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Abstract

In this paper, we are concerned with the study of a multi-step itera-
tive scheme with errors insolving a finite family of asymptotically quasi-
nonexpansive self-mappings. We approximate the common fixed points
of a finite family of asymptotically quasi-nonexpansive self-mappings
by convergence of the scheme in a uniformly convex Banach space.
Our results extend and improve some recent results, Q. Liu [ Iterative
sequences for asymptotically quasi-nonexpansive mappings with error
member, J. Math. Anal. Appl. 259(2001), 18-24], S Plubtieng, R.
Wangkeeree, R. Punpaeng, [On the convergence of modified Noor iter-
ations with errors for asymptotically nonexpansive mappings, J. Math.
Anal. Appl. 322(2006), 1018 - 1029.]

Mathematics Subject Classification: 47H10, 47H09, 46B20

Keywords: fixed point, asymptotically quasi-nonexpansive mappings, uni-
formly convex

1 Introduction

Let C' be a subset of normed space X, and let T be a self-mapping on C'. T is
said to be nonexpansive provided that |Tx — Ty|| < ||z — y|| for all z,y € C,
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T is called asymptotically nonexpansive if there exists sequence {u,} in [0, c0)
with lim, o u, = 0 such that | 7"z —T"y|| < (1+wu,)||z—yl|, for all z,y € C.
A map T is called asymptotically quasi-nonexpansive mapping if there exists
up € [0, +00), with lim,,_ u, = 0, such that ||T"z — p|| < (1 + u,)|lz — p||,
for all x € C and for all p € F(T), and n € N. From the above defini-
tions, it follows that a nonexpansive mapping must be asymptotically nonex-
pansive, and if F(T) # ¢ then asymptotically nonexpansive mapping must
be asymptotically quasi-nonexpansive mappings. Fixed point iterations pro-
cess for nonexpansive mappings and assymptotically nonexpansive mappings
in Banach spaces including Mann and Ishikawa iterations process have been
studied extensively by many authors to solve the nonlinear operator equations
as well as variational inequations; see [8, 9, 10, 11, 14, 15, 17, 18, 19]. In 1973,
Petryshyn and Williamson [11] proved a sufficient and necessary condition for
Picard iterative sequence and Mann iterative sequences to converge to fixed
points for quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [3] ex-
tended the result of [11] and gave the sufficient and necessary condition for
Ishikawa iterative sequence to converge to fixed points for quasi-nonexpansive
mappings. Recentry, Liu [5], extended the above result and obtained some
sufficient and necessary condition for Ishikawa iterative sequences to converge
to fixed points for asymptotically quasi-nonexpansive mappings. In 2001, Liu
6, 7] proved some sufficient and necessary conditions for Ishikawa iterative se-
quences of asymptotically quasi-nonexpansive mappings with errors member to
converge to fixed points. On the other hand, Das and Debata [2] and Takahashi
and Tamura [16] introduce and studied a generalization of Ishikawa iterative
schemes with errors for two mappings in hillbert space and Banach space, re-
spectively. Recentry, Khan and Fukhar-ud-din [4] extend their scheme to the
modified Ishikawa iterative schemes with errors for two mappings and gave
weak and strong convergence theorems. Moreover, Plubtieng R. Wangkeeree,
R. Punpaeng[12] established several weak and strong convergence theorems
are established for a modified three-step iterative scheme with errors for three
asymptotically nonexpansive mappings. Inspired and motivated by these fact,
we introduce and study a multi-step iterative schemes with errors for a finite
family of asymptotically quasi-nonexpansive mappings. Our schemes can be
viewed as an extension for iterative schemes of Liu [6, 7], Xu and Noor [19]
and Cho, Zhou and Guo [1] . The scheme is defined as follows.
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2 Preliminary

Let X be uniformly convex Banach space and let 17,75, ....,Ty : X — X be
mapping. For any given zy € X the sequence {x,} defined by

T = € X:
A )
2? = 047(12)1,” + 57(12)T2nx§11) + @y, (2.1)

:7cn+1 = 2N = oWy, 4+ N TRpN=1) 1 ~N)y(N) 'y > 1,

where {a(V}, .. {aM} {BW}, .., {8}, {v (D}, ..., {4 M} are sequences in [0, 1]
with ol + B9 + 40 =1 for all i = 1,2,3,..., N and {vV}, {v@}, ..., {o™}
are bounded sequences in X.

