Remark 2.4. Theorem 2.3 reveals that under suitable conditions the three-
step iterative sequence generated by Algorithm 1.5 is G-stable.
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