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Abstract
In this paper we give a generalization of a contraction principle in

generalized metric space. Results generalizing fixed point theorems of
Rhoades are established.
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1 Introduction

In 1992, Dhage[1] introduced a generalization of metric space which is called
generalized metric space or D-metric space, and proved the existence of unique
fixed point of a self map satisfying a contractive condition. Rhoades[4] gener-
alized Dhage’s contractive condition and obtained some fixed point theorems.
Also, Dhage[3] extended Rhoades’ contractive condition to two maps in D-
metric space. By using the concept of weak compatibility of self maps on a
D-metric space, Dhage[2] obtained a unique common fixed point.

The following theorems have been established in [4].

Theorem 1.1. Let (X, D) be a complete bounded D-metric space and T be
a self map of X satisfying the following condition:
there exists a k € [0,1) such that for all x,y,z € X,
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D(Txz, Ty, Tz)
< k max{D(x,y,z2), D(x,Tx,z2), D(y, Ty, z), D(x, Ty, z), D(y, Tz, 2)}.
Then T has a unique fized point p in X and T is continuous at p.

Theorem 1.2. Let (X, D) be a compact D-metric space and T be a conti-
nous self map of X satisfying for all x,y,z € X with D(x,y,z) # 0,
D(Tx, Ty, Tz)
< max{D(z,y,z),D(x, Tz, 2),D(y, Ty, 2), D(x, Ty, z), D(y, Tx, z)}.
Then T has a unique fized point p in X.

The object of this paper is to generalize Theorem 1.1 and 1.2 by using a
contraction satisfying an implicit relation.

2 Prelimimaries

Throughout this paper we denote N by the set of all natural numbers and R,
the set of all positive real numbers.

A generalized metric(or D-metric) on a set X is a function D : X x X x X —
R, such that for all x,y,z,w € X
(1) D(z,y,2) > 0 and D(x,y,z) =0if and only if x =y = z;
(17) D(x,y,z) = D(p(y,x, z)), where p is a permutation.
(1ii) D(x,y,z) < D(z,y,a) + D(x,a,z) + D(a,y, 2).

The pair (X, D) is called a generalized metric (or D-metric) space. Geomet-
rically, a D-metric D(z,y, z) is the peridiameter of a triangle whose vertices
are x,y and z.

Examples[5] of D-metric are

(2) D(z,y,2) = d(z,y) + d(y, z) + d(z, z), where, d is a metric on X.

A sequence {z,} in a D-metric space (X, D) is said to be D-converges|1]
to a point € X (denoted by lim, .z, = x) if for any € > 0, there exists an
no € N such that D(z,, zp,, x) < € for all n,m > ny.

A sequence {z,} in a D-metric space (X, D) is said to be a D-Cauchy se-
quence|1] if for any € > 0, there exists an ng € N such that D(x,,, Tpim, Tniymi)
< € for all n > ny and all m,l € N. A D-metric space (X, D) is said to be
complete[l] if every D-Cauchy sequence in X converges to a point in X.

For D-metric space (X, D) and () # S C X, the diameter[5] of S is defined
as 0p(S) = sup{D(z,y,z) : z,y,z € S}.

For a bounded sequence {y,} in D-metric space (X, D), let

Tn = 0p({Yn, Yn+1, Ynt2, - - - }) for n € N. Then r,, is finite for all n € N and
{r,} is nonincreasing and r, > 0 for all n € N, and so there exists an r > 0
such that lim, ., = 7.
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From now on, let (X, D) be a D-metric space such that D is continuous.

Note that if D is continuous and the limit of a sequence exists, then the
limit of the sequence is unique.

Let ® be the class of all upper semicontinuous function ¢ : R,° xR, — R
such that ¢ is nondecreasing on R, ° satisfying the following property:

o((u, u,u,u,u),v) >0 implies v < ¢(u)

where ¢ : R, — R, is a nondecreasing upper semicontinuous function with

#»(0) =0 and ¢(t) <t for t > 0.

Example 2.1. Let ¢, : R,®> x R, — R, defined by

Om((t1, o, t3,t4, t5), ts) = p(max{ty, ta, t3,t4,t5}) — ts, where ¢ : Ry — R,
is a nondecreasing upper semicontinuous function with ¢(0) = 0 and ¢(t) <t
fort > 0. Then @, is upper semicontinuous on R.°> x R, and nondecreasing
on R.>. Also, @ ((w, u,u,u,u),v) >0 implies v < ¢p(u). Thus @, € P.

3 Main Results

Theorem 3.1. Let (X, D) be a complete bounded D-metric space and T be
a self map of X satisfying for all x,y,z € X,
(SOT) QO((D(ZL’, Ys 2)7 D(ZL‘, Tz, 2)7 D(ya Ty, 2)7 D(ZL‘, Ty, Z)v D(ya Tz, Z)),
D(Tz, Ty, Tz)) > 0.
Then T has a unique fized point p in X and T is continuous at p.