This iteration scheme (2.1) are called the multi-step iteration with errors.
These iteration introduce the Mann-Ishikawa-Three-step iteration as spacial
case.

UTy =Ty, =T =..=Ty:=T, then the sequence {x,} of (1.1) defined
by
ry=1x € X,
2D = W, + Oz, 1 My,
2 = oty + GOTa D, 22

Pt = ) = a0, + BTN A0, 2 1
where {a(V}, ..., {a™MY M}, . {BMY, {4V, ..., {7V} are sequences in [0, 1]
with ol 4+ B9 + 40 =1 for all i = 1,2,3,..., N and {vM}, {v@}, ..., {oM}
are bounded sequences in X.

For N=2Ti=Ty,=T o =a,,B =3, =7,,a% = a,, 32 = 3, and
2 = ~,, then (2.1) reduces to the modified Ishikawa iterative scheme with
errors defined by Liu [5];

Tp+1 = Qpdp + ﬁnTnyn + YnUn, (23)
Yn = o/nxn + ﬂ;T”xn + ”y;vn, n > 1.

where {a, }, {Bn}, {7}, {a,}, {5}, {7,,} are sequence in [0,1] with
QO+ B+ = @, + B, + 7, = 1

and {u,}, {v,} are two bounded sequence in X.
In the sequal, the following lemmas are need to prove our main results.

Lemma 2.1 [13, J. Schu’s Lemma. | Let X be a uniform convexr Banach
space, 0 < a <t, < B <1, x,,y, € X, limsup,,_, . ||z.]] < a,limsup,,_, . ||y <
a, and limsup,,_, . |[tpzn —(1—t,)ynll = a, a > 0. Then lim, . ||z, —y.| = 0.
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Lemma 2.2 [2, Lemma 2. | Let nonnegative series (o), (), (Yn) satisfy
A1 < (14 Bo)an + Yo, Y0 € N, and 22,6, < 00,%5% 7, < oo; then
lim,, .o o, exists.

3 Main Results

In this section we first prove some sufficient and neccesary condition of the
multi-step iterative scheme with errors for a finite family of asymptotically
quasi-nonexpansive mappings to converge to common fixed point. In order to
prove our main results, the following lemma are needed.

Lemma 3.1 Let X be a nonempty convex subset of uniformly conver Ba-
nach space. Let T1,T5, ...,TN be asymptotically quasi-nonexpansive mappings
of X, with sequences {uM}, ..., {ulM} and F = NN, F(T;) # ¢. Let {x,} be
the sequence as defined by (2. 1) with X221, < oo for alli=1,2,....N. Then

(a) There exists positive sequence {k,} with lim, . k, = 0 such that

|Zni1 —pl| < (14 kn)l|zn — pl| + dgzN)v

foralln € N, p € F. where ¥ ,d™) < .
(b) There exists a constant M > 0, such that ||Tpim — pl| < M||x, — p|| +
AN Ym,n € N, Vp € F.

Proof. Proof of (a). Let p € F. For each n > 1, let u,, = max{u(V, ..., u(M}.
Then u, > 0 and lim,,_,o, u, = 0. It follows from (2 1) that
B2 pll = alM ||z, —pl| +ﬁ(1>HT"fr —pll + IIU(” pl|
< oDl —pll+ AP (L )l — pl + 300 =)
B S BN T e
where d(V) = vV||v(M) — p||. Since 32 ,4H) < 0o, we infer that 32 ,d) < oco.
Next, we note that

o2 — pll < s, = ol + B2 T3af) =l + 62 o2
<04(2)Hl“ —p||+ﬁ(2)(1+un)||$ p||+7(2)!|v — |
04(2)!\90 —p|l + B2 (1 + un) () + BV + )|z — pl| + dD)
+1 Pl = pl]

< (al) + afDBR (1 + uy) + BIBP (A + un)?) |2 — pH +d)

< (o) + aPBP + BIFE) (1 + up)? ||, — pll + d)
where d? = 3P (1+u,)dM +~2||[v? —p||. Since ¥ d(l) < oo and ¥ 4 <
00, it follows that X2 ,d(?) < co. Moreover, we have

