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Abstract
In this paper, we study the oscillation and nonoscillation of higher
order neutral difference equations with "maxima” of the form

A™(xp — ppTp—k) +qn max x, =0
s€[n—1,n

where [n —I,n] ={n—Il,n—101+1,---,n}, [,k are positive integer, {p,}
and {g,} are nonnegative real sequences. We obtain some sufficient
conditions for all solutions to be oscillatory and for all nonoscillatory

solutions to be asymptotic.
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1 Introduction

Consider the higher order neutral difference equations of the form

sen—t,n
where [n_lun] = {n_l7n_l+1v T 7n}7 n e N(nO) = {n07n0+17 o } ( ng 18 a
fixed positive integer ), [, k are positive integer, {p,} and {g,} are nonnegative
real sequences, and m is a positive integer. The oscillatory and asymptotic
behaviors of equation (1) as m = 1 and m = 2 had been studied in [1] and [2].

But, almost the results are based on the hypothesis

iqn = 0. (2)

As we know, there are seldom articles concerning the property of the equation

(1) under the reverse hypothesis as follows

i% < 0. (3)

The purpose of this paper is to study the equation (1) under the hypothesis (3).
Some sufficient conditions for all solutions of equation (1) to be oscillatory and
for all nonoscillatory solutions of equation (1) to be asymptotic are obtained.

Throughout the paper, the term ”solution” of (1) is always used for such
real sequences {x,} that satisfy (1) for all n € N(ng) and for which sup{|z,| :
n > s} > 0 for any s € N(ng). A solution of (1) is called nonoscillatory if it
is eventually positive or negative. Otherwise it is called oscillatory. Equation

(1) is called oscillatory if all its solutions are oscillatory.

In order to discuss the properties of equation (1) conveniently, we always

assume all inequalities are correct for all sufficiently large n.
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2 The Main Results

To prove our main results we need the following lemmas which are in [4] and
[5]
LEMMA 2.1 (see[4]) Let y, be defined for n > ng and y, > 0 with A™y,, of

constant sign for n > ng and not identically zero. Then, there exists an integer
i, 0 <i < m with (i + m) odd for A"y, <0 and (i +m) even for A"y, >0
such that

(i) i <m — 1 implies (—1)T Ny, >0 for alln >ny, i <j<m-—1,

(1) i > 1 implies Ny, >0 for alln > ng, 0 < j <i—1.

LEMMA 2.2 (see[5]) Let y, be defined forn > ng and y, > 0 with A™y,, <0
for n > ng and not identically zero. Then, there exists a large integer nqa > ng
such that

mflAmfl

1
Yn > ( '(n —ny) Yom—i-1p,, N >N

m—1)
where i is defined as in Lemma 2.1. Further, if y, is increasing, then
22(1—m) m—1 Am—1 m—1
Yn = mn A Yns n>2 m

Let {z,} be a solution of equation (1) and define a sequence {y,} as follows
Yn = Tn — PnTn—k-

THEOREM 2.1 Suppose that m is even, 0 < p, < p and

d i
Jim Y11 Pl =00 foranyn, (4)
%=1 j=1

and

i min }(sm_le) =00 (5)

s€n—Il,n

where Qs = > 07 . qn. If the inequality equation
A*w, — @ > 0 (6)

where ¢, = q, r[na>l< }ps_jk, has no positive solution, then equation (1) is oscil-
sen—L,n

latory.
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Proof. For the sake of contradiction, we assume equation (1) is not oscil-
latory and let {z,,} be a nonoscillatory solution. Then, there are two cases to
consider

(A) {x,} is a positive solution,

(B) {z,} is a negative solution.

Case (A). From the equation (1), we have A™y, < 0 eventually. So, Ay,
(t=0,1,---,m) are eventually of one sign and one of the following four possible

cases may be hold.
(a) Am 1y, <0, Ay, < 0 and y, <0,
(b) A™ 1y, >0, Ay, <0 and y, <0,
(c) A™ 1y, >0, Ay, > 0 and y, > 0 and
(d) A™ 1y, >0, Ay, > 0 and y, < 0.
Case (a). In this case, we easily see that y,, — —oo as n — oo. Thus, there

exists a a > 0 such that

Tn — Pnln—k = Yn < —a.

Then, for d is some positive integer,

Tnydk < PntdkTntdk—k — Q@ < <+
< PntdkPni(d—1)k * " Pntk®n — Dnidk = P2k — == - — Q
d d i
_ -1
= I posjp(en —ad_ [Ipai) <0
=1 i=1j=1

This contradicts the hypothesis z,, > 0.

Case (b). In this case, we also easily see that there exists a o > 0 such
that y, < —a for all large n. Thus, the proof is similar to case(a) and will be
omitted.

