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Abstract

We introduce a new approach in order to construct a wavelets with
arbitrary support on the interval. This result allows us to adapt on the
interval some important classes of wavelets (coiflets, symlets, Lemarié’s
wavelets). In addition, we show how to obtain multiresolution analysis
on the interval with better approximation rate in some neighborhood of
the interval.
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1 Introduction

Orthonormal wavelet bases have revealed to be powerful tool in applied math-
ematics and digital signal processing. The possibility of data compression of-
fered by multi-scale decomposition leads to some good results in speech, image
coding and fast numerical analysis of operators[5, 2].

Wavelet bases are usually constructed via multiresolution analysis on R.
However, In many applications, we are interested in problems confined on the
interval. Examples are numerical analysis with boundary conditions at the
edges of the interval[l], image analysis: where the domain of interest is the
Cartesian product of two intervals. To fix notations, let us assume that the
interval is [0, 1]. The extension of the function to the whole real line introduce
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some disagreeable effects. (For details see [4]).

Several solutions have been proposed in [3, 9, 4]. They all depend on the
various ways of adapting the multiresolution analysis to the interval [0, 1]. The
oldest example of such orthonormal basis of compactly supported wavelets is
the well-known Haar basis. A generalization of this basis to a non-orthogonal
smooth spline-wavelet bases were constructed on the bounded interval in [3]
from spline-multiresolution analysis.

The first smooth orthonormal wavelet bases on an interval was proposed
by Meyer [9]. This construction starts from any compactly supported wavelet
bases of Daubechies, with N vanishing moments. The result of Meyer’s con-
struction is an orthonormal family of wavelets in [0,1] which they have N
vanishing moments and the same regularity as the original ). Together with
the scaling functions at the coarsest scale under consideration, they form an
orthonormal basis for L?([0,1]). This construction has some disadvantages:
firstly, the inequality between the scaling functions number and the wavelets
number at a fixed resolution does not enable us to construct a wavelet pack-
ets on the interval. The other objection of Meyer’s construction is that the
explicit construction of the edge functions involves the diagonalization of a
matrix becomes ill conditioned (see [4]).

For these reasons, a modification of this construction was proposed by
Cohen-Daubechies-Vial (CDV for short)[4]. The resulting wavelets on the
interval are derived from minimal compactly supported wavelet for R, with
N vanishing moments. The number of scaling function at resolution j is 2.
Moreover, as in Meyer’s case, all polynomials on [0, 1] can be written as linear
combinations of the scaling functions at any fixed scale. It then follows that all
the corresponding wavelets have N vanishing moments, and an approximation
rate of order V.

In this work we give a general method to construct wavelet bases on an
interval with arbitrary support. We start with L vanishing moments wavelets
with the support [0,2N — 1] for N > L. Using the CDV principle in this case,
the number of scaling functions is less than 2/ (number of wavelets).

The paper is organized as follows: in the second section, we discribe a
generalization of CDV method in order to construct orthogonal wavelets on
an interval with arbitrary support. The section 3 proposes a new approach to
construct wavelet bases. In particular, we show that one can construct a mul-
tiresolution analyzes with a better approximation order in some neighborhood
of the edges of the interval.
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2 Adapted CDV Method

In this section, we study the construction of arbitrary compactly supported
wavelets with L vanishing moments on a real interval.

Our starting point is the L vanishing moment family of [7], [6] or [8] . We
consider the scaling function defined by the following two-scale relation:

2N—-1

o(@) = V2 S b2 — k). (1)

The wavelet v is defined bye the formula :

2N—-1

U(x) =vV2 Y grp(2r — k), (2)

and the reconstruction formula is given by:

k
P1an() = Z hi—20p(x = £) + gr—aeth(x — L) (3)
(=k—N+1

It follows form (1) and (2) above that suppy = suppy = [0,2N — 1], where
N > L+1. We use the principles outlined in [4] to construct a multiresolution
analysis for L%([0,1]). We have 2/ — 2N + 2 interior functions, and L added
functions at each edge, so that all polynomials up to degree L — 1 can be
generated. We have 2/ — 2N + 2 interior wavelets. If we add (as proposed in
[4]) to this family the functions defined by

left left
T = Py ()

and

right
=P,

righ
ol (©351), (=0,..,L—1

then these functions are independents and orthogonal onto the interior wavelets.
However,

#{w}?t7w0€7w§}cghta k= 0, ceey L— 17 (= 07 (ERE) 2j — 2N + 1}

=2/ — 9N 4+ 2L + 2.