125 = pll < &Pz, — pll + B HT:?ZE%Z) —pll + [0 — pll
< ol — pll + B (1 + un) 22 — pl + %(f’) [l = pl
< oz, = pll + B (1 + ) (0 + a5
FADBD) L+ un 2l — pll + dD) + D]l — ]
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< (o) + a1+ up) + oI BP B (1 + un)?
+AVBDBI (1 + un)*) |2 —pl + df,
< () + o3 + oV 3P + BV BB (L + un)? |20 — pll +di,
where d® = 831 + u,)d? + 3 |[uf® — p||. So that %2 ,d®) < oo. By
continuing the above method, there exists a nonnegative real sequence {dV)}
such that X2 d™) < oo and
2041 =PIl < (@) + N DB + a2 NUA 4
we BBE - B (1 4 wn) N [l = pll + Y
< (14 up) |z, — pl| + d).
This implies that

s = pll = 2" = pll < (1+ ko)l — pl +d,

where k, = CNu, + CNu? + ... + CYu®. Since lim,, .o, u,, = 0, it follows that

Jim £, = 0.
This completes (a).
Proof of (b). From (a), we obtain
1Zntm = Pl < (14 tpsm—1)™ | Tngm—1 — pll + d7];7+m_1
< eNumim— meﬂ%l - p” + d7];7+m_1
< eNlngmottumin=2)|lg, 00— pl| + eNu"+m71an+m—2 + dizVer—l
< eNlumemorttmn=2) g, 4 — pll + N1 (d g + A y)
< VST g, — | + N et g
< Mz, — pll + M0,
where M = eN¥k=n"r This completes the proof of (b). o

Theorem 3.2 Let X be a nonempty convex subset of uniformly conver Ba-
nach space. Let Ty, Ts, ..., Ty be asymptotically quasi-nonexpansive mappings
of X, with sequences {uM}, ..., {ulM} and F = NN, F(T;) # ¢. Let {x,} be
the sequence as defined by (2.1) with 35° . < oo for alli=1,2,...,N. Then
{z,} converges to a common fized point of the mappings {T1,Ts,... Ty} if and
only if liminf, . d(x,, F) = 0.

Proof. The neccessity of the condition is obvious. Thus, we will only prove
the sufficiency. Let {u,}, {k,} and {d™} be sequences as in Lemma 3.1.
Suppose that liminf,, . d(x,, F') = 0. From Lemma 3.1 (a), we have

|01 = pll < (1+ K[l — p| + 5
for all p € F and for all n € N. Hence

d(Tny1, F) < (14 kp)d(zn, F) 4+ d0V.

n
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N)

Since liminf, ., d(z,, F) = 0, and lim,, o, ) = 0, we have

Aim d(z,, F) = 0. (3.1)
We next show that {z,} is a cauchy sequence. Let ¢ > 0. By Lemma 3.1 (b),
there exists a constant M > 0 such that

[ Znsm — pll < M|z, — pl| + MEFE1q ™M, Vpe F, m,neN.
By (3.1) and %2°,d™ < oo, there exists N; € N such that

(2, F) < 3LM and Srm-1gN) o 3LM

for all n > Nj. So d(zn,, F) < there exists p; € F' such that

SM’

||IN1 — D1

€
I < 57
3M
Hence for any n > Ny, and for all m € N, we have
|Znim — Tnll < | Tnpm — prll + |7 — pi| o
< My, —pil| + Mz, — p1|| + Myt taly
< Mgy + Mz + Mgy =
Thus {z,} is a cauchy sequence. Since X is complete, it follows that {z,} is
converges. That z, — p as n — oo for some p € X. It will be proven

that p is a common fixed point. Let p > 0. Since x,, — p, thus there exists
Ny € N such that

P
n—p|l < ——— Vn>Ns.

By (3.1) there exists a natural number N3 > Ny such that

p

Vn 2 Ng.

This implies that d(xy,, F) < , and hence there exists p, € F' such that

(2+u

P

— < —0.