Case (c). In this case, we can see that there exists a @ > 0 such that y,, > «
for all large n. Therefore, x,, — ppxp_r > . So x, > a and max > « for all

s€[n—1,n]
large n and

t—1
A"y, — ATy, < =3 gia
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-1

Because A™ 1y, > 0, we can have A™ 1y, > 3 g. Letting t — oo, we
i=n

obtain that

Ay > &i% = a@y. (7)
On the other hand, by applying Le;:na 2.2, we can get
Yo > Ot TVAT Ny, (8)
where 3 = 2272 /(m — 1)!. By (7) and (8), we have
T > yn = " VQ,
where v = af. In view of (1), we see that

Amyn S —74qn 1Max (smile)' (9>

s€[n—1,n]

Summing (9) from large ng to n,

n—1
A"y, <A™y =y Y g é?af](sm‘le).
immo  SElimLi

By the hypothesis (5), we have A™ !y, — —o0, as n — oo. This is a contra-
diction.
Case (d). In this case, we easily see that (—1)*Aly,, <0 fori=20,1,---,m.

From y, = x,, — pnTn_r > —PnTn_, we have

Ys+k -1
max x> max (— > —yn max p, 10
s€[n—I,n] se[nfl,n}( ps+k) Ytk se[nfl,n}p +h ( )
and
A"y, = —q, max T, < YpirQ, Ma L 11
Y Gn JOAX | T < Ynikn X Py (11)

On the other hand, by Taylor formula (see [4]), we can see that, for j <t <

s—1,

v = 5 (—1)'Aly,
i=0 :
571( _ a9 _ +\(m=3)
j+m—3-1) —2 Am—2
—1)mEA™ 12
o Uy, (12
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Thus, we have

Replacing both ¢t and (s — 1) with n, we have

(m — 3)m=3)

A2y = A"y, 13
(= 3)] y y (13)

Un <
From (11) and (13), we have

A"y < gn max ppA” Y

Denoting w,, = A™ 2y, we can see that w, < 0 for all large n and {w,} is a

solution of the following equation
A2wn - q;;wn—&—k <0.

This contradicts the hypothesis of the Theorem. So far, we prove the case (A)
doesn’t hold.

Case (B). From the equation (1), we have A™y,, > 0 eventually. So, Ay, (
i=0,1,---,m) are eventually of one sign and one of the following four possible
cases may be hold.

(e) A™ 1y, >0, Ay, > 0 and y, > 0,

(f) Am 1y, <0, Ay, > 0 and y, > 0,

(g) Am™ 1y, <0, Ay, < 0 and y, < 0 and

(h) A™ 1y, <0, Ay, <0 and y, > 0.

Cases (e)and (f). In these cases, we can obtain contradictions by using
similar proofs of (a) and (b).

Case (g). In this case, we easily see that there exists a positive constant «

such that y, < —a for large n. Similar to case (c), we can prove that
Am_lyn S _aQn' (14>
By applying Lemma 2.2 to {—y,},

—yn > pn" Y (AT Ny, (15)
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2—2m .
where 3 = ﬁ In view of x, < z,, — PpTy_r = Yn, We have

T, < ﬁn(m—l)Am—lyn < _Oéﬁn(m_l)Qn,

and
A"y, > =g max (—ys"VQ,) =g, min (s"7VQ)

s€n—I,n] s€n—1,n]
where v = af3. Similarly, we can obtain a contradiction.
Case (h). In this case, The proof is similar to that of (d), we can get

Amyn > qn ser[lrlzﬁiin} p;ikAm_2yn+k'

Therefore the inequality

A2wn - q;wn—&—k >0

has an eventually positive solution {w,} = {A™ 2y,}. This contradicts the
hypothesis of the Theorem.

The proof of Theorem is complete.

THEOREM 2.2 Suppose that m is odd, 0 < p, < p and conditions (4) and
(5) hold. If

limsup > ¢ rr[l'aul(‘]ps > 1, (16)
n—oo g s€[t—ly

then equation (1) is oscillatory.

Proof. Similar to the proof of Theorem 2.1, we can assume that {z,}
satisfies the following two cases

(A) {x,} is a positive solution,

(B) {z,} is a negative solution.

Case (A). Similarly, we have the following four possible cases to consider.
(a) A™ 1y, <0, Ay, < 0 and y, <0,

(b) A™ 1y, >0, Ay, <0 and y, <0,

(c) A™ 1y, >0, Ay, > 0 and y, > 0,

(d) A™ 1y, >0, Ay, <0 and y, > 0.

Case (B). Similarly, we have the following four possible cases to consider.
(e) A™ 1y, >0, Ay, > 0 and y, > 0,



798 Xiaopei Li and Xiaoliang Zhou

(f) A™ 1y, <0, Ay, > 0 and y, > 0,

(g) Am™ 1y, <0, Ay, <0 and y, <0,

(h) A™ 1y, <0, Ay, > 0 and y, < 0.