Proof. Let g € X and Tz, = x,11. Then the orbit {z,} is bounded. let
rn = 0p({®n, Tni1, Tnio, - -+ }),n € N. Then we know lim,,_...r, = r for some
r > 0.

If x,,41 = x, for some n € N, then T" has a fixed point, say p € X.

Assume that z,.1 # x, for each n € N.

Let k € N be fixed.

Taking = = z, 1,y = Tpym-1 and 2 = Ty i1 in (or) where n > k and
m,l € N, we have

O((D(Tn-1s Tngm—1, Tngmi—1)s D (@1, TTp_1, Tpymti-1),
D(xn+m—17 Tnym-1, xn—&-m-i-l—l)v D(xn—lv Tnym-1, xn-l-m—i—l—l)v
D(@nim—1, %01, Tngmri-1)), DT 01, T g1, TTngmii-1))
= @((D(ﬂﬁnq, Tnt+m—1, xn+m+l71>: D(ﬂUnfl, T, $n+m+171),
D(xn+m—17 Lntm; xn-l-m—i—l—l)a D(xn—lv Lntm; xn-l-m—i—l—l)v

D(xn+m—17 L,y xn—&—m-ﬁ-l—l)), D(xm Tn+m, In+m+l)) Z 0.
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Thus we have

(P((rn—ly Tn—1;T"n4+m—1, "n-1, Tn-l—m—l); D(ZEn, Ln4+m, xn-l—m-l—l)) Z 0.

Since ¢ is nondecreasing on R,° and {r,} is nonincreasing, we have

w((rk‘—h Te—1,Tk—1,Tk—1, Tk‘—l)) D(xru Ln4+m, xn-{—m—f—l)) Z 07

which implies
D(In, Ln+m, xn-‘rm-ﬁ-l) < Qb(rk:—l)'
Taking limit sup over n > k, we have ry < ¢(ry_1). Letting k — oo, we get
r < ¢(r). If r > 0, then r < ¢(r) < r, which is a contradiction. Thus r = 0
and hence lim,, .7, = 0. Thus given € > 0, there exists an N € N such that
ry < €. Then we have for n > N and m,l € N, D(z, Ty, Tnimr1) < €.
Therefore, {x,} is a D-Cauchy sequence in X. By the completeness of X,
there exists a p € X such that lim,,_..x, = p. Hence lim,,_.,Tx, = p.
Taking z =z, 1,y = Zpim—1 and z = p in (1), we have

@((D(xn—lv Tptm—1, p), D(xn—lv T, 1, p), D(xn—&-m—la TZnym—1, p),
D(xp—1,TZpnsm-1,0), D(@pnim—1,Txn-1,0)), D(Txp_1,TTpnim-1,Tp))
= p(D(zp-1, xn-l-m—lvp)’ D(xn—la L, p)’ D(xn+m—1v Trtmy D),
D(Zp—1, Tpim, D), D(Tpim—1, Tn, P)), D(Tp, Tpim, Tp)) > 0.

Taking limit n — oo, we have

o((D(p,p,p), D(p,p,p), D(p,p, D),
D(p,p,p), D(p,p,p)), D(p,p,Tp)) = 0

which implies D(p, p, Tp) < ¢(D(p,p,p)) = ¢(0) = 0. Hence Tp = p.
For the uniqueness, let p and w be fixed points of T
Taking z = p,y = p and z = w in (¢r), we have

o((D(p, p,w), D(p, Tp,w), D(p, Tp, w),
D(p, Tp,w), D(p, Tp,w)), D(Tp, Tp, Tw)))

= o((D(p, p,w), D(p, p,w), D(p, p,w),
D(p, p,w), D(p, p,w)), D(p,p,w))) >0

which implies D(p, p,w) < ¢(D(p, p,w)) < D(p,p, w) which is a contradiction.
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Thus we have p = w.

Now, we show that 1" is continuous at p.

Let {y,} be a sequence in X and lim, .oy, = p
Taking z = p,y = p and z = y, in (¢r), we have

o((D(p, s yn), D0, T, yn), D(p, T'p, yn), D(p, TP, yn), D(p, TP, yn)),
D(Tp, Tp, Tyy))

= o((D(P,p,Yn): D0, 0, Yn), D0, 0, yn), D0, 0, Yn), D(p, D, yn)),
D(p,p,Tyn)) >0

which implies D(p, p, Ty,) < ¢(D(p,p,yn)).
Taking limit sup, we have limD(p, p, Ty,) < lim ¢(D(p,p, yn)) < #(0) = 0.
Hence limTy,, = p = Tp and hence T is continuous at p. O

Corollary 3.2. Let (X, D) be a complete bounded D-metric space, m € N
and T be a self map of X satisfying for all x,y,z € X,
(D, y,2), D(, T", 2), D(y, T™y, 2)
D(x,T™y, z), D(y, T™x, 2)), D(T"x, Ty, T™z)) > 0.
Then T has a unique fized point p in X and T™ is continuous at p.