Hence for each i = 1,2, 3, ..., N, we have
1 Tip — pll < | Tip — p2ll + [[p2 — p
< (1 +ui)llp = pall + lIp2 — pll
< (24 w)|lp = poll
<(2+ ul)szvs pll+ 2+ ul)szvs — p2||
< (2+u1)558— (2+u 7+ 2+ u) 3t =P
since p is an arbitrary positive number. Thus T;p = p is a common fixed point.
This complete the proof of Theorem. o
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Corollary 3.3  Let X be a nonempty convex subset of uniformly con-
vex Banach space. Let Ty = Ty, = ... = T = T be asymptotically quasi-
nonexpansive mappings of X, with F = NN, F(T;) # ¢. Let {x,} be the
sequence as defined by (2.2) with 22 ,v: < oo for all i = 1,2,..,N. Then
{z,} converges to a fized point of T if and only if liminf, . d(z,, F) = 0.

Corollary 3.4 [6/ Let X be a nonempty convex subset of uniformly convex
Banach space. Let T be asymptotically quasi-nonexpansive mappings of X,
with F = NN, F(T;) # ¢. Let {x,} be the sequence as defined by (2.3) with
¥y < 00,82 1y, < oo. Then {x,} converges to a fized point of T if and
only if lim 1nfn—>oo d(x,, F) =0.

In the next result, we prove two sufficiency conditions of strong convergence
theorems for the multi-step iterative scheme with errors for a finite family of
asymptotically quasi-nonexpansive mappings. To do this, we need a lemma.

Lemma 3.5 Let X be a uniformly convex Banach space. Let Ty, Ty, ..., Ty
be (L — ) uniform lipschitz asymptotically quasi-nonexpansive self mappings
of subset of X. Then lim,, ., ||z, — Tjx,|| =0 for alli=1,2,...,N.

Proof. It follows from Lemma 3.1 that ||z,41 —p| < (1+ k) ||z, — p|| +d@
For each n > 1, let u,, = max{ulV,...,uM} where ¥2° ,d™V) < co. Hence, by
Lemma 2.2, lim,,_, ||z, — p|| = ¢ exists.

We note that

lim sup Hxn—p—l—v(i)(v(i)—xn)ﬂ < limsup ||x, —pl||+1im sup ||’y£f)(v,(f)—xn)|| <ec.

n n
n—oo

This implies that

lim sup T3l = p + 2 (01 = )| < limsup(1+ )|+ — p|

n—oo n—o0

+limsup,, ., |7 (0N — 2,)[| < ¢
Hence

= lim,,_,o HO&%N)% + BT(LN)Tnx(N—l) + ,y(N)U(N) _ PH
= limy oo || BTNV 4 (1 — BNz, — AN g, 4+ 4 N)gyV)

—(1=BM)p — My
= limy, oo [| B (TN = p) + (1= ) (20 —p) +7 (0 — ) |
= limy, oo | B (TR — p) + (1 = B1)) (20 — p)

+EM MY = 20) = B OW = 2)) + 90 @ = )|
= limy, oo [| B (TN — p + ) (V) — flfn))

+(1 = B (wn — p+ 4N (0 = 2))|
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By Lemma 2.1, we have

lim || Ty~ — 2l = 0. (3.2)
We observe that
limsup, o [T8_12" " = p+ 9" V(0N —2,)|
< limsup,, (1 + Un)||$,(1 — ||
+limsup,,_, [y (0N xnﬂ|§(;

and ||z, — p|| < [lon = TRaM V|| + ITHY ) — p|
<l = TSVl + (14 u) 2570 = pl.
Thus, we have
c = lim, .o ||z, —p|| < liminf, o [|[2VD —p|| < limsup,,_, [|[zV"D —p| < ¢

(N-1)

lim ||z —pll=c

n—oo

It implies that
¢ = limy o0 [[2ND — p|| = limy—oo @V, + SNV 2(N-2)
NN — |
ity e BTG 0N 4 (1 B D)z, — 9N,
+,Y(N—1) (N-1) _ (1 @SN—I))p o 5,(1N_1)p||