The proofs of cases (a), (b), (¢), (e), (f) and (g) are similar to that of
Theorem 2.1. The detail of their proofs will be omitted. The following proofs
are about the cases (d) and (h).

First, we consider the case (d). Asm is odd, we easily see that (—1)"A’y, >
Ofori=0,1,---,m. From0 < vy, = ), — ppTn_r < T,, we have x,, > p,Tp_p >

PnYn—k and max z, > max (psYs_k) > Yok max ps. Therefore

s€[n—I,n s€n—1,n] s€[n—1,n

Amyn = —(Qqp Inax T < _<Qn max ps)yn—k‘

s€[n—1,n s€n—I,n]

By Taylor formula (see [4]), we see that, for j <t <s—1,

>

Replacing both ¢t and (s — 1) with n,
Yn > A"y,

So, we have

Amyn + (Qn max ps)Am_lyn—k S 0.

s€[n—1,n]

That is the inequality

Awn + (Qn max ]ps>wnfk S 0

s€n—ln
has an eventually positive solution {w,} = {A™ 1y, }. Then by Lemma 1.1 in

(6], we know that the equation

Aw, + (¢, max ]ps)wn,k =0

s€[n—i,n



Neutral difference equations with ”maxima” 799

also has an eventually positive solution. However, by the condition (16) and the
oscillation theorem in [7], the equation is oscillatory. This is a contradiction.
Next, we consider case (h). We easily see that (—1)'A’y, < 0 for i =

0,1, -+, m. Similar to the proof of case (d), we can also know that the equation

Awn + (Qn max ps)wn—k =0

s€[n—l,n

has an eventually positive solution {w,} = {=A™ 'y,}. So a contradiction
can be obtained. The detail of the proof will be omitted.
So far, the proof of the Theorem 2.2 is complete.

THEOREM 2.3 Suppose that m is even, 0 < p, < p and (3) holds. For any

positive integer sequence {t;} with lim t; = oo, there is
1—00
o0 (o]
o™ Y g, = o0, (17)
n=ng i=jt;>n

the following equation is oscillatory

Awy, + @uwn—(e41) = 0. (18)

* 2(1—m) m—
where g = 2(m—1)! (n— (k+1))""'q, maxsepm—i,n Ps-

(A) If {x,} is a positive solution of equation (1), then lim 2, = 0.

(B) If {xzn} is a negative solution of equation (1), then limsupz, = 0.

Proof. (A) Since {z,} is a positive solution of equation (1), the possible
cases (a)—(d) in the proof of Theorem 2.1 would be considered. Similarly, the
cases (a) and (b) don’t hold and their proofs will be omitted.

Now, we give the proofs about cases (c¢) and (d).

Case (c¢). From Ay, > 0 and y, > 0, we know that z,, > vy, and z, =
PnTo_k + Yn > Pnlon_k > Pnln_k- S0, there is

max s> Mmax (DsYs—k) > Yn—(htl) MAX P
s€[n—1,n s€n—I,n s€n—I,n]

By the equation (1), we have

Amyn + Yn—(k+1)qn SGI[%%);:”] Ps <0. (19)
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On the other hand, from Lemma 2.2, we have
22(17m)

>

In = m — 1)

Combining (19) and (20) and denoting w,, = A™ 1y, we can see that {w,} is

nm=DAm=Ly (20)

an eventually positive solution of the following inequality

AU}n + q:lwn—(k-‘rl) <0, (2]—>

where ¢ = Q(if:;,) (n— (k+1))" g, maxsef,—, ps- Therefore, by Lemma 1.1
in [6], we know that the equation (18) has an eventually positive solution. This
is a contradiction. So, case (c¢) doesn’t hold.

From above proofs, we can see that the case (d) is an only possible for {xz,,}
is an eventually positive solution of equation (1). Thus, we can conclude that
nll_{rolo x, = 0. Otherwise, we can suppose that there exist a number 6 > 0 and
a real integer sequence {¢;} with lim ¢; = oo such that z;, > § > 0.

Since that (—1)'A%y, < 0, forzz'_)o:O 0,1,---,m, we easily see that Ay, — 0

asn — oo, fori =0,1,---,m — 1. So, we have

A"y, + g, < A"y, +q, max xg = 0.

s€[n—1,n]
By summing above inequality from n; to co, we have
o
_Am_lynl S - Z qno‘rno‘
no=ni

Further, summing above inequality (m — 1) times, we can have

00 00 00
~Yn > Z o Z Z AnoTng
Nm_1=n n1=nz no=n1
00 - 00
(ng —n+m —2)m=2
= Ino®
n;n (m_2)‘ no=ni e
> —2m B Z s"? Z qt; Ty,
s=2n —jt >s
2 sz— >SS
ts=2n 1=7,t;i>s

Therefore, we can obtain that

o o
5PN g, < oo

s=2n i=j,t;>s
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This contradicts the hypothesis (17).