Proof. From Theorem 3.1, T™ has a unique fixed point p in X and 7™ is
continuous at p. Since Tp = TT™p = T™Tp, Tp is also a fixed point of T,
By the uniqueness it follows T'p = p. O

In Theorem 3.1(resp., Corollary 3.2), If we take ¢ = ¢, then we have the
next result.

Corollary 3.3. Let (X, D) be a complete bounded D-metric space and T
be a self map of X satisfying for all x,y,z € X,

D(Txz, Ty, Tz)

< ¢(max{D(z,y,2),D(x,Tz,2),D(y, Ty, z), D(x, Ty, z), D(y, Tx, z)}).

Then T has a unique fized point p in X and T is continuous at p.

Corollary 3.4. Let (X, D) be a complete bounded D-metric space, m € N
and T be a self map of X satisfying for all x,y,z € X,
D(T™x, Ty, T"z)
< ¢(max{D(zx,y,z), D(x,T™x, z), D(y, T™y, z), D(x, T™y, z), D(y, T™x, z) }).
Then T has a unique fized point p in X and T™ is continuous at p.

Remark 1. In Corollary 3.3(resp., Corollary 3.4), if we have ¢(t) = kt for
k € [0,1), then Corollary 3.3(resp., Corollary 3.4) becomes same with Theorem
1.1(resp., Corollary 1[4]).
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Let ¥ be the class of all upper semicontinuous functions ¢ : Ry 5 xR, — R
such that ¢ is nondecreasing on R_° satisfying

((u, u,u,u,u),v) >0 implies v < u.

Example 3.5. Let ¢, : R,® x R — R, defined by

U ((t1, ta, t3,t4,t5), te) = max{ty, to, 3, ta, ts} —ts. Then i, is upper semi-
continuous on R,° x Ry and nondecreasing on R.>. Also, we have that
U ((u, u, u, u, w),v) > 0 implies v < u. Thus ¥, € V.

Theorem 3.6. Let (X, D) be a compact D-metric space and T be a con-
tinuous self map of X satisfying for all x,y,z € X with D(x,y,z) # 0,
v(D(x,y, z), D(z,Tx, z), D(y, Ty, z), D(x, Ty, z), D(y, Tz, 2)),
D(Tz,Ty,Tz)) > 0.
Then T has a unique fized point p in X.

Proof. We know that for n = 1,2,---, T"X is compact and 7" X C T"X.
Let Xo =(),—, T"X. Then Xy is a nonempty compact subset of X and T'X, =
Xo.
We claim that X is a singleton set.
Suppose X is not singleton. Then we know the function
D : X x X x X|Xyx Xg x Xg — Ry has a maximum value. That is,
there exists a (zo, Yo, 20) € Xo X Xo X Xg such that D(zo,yo, 20) > D(z,y, 2)
for all z,y,z € Xy. Since T X, = X, there exist z1,y1,21 € Xy such that
Tx1 = xg, Ty, = yo and T'z; = 2zy5. Thus we have
Y((D(z1, 91, 21), D(21, 70, 21), D (Y1, Yo, 21), D (1, Y0, 21), D(y1, 70, 21)),
D(x0,y0,20)) >0
and so
Y ((D(x0, Yo, 20), D (20, Yo, 20), D (20, Yo, 20), D (20, Yo, 20), D(Z0, Yo, 20)),
D(xg, Yo, 20)) > 0
which implies
D(xo, Y0, 20) < D(xq, Yo, 20). This is a contradiction.
Thus X is singleton and hence T has a fixed point in X.
O

Corollary 3.7. Let (X, D) be a compact D-metric space, m € N and T be
self map of X satisfying for all x,y,z € X with D(z,y,z) # 0,
v(D(x,y, z), D(z, T"x, z), D(y, T™y, z), D(z, T™y, z), D(y, Tz, 2)),
D(T"x, T™y, T™z)) > 0.
Then T has a unique fized point p in X.

Proof. From Theorem 3.6, T™ has a unique fixed point p in X. The proof is
similar to that of Corollary 3.2. U
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Remark 2. In Theorem 3.6(resp., Corollary 3.7), if we have ¢ = ),
then Theorem 3.6(resp., Corollary 3.7) becomes same with Theorem 1.2(resp.,
Corollary 2[4]).
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