This observation means that these functions are not enough to generate the

subspace Wj[o’l]. The following proposition gives an other method to construct

a basis of the subspace Wj[o’l].
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Proposition 2.1 The set { P01 (¢j+1,2k) , Yor, P, Wi (gaHl 2/ _ON41— 2k)
J
k=0,...,N=2,0=0,...,2 —2N + 1} is a basis oij[ A,

Let us show this result for the left edge wavelets, this has to be repeated at
the right end. Let consider the half line [0, 400[. We define W{ the subspace

of W()[O’+°°[ generated by the interior wavelets (i.e. o, k& > 0), and let WP
ool

the orthogonal complement of W{ in I/I/'O[O’Jr , namely

0,400
Wil — wiB g Wl
We have the following lemma :

Lemma 2.2 The functions defined by
Uk = Pyp(pror),  for k=0,..N -2, (4)
constitute a basis of W§.

We can compute the functions Jk, k=20,..., N —2, since we dispose an
orthonormal basis of VO[O’JFOO[. Indeed,

Ve = Qrok — on ool (01,26) — PWI(<,01 %)

-1 k k
= Q1K — Z(% 2k Por) Por — Z hok—20000 — Z G2k—20V0p.
=0 — =0

Proof of lemma 2.2.

First, we remark that dim W2 = N — 1.Then, we need just to prove that
the functions v, k = 0,..., N — 2 are linearly independent. Since they are,

by definition, orthogonal onto interior wavelets.
The family {fx, k =0,..., N — 2} defined on the interval [0, +o00[ by

k

k
=12 — > {12k Pordpor — D _{prk, Yor) tor
=0

=0
is free. To prove this observation,we use (3) to obtain

-1

Z hok—20000 + g2k—2000¢, k=0,...,N—=2. (5)
t=k—N+1

Let (Ak)k=o,. n—2, any sequence of real numbers, such that

N—-2
> Nefi =0. (6)
k=0
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We compute successively (Zfﬁv:_(f e fres ooe), for 6 = =N +1,—-N+2,... —1.
The first result is

N—-2

0= <Z Mefry 00,-N41) = Aohan . (7)
k=0

Since hoy_2 # 0 then we get Ao = 0. By induction, we deduce immediately
that A\, =0, for k =0,... , N —2. Thus, we get the linear independence of the
functions fx, k=0,... ,N — 2.

The second observation is that the functions fi, &k = 0,... ,N — 2 are
orthogonal onto interior wavelets, and we have :

L-1

Ye=fe— > _(feb)el, k=0, N-2 (8)

£=0

Since the family {¢0,, fx; € =0,...,L—1, k=0,... , N—2}is free, we deduce
that the functions {Jk, k =0,..,N — 2} are linearly independents. Indeed,
the functions f; and ©3, belong to V"™l = V! & V;2. However f; € V{, for
k=0,...,N—2and Pyz(gp) # 0. n

For the convenience of the reader we repeat the relevant material of the con-
struction from [4] without proofs, thus making our exposition self contained.

The supports of the functions Jk, k = 0,....,N — 2 are not staggered.
Using the following lemma, we obtain, from this family, N — 1 functions with
staggered supports.

Lemma 2.3 If f and g are two linearly independent functions in VO[O’JFOO[
with

suppf =suppg = [0, M], M eN.
Then there exist A € R and pp € R such that supp (uf + Ag) = [0, M — 1].

Finally, using Gram-Schmidt procedure, we obtain orthonormal functions.
The construction at the right edge is adapted as the following :

e We note f(z) = f(—=z), for z € R and

Vi={f, feV}, jeL

e Applying the above algorithm on (f/j)j 7 We construct a multiresolution

analysis on |0, :i—oo[ We get then an edge scaling function ¢ and the
edge wavelets ¢, £ =0,... ,L — 1.
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e If we define the functions ga?eght(x) = 21/20(—277) and w;igght(x)
= 20/2)9(—29z), 0 = 0,... , L—1, then the set {(,p;izght, Yk, £ =0,...,L—
1, < —2N + 1} is a basis of Vj]_oo’o] (the space of the restriction of the
V;’s functions on | — 0o, 0]) and the set {wﬁght,wjk, ¢(=0,...,L—1, <
—2N + 1} form a basis of orthogonal complementary W}_OO’O] of Vj]_oo’o]

in VJ]J:fO ol
For j > jo, (jo is a large integer such that suppy;, o C [0, 1]), we define
Pjelx) = ¢ (2 (2 — 1)) and wj(x) = 272 (2 (2~ 1)), £=0,... . L-1,
and the subspace

‘G[O’l] = Span{@?bgp}f?@jka k= 07 cee 72j — 2N + 1’ t= O’ e ’L o 1} (9)

The sequence <Vj[0’1]) is a multiresolution analysis and we have the follow-
J=jo
ing decomposition:

0,1 0,1
L2(10,1)) = Vi @ (@5 W) (10)
In other words, the set

{69 0 00 ioks k=0,...,20 —2N+1, £=0,...,L—1}
U{2p, ip @ik, k=0,...,22 =2N+1, £=0,... ,N =2, j > jo}

is a basis of L? ([0, 1]).

