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Abstract

In this paper, we give a result concerning an asymptotic property of
Hj,,(cos 6) associated with the Hermite-Fejér interpolation on the roots
Tn = €08 Oy, of the Legendre polynomials.
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1 Introduction

There are many ways to define the Legendre polynomials P,(x). The Legendre
polynomials are defined and orthogonal on the interval [—1, 1] with respect to
the weight function w(x) = 1. They are the solution of the following differential
equation:

d dP,(x)
— (1 = 2 n
dx( ) dz
that satisfy the condition P,(1) = 1. They satisfy the following recurrence

relation:

+n(n+1)P,(z) =0,

(n+1)Pi(x) = (2n+ )zP,(x) — nP,_1(x).

They satisfy the orthogonality conditions:

/_11 Po(2) P (2)d = ﬁ(sm. (1)
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They also satisfy:
Pu@) 1, Pa(d1) = (—1)",

The Legendre polynomials are special case of the Jacobi polynomials, Pﬁbo‘ﬂ) (x),
for o = =0, see [1, 3].

2 Preliminaries

Let f be areal valued function on [—1, 1]. The polynomial Hs,, 1 (f, ) of degree
< 2n—1 of Hermite-Fejér interpolation based on the zeros x,, k= N
of the Legendre polynomials P, (z) is defined by

n

HQn 1 f7 Z xkn Hkn ) (2>
k=1
where
1 — 2zxy, + 23 < P,(z) )2
Hy,(z) = " . 3
() 1 —af, (2 — pn) P (T1n) )
The roots (zeros) zx,, k=1,2,...,n of the Legendre polynomial P,(x) are
all real, distinct, and belong to (—1,1).
In discussing the roots (zeros) zy, = cos(0x,), k = 1,2,...,n of the

Legendre polynomial P,(z) we use the enumeration:
0<01, <09, < - <Opp,<m, 1>x1,>x0,>">Ty, > —1.

For more, see [5].

3 Asymptotic property

In [2] asymptotic properties of the Hermite-Fejér interpolation based on the
7€ros Tg,, k=1,2,...,nof the Chebyshev polynomials of the first kind 7}, (z)
are studied. Analogously, we give in the following theorem asymptotic property
of Hi,(z) of the Hermite-Fejér interpolation based on the roots zx,, k =
1,2,...,n of the Legendre polynomials, for more literature see [5].

Theorem: For 6 € (0,7),

% < 7 < 1, and all sufficiently large n, we have
for the Legendre polynomials, P,(x),

P, (cos6) )2 c(6)
Hy,(cost) — _ <
B D Y ez ) M

(4)



Asymptotic properties of the Hermite-Fejér interpolation

and

P,(cos0)

1133

Z Hin(cos ) - Z _ <sm9;m(0 On) P! (COS@]m)> ‘S n?r—-1

0<Opp<0+n—7 0<Opp<0+n—7

where ¢() is a positive constant depending on 6.

Proof: Let
E,0)={k:0—n"7 <0, <0}
Then
P,(cos0) 2
Hyp(cosf) — ( : / ) _
ke%n:(e) ke%;(o) Sin Op (6 — B ) P, (cOS O
B Z sin? 6 P,(cos0) 2 N
B ke En(0) sin? O, \ (cos @ — cos O, ) P (cos Oxn)

P,(cos9) P,(cos0)

2
+ ; — -
kEEn(0) <Sln eknPA(COS 0kn)> ke En(0) <Sln Gkn(Q — le)PA

(cos On) ) |

P,(cos0) ? sin? 6
= Z : ! _ 2
sin Oy, P’ (cos Oy, (cosf — cosO,)? (6

()

/
ke B (0) sin HknP (cos Oy,

Hence

(&) P,(cos9)

keER(0)

—191m)2>

‘ zn:(e) - Z <Sin Gkn(ﬁ —nekn)Pfl(COS kan)) =

1

< Z P,(cos0) 2 ‘ sin? 6 B
T kemn(o) \SID Orn P! (cos Oy, (cos @ — cosOr,)? (0 —

. (cos 0) 2
py )<sm€;m (COS@]m)> ’

kEEL(0

=: A,(0) + B,(0), say.
Combining inequalities 7.3.8, 8.9.1, 8.9.7 in [5], we get

Fu(z) a0

AE |+
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1=y
V" keBa(0) n T n
Also since
— 2 -
(0 — 01)2 = (cos b _ (230_5 On) for some 8 between 0 and 6y,
sin“ 0
then
1 Pn(COS 9) 2 .y e
A,(0) = | . ;
n(0) ke%n:(e) sin? 6y, ((cos@ — c08 Ok, ) P! (cos an)> ‘ sin sin

Also since

P, (cos0) ’
(cos @ — cos Oy, ) P! (cos O,,)

is bounded by a constant c, see inequality 10 in [4], sin® 0y, > M2(6) and
‘sin26’—sin2§‘§2‘6’—6’_‘§2 ‘ Q—Gkn‘
we get

c(9)

n2y-1’

c cn™7
A (0) < Yoo |< Y. 1<c@)n'™ =
Mg(e) keE,(0) ‘ ‘ Mg(e) kEE,(0)

Thus (3) follows, and (4) can be shown similarly, which completes the proof.
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