= lim, . ||ﬁ(N WTf 22 —p) 4+ (1= BND) (2, — p)
DN — )|

-memwwlﬁﬂl9”—@+ﬂ—&“%@«m)
BN DN DD L)) DN N )
TN (VD )|
= limy, oo Hﬁ(N (TJ% 1x£zN D —p+ '7( 71)(U(N71) — Tp))
+(1 = BN ) (@ —p + ANV N = 2)-
By Lemma 2.1, we have

lim |77 _ 2N g =o0.
By continuing the above method, we have
lim ||7720Y —z,| =0 (3.3)
for i = 2,3,..., N. We note that
lim sup,, o [ 7720 — p + 7P (0 = 2,)|| < limsup,, o (1 +wa) ||z — p
+hmsupn oo P ) = za)ll < e

and [z, — pl| < [Jon = Tl + | T35 - p]
< lww = T3P + (1 + )25 = p]l.
Thus, we have

¢ = lim, o ||zn — p| < liminf, . ||z}

= pll < lmsup,_ 28 —p] <,

lim ||zY —p|| = c.

n—oo
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It implies that
c = lim, .o ||z — p|| = lim, o |aPa, + BV TP2, + 7(1)0 p||
= limy, o [| B TT 20+ (1= 60 2 =y D[+ D 0D = (1= 60 p— 8|
= limy oo [| B (T7 2, — p) + (1 = BY) (2 — p) + 7(1)(0(1) ) |
= lim, o |8 (T2, — p) + (1 = B0 (20 — p) + B (A (U(l) Tn))
—60( é”(v(” n)) + D (W) = a,)|
= lim,, .o || (T”x —p+ APV —x,))
+(1= B (@ — p+ 1D (] — )]
By Lemma 2.1, we have

Lim |1z, — || = 0. (3.4)

Since ng) — x| < O‘g)Hxn — x| + 57(11)||T1nxn — Zn|| + '77(11)””7(11) — x| for all
n € N, it follows by (3.4) that lim,, .., [|[#(!) — 2,|| = 0. Similarly, since
22 — zall < & 2, — 2| + BONTE2E — 2l + A2 o — 2]
it follows by (3.4) that lim, .. ||[z® — 2,|| = 0. By continuing the above
method, we have
lim |2 — z,|| = 0, (3.5)

foralls=1,2,...,N.
By (3.4), we have lim,,_., ||7}*,, — ,,||. Consider, for i = 2,3, ..., N it follows
that
T — all < TP — TG0 4+ T2 —
< Lillzn — 27 + 1772l — 2],
by (3.3), (3.4) and (3.5) we have

tim [T, — | 36
Consider,
HTll‘n - xn“ < HTIxn - n+1xn|| + ||TnJrl TnJrlxn-i-lH

AT @01 = T |+ 2041 — 2l
< Lial|zn = TT'@a||* 4 Ligl|#n — @ ||
HITT 21 = Tl + [2nrr — 2all,
by (3.3), (3.4) and (3.5) we have lim,, . || 712, — ]| = 0. Next, we note that
Ty — 2] < [Ty — TEH O] + T30~ Ty,
T3 = T3 || + 1T g = 2o | 4 J20 — 24
< ﬁzl\’ﬁ" - Ty H‘“H+ LHMH%(}) - 3|3|nHa + Logllan — nga ]|
T Zng1 — Tpga || + |20 — 2|,
by (3.3), (3.4) and (3.5) we have lim,,_, || T2z, — x,|| = 0. Next, we note that
1 Tszn = 2all < (| Tswn — T3 2D || + | T3 2P — T3 |
+|73 T3+, ?Zwlxn-i-lH + HTZ’)nJrlxn-&-l — Tnpa || + | Tnt1 — 24l
< L2,1Hxn - T:?l“g) 1 + Lopllaf? — @all® + Logllwn — wne[|*
+||T?:H1xn+l — Tnp1 || + 241 — 2,
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by (3.3), (3.4) and (3.5) we have lim,,_, || 732, — x,|| = 0. By continuing the
above method we have

nILHOlO |Tixy — zal| =0, (3.7)
for all © = 1,2, ..., N. This complete lemma. o

Theorem 3.6 Let C be a nonempty compact convex subset of uniformly
convex Banach space. Let Ty, Ty, ..., Ty be (L —«) uniform lipschitz asymptoti—
cally quasi-nonezpansive mappings of X, with sequences {u®}, ., {ulM} are
¥ ul < oo and F = NN, F(T;) # ¢. Let z9 € X and F, then the sequence
{xn} define by (2.1) converge to common fized point of Ty, Ty, ..., Tn.