3 A new approach to construct wavelets ont
the interval

In the last multiresolution analysis, the dimension of the approximation space
at the scale 27 is less than the dimension of wavelet space at the same scale
27, However, in some applications (construction of wavelet packets, image
processing,etc), we need to have the dimension 27 (equals to the dimension of
the wavelet subspace).

In this section, we propose a general approach to construct multiresolution
analysis (Vj[o’”)jzjo, in order to obtain another one with dim‘/}[o’l] = 2/ (and
any dimension). The method consists to add a functions at the edge without
leaving the multiresolution framework. This theorem gives a characterization

of the functions to add.
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Theorem 3.1 Given any (Vj[o’l])jzjo multiresolution analysis of order L
on the interval [0,1] and an integer n > 0. Let ¢g, P1, ..., Pn—1 be a linearly

independent functions of L*([0,1]) and orthogonal onto VjLO’l].
Let M < 2N — 2 be a positive integer such that

suppor C [0,27% M], k=0,...,n—1. (11)
We define (173»[0’1])32]-0 a closed vector subspaces, by:

ol _ /0 4 span{V2i—i g (2 7Ig), k=1,..,n—1}, J = Jo-

J J

Then the following properties are equivalents:
(P1) The sequence (173»[0’1])32]-0 is a multiresolution analysis of L*([0,1]).

(P2) There exist an integer p = pyr and a square matriz A, of order n such
that:

ox) =Y (AT DI (x) (12)

Jj=Jjo

where ¢ = [¢o, 1, oy dn1]’, W = [0, )1, e hjp1]” and DY) denotes
the n X p matriz defined by the entries

D,[cj’]i:dﬁi = ok, Vi), k=0,...,n—1, and i=0,...,p—1.

The condition (11) holds in order to preserve the localization property. This
involves no loss of generality:.
Proof. B _ _

We will show that (Vj[o’l])jzjo is a growing sequence (i.e. VjE)O’l] C Vj[(?ﬂ) .
The other propreties of multiresolution analysis of L%([0, 1]) are verified since
(Vj[o’”) j>jo 1s a multiresolution analysis.

1. We assume that XZE)O’I] C 173»[)0;11]. There exist a functions (Fj)g—o, . n-1 in

ng)—ﬂ and a matrix A = (Ags)k,s=o0,..n—1 such that:

-----

We assume that [A1, Aga, ..., Agn—1] does not vanish (if not ¢, € Wj[g’”),
From the wavelet decomposition (10) of ¢y, we have

271

O = ij[g,l](¢k) + Z Z d;?)wji:

j=jo =0
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where dﬁ? = (¢, 1;i). Using the orthogonality of ¢, onto VjLO’l], we get

27 -1
o= > d (14)
J=jo =0
and by dilation,
271
V2fi2z) = Y0 > dP) ()
j>jo+1 i=0

Thus, ij[g,l] (¢k(2x)) =0 and ij[g,l] (¢k(2x)) =0.

Combining (13) with (14), we obtain

201 n—1 201
Feo= 200 divsi=3 A | D0 D dn
Jj=jo =0 s=0 Jj>jo+1 i=0
270 -1 271 n—1
= Z dy;zwjol + Z Z (dy:) - ZAksdES_)LZ> %z (15)
i=0 j>50+1 i=0 s=0

We now decompose F}, in the basis of ngﬂ constituted by the union of

the bases of VJLO’I] and Wj[g’l]. It follows that
F, = pW[O,l] (¢k>
Jo

2901

k)
D dinttii (16)
i=0
Subtracting (16) from (15) yields
) — ZAksdf“ = 0. (17)

We conclude from (11) that (¢x,j,:) = 0, for all i« > p, for some p
depends on M. Hence, according to our notation, we can rewrite (17) as

DYl — ZA DU =0, fori=0,..,p—1, (18)

s=0

which establishes the formula
DY = ADV=U where DY) = d{f).
This finishes the first step of the proof.
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2. We need now just to prove that the functions ¢x(z) are in 173»[)0;11]. This is

a direct result of the relation (12). Indeed, we have

V244(22) = V2A) (AT DU, (2z)
J=jo
= ¢($) - pw[071]¢($)'
J0
Scaling this equation, we get the embedded relation : 17j[0’1] C 173[211 !