So, we have proven the case (A).

(B). Since {z,} is a negative solution of equation (1), similar to the analysis
of Theorem 2.1, we can see that there exist four possible cases (e)—(h) to be
considered. Cases (e) and (f) can be proved to be impossible and the proofs
will be omitted.

Next, we give the proofs about cases (g) and (h).

Case (g). From Ay, < 0 and y, < 0 and using similar deducing process of

case (c¢) above, we obtain that

A" Yy + Yn—(k+1)qn seﬁﬁﬁ] ps >0 (22)
d
o 22(17m) (m—1) m—1
—Yn 2> mn (=A™ yy). (23)

Combining (22) and (23) and denoting w,, = —A™ !y, we can see that {w,}
is an eventually positive solution of (21). Similarly, a contradiction is obtained.
So, case (g) doesn’t hold.

From above proofs, we can see that the case (h) is an only possible for {xz,,}
is an eventually negative solution of equation (1). Thus, we can conclude that
limsupz, = 0. Otherwise, we can suppose that there exist a number § > 0

n—oo

and z, < — < 0 eventually. So, we have

0= Amyn + ¢, max r, < Amyn + Qn(_5>

s€n—1,n]

Hence, summing above inequality m times, we can have

ynZ(SZZ ZQno

Nm—-1=Nn ni=n2 no=ni
5 o0 [e e}
> s Gno-
2m=2(m — 2)! g;n n%::s "o

Therefore, we can obtain that

[e.e] oo
> sm2 > Gny < 00.
s=2n no=s

This contradicts the hypothesis (17).

So far , we have proven the theorem.
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REMARK 2.1 When m is odd, we can have similar conclusion to Theorem
2.3 if the hypotheses of Theorem 2.3 hold.

The following theorems will consider the properties that the nonoscillatory

solutions of equation (1) tend to infinity.

THEOREM 2.4 Suppose that m is even, 0 < p, < p and

[e.9]

> ng, = oo, (24)

n=ng

and the inequality equation (6) has no positive solution.
(A) If {x,} is a positive solution of equation (1), then lim 2, = oo.

(B) If {z,} is a negative solution of equation (1), then lim 2, = —o0.

Proof. (A) Similar to the proof of Theorem 2.1, we have the same four cases
(a)—(d) to consider.

(a). We can easily see that y, — —oo0 asn — oco. From y,, = x, —pp2,_p >
—PnTn_k > PTn_k, We can obtain x, — 0o as n — oo.

(b). Since that Ay, < 0 and ¥y, < 0, we have the following two possible
cases

1)

)

If (1) holds, we also have the conclusion x,, — 0o as n — oc.

. Yp — —00 aS N — 00,

» — —L as n — 0o, where L is some positive number.
?

If (2) holds, we have z,, — p,zn_ = yn < —L/2, further, px,_p > ppx,_j >
L/2 and z,_ > L/(2p). So, by equation (1) we have
L
A"y 4+ ¢n— < A"y, + ¢, max xzs=0.

2p s€[n—1,n]

By summing the above inequality and considering A™ 1y, > 0, we have
> L
Am—l n > g—.
= s;q 2p
Summing the above inequality again from ny to N, we have

N o]
A" Pyn — AT Py > > Y g,

s1=ng S=S1

L
2p
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Let N — oo, the left of above inequality can be

ZZQS qus _ZS—TLO = Q.

S1=ng s=s1 p51 =ng s=s1 sno
So, A™2yn .1 — oo as N — oo. This will lead A’y,, >0 (i =0,1,---,m — 3)
and a contradiction to occur.

(¢c) Since that Ay, > 0 and y, > 0, we have the following two possible

cases
(1). y, — 00 as n — o0,
(2). y, — L as n — oo, where L is some positive number.
If (1) holds, we also have the conclusion x,, — 0o as n — oc.
If (2) holds, we have z,, > x, — PpTp_k = yn > L/2, further,

L
A"y, + ¢ < A™y, +q, max z, =0.
2 s€[n—1,n

By summing the above inequality and considering Amflyn > 0, we have

Am_zyNJrl - > Z Z QS

s1=n0 s=s1
Let N — oo, we also see that A™ 2yy,; — 00 as N — oo. This lead to
Yn — 00 as n — oo. This is a contradiction.

(d). In this case, the contradiction will be obtained by similar proof method
to that of case (d) in theorem 2.1. we omit it.

(B). In this case, there are four same cases (e)—(h) to consider. The proofs
are similar to (A) and will be omitted.

So far, the proof of theorem is completed.

REMARK 2.2 When m is odd, we can have similar conclusion to Theorem
2.4 if only changing the hypothesis that equation (6) has no positive solution
into that (16) holds.
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