One can ask how to choose the functions {¢x} 7 Indeed, the last theorem
gives a broad choice : we have just to choose two matrices A and DUl and
define the functions ¢, with (12). We propose hereafter a natural choice in
the sense that it is an extension of CDV method. This choice leads to a better
approximation near the edges of the interval.

Consider the half line [0, +-0o[. For an integer j, we note V;' the closed

subspaces generated by the scaling functions ¢j;, & > 0 and WJ[O’JrOO[ the
orthogonal complementary of le in VJI+1 Using lemma 2.2 and Gram-Schmidt

algorithm, we obtain an orthonormal basis of Wj[0’+°°[, namely

{hjo(x) = 27240y (202), s, £=0,... . N—1, k>0}.

We note here that
+oo .
/ zFy () # 0, k=0,...,L—1,¢=0,... N—1. (19)
0

Indeed, the polynomials 2%, k = 0,... ,L — 1, can be written

N-1
ok = Z(xka Pok)Por () + Z Z<xk7wji>wji(x)a x> 0. (20)
k>0 >0 i=0
Let D,EL = (x'ﬂ%,} We get
Dy, = 21 / aF (2 ) da (21)

= 279/%k /xk{ﬁvz(x)dx

where A is a diagonal matrix with the entries Ay, = 27> * for k =0,... ,L—
1. The sequence D,[jlz = (xF, ;) satisfies (18). We remark that since the
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wavelets has a compact support and by (21), the identity (20) converges for
any fixed = > 0. The functions

gpk—zz iy, k=0,...,L—1 (22)

720 =0

satisfy (12). Applying Theorem 3.1, the subspaces
V[O ool =V @ span{@i, k=0,. -1}

constitute a multiresolution analysis. Actually, it is exactly the CDV multires-
olution analysis studied in section 2.

Selection of the edge functions A natural generalization is to choose the
functions

Spk_zz %z%z, k:L,...,N—l. (23)

720 =0

These functions are not sufficient to generate the polynomials 2, ... , 2Vt in

V[O ool Indeed, the L? error approximation of these polynomlals is given by

213—2N+1
lo* = Pyt @)lzoay = D D b vl (24)
j>J =0

However, in this case, the approximation error is small in the neighborhood of
0, since the edge wavelets has N vanishing moments.

To illustrate this property, we consider a positive integer r and define the
functions

N-1
Szk:zz %Z%Z—FZZ %z%u k:Lw"aN_l' (25)

j>0 i=0 §>0 i=0
We formulate this claim by the following :
Proposition 3.2 Define the subspaces
Vol = vl @ span{27/?3,(2x), k=0,... ,N -1}, jeZ
Then, for any polynomial p; of degree { < N — 1, we have

pe(z) = PV]O ool (p2) () x €[0,2777]. (26)
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Proof.
Let p;, denote a polynomial of degree / < N — 1. For any positive real
number (3, the wavelet decomposition of p, on [0, 5] gives us

(pe = (pe, eor) ok + Y Z_Q% Vi) + S o, %‘kWﬂc) X[o,3- (27)

£>0 >0 k=0 §>0 k>0

=

-1
pV]O +oof (p€> Z(pﬁa 30019>§00,k + <p€7 %z %k + Z De, % i %
i=0

£>0 >0 k=0

i

Then, we obtain

Pe = Fyporool (pe) + Y Y (pes Vi) s

>0 E>r+1

For z € [0,277r], we have 9 () = 0 for any j > 0, k& > r because of ¥’s
support. Therefore,

pe(w) = Pyt (pe) (x),  xe[0,2777].
||

This result means that we obtain an exact reproduction of polynomials up
to degree N — 1 near the neighborhood of 0. The consequence of this claim
is an approximation rate of order N on the interval [0,277] for any function
f e CNTY[0,€]), with some € > 277.

4 Conclusion

In this paper, we have presented a generalization of CDV construction to
compactly supported wavelets with an arbitrary support. It is shown that
we can add a functions to any multiresolution analysis without leaving this
framework. This result allows us to describe a wavelet packet decomposition
on the interval. In addition, we showed how to construct multiresolutions on
the interval with a nice approximation properties at the edges . These results
may concern some interesting classes of wavelets (coiflets, symlets, Lemarié’s
wavelets).
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