Proof. Since C' is compact, thus {z,} has a convergence subsequence {z,, }
of {x,}, say

lim @, =q (3.8)
and hence
HxnkJrl xnkH < O‘ Hwnk - xnkH + ﬂ HT]T\lkank - xnk”
—1—7 N — a, | —>Oasn—>oo. (3.9)

By Lemma 3.5, (3.4), (3 8)
ITRF Y = qll < [Tl = 2, [l + [|2n, — qll — 0 as n — 0. (3.10)
By Lemma 3.5 and (3.8), it follows that

T/ 2l — gl < 1T 2l = @, |l + [, — gl = 0 as n — oo.
By Lemma 3.5 and (3.8) it follows that
HTlnkInk - QH < ||T1nk'rnk - InkH + ||Ink - QH — 0 as n — oo.

From Lemma 3.5, (3.9) and (3.10) it follows that
0 lla =Tl < llg =T ol + W7, = T,
HIT 0 — 71"”19% I+ 1T, — T2V
HT Y — T
< lg = TN + L) = 2
LTt — g |+ Ly — i D]+ LI TPl — g
— 0 as k — oo.
Thus ¢ is a common fixed point of 71, Ty, ..., Tiy. Since the subsequence {z,, }
of {x,} converges to ¢ from (3.8), we have lim,_.., z,, = q. o
Let C' be a nonempty subset of Banach space. A family {T; :i=1,2,..., N}
of self-mappings of C' ( ie. Ty, Ty, ..., Ty : C — C) with F = NY,F(T;) # ¢
is said to satisfying condition (B) on C' if there is a nondecreasing function
f:]0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all r € (0, 00) such that
for all x € C
ma o — Tirll} = f(d(z, F)).

1<i<N



Strong convergence theorems 765

Note that condition (B) reduces to condition (A) when T3 =Ty = ... =Ty =
T.

Theorem 3.7 Let C' be a nonempty convexr subset of uniformly convex
Banach space. Let Ty, Ty, ..., T be (L — «) uniform lipschitz asymptotically
quasi-nonezpansive mappings of C and satisfying condition (B), with sequences
{u,} as define by Lemma 3.1. Let xy € C' and F # ¢, then the sequence {x,}
define by (2.1) converge to common fized point of Ty, Ts, ..., T .

Proof. By Lemma 3.5, we have lim,, ., ||T;x, —x,|| =0 for alli =1,2,..., N.
Since Ty = Ty = ... = Ty = T are satisfying condition (B) there exists f :
[0,00) — [0, 00) is nondecreasing function such that

Ezj\ilHszn — || = f(d(zn, F)).
Then lim,, . f(d(z,, F')) = 0. Since f is nondecreasing function and f(0) = 0,
Jim d(z, F)=0,

it follows, as in the proof of Theorem 3.2, that {x,,} converges strongly to some
common fixed point in F. This completes the proof. o

Theorem 3.8 Let C' be a nonempty convex subset of uniformly convex
Banach space. Let Ty = Ty = ... = Ty = T be (L — «) uniform lipschitz
asymptotically quasi-nonexpansive mappings of C' and satisfying condition (A),
with sequences {u,} as define by Lemma 3.1. Let xo € C and F # ¢, then the
sequence {x,} define by (2.2) converge to fized point of T

Proof. By Lemma 3.5, we have lim,,_. ||T;z, —x,|| =0 foralli =1,2,..., N.
Since T is satisfying condition (A) there exists f : [0,00) — [0,00) is nonde-

creasing function such that
| Ty — xnl| > fd(x, F)).
Then lim,, o f(d(zy,, F')) = 0. Since f is nondecreasing function and f(0) = 0,
Jim. d(x,, F) =0,

it follows, as in the proof of Theorem 3.2, that {x,,} converges strongly to some
fixed point in F'. This completes the proof. o

For N =2 and T} = T, = T, then (2.1) reduces to the modified Ishikawa
iterative scheme with errors, the sequence define by (2.3) converges to common
fixed point of Ty, T5.

Corollary 3.9 [5/ Let C be a nonempty compact subset of a uniformly
conver Banach space, and T are (L — «) uniform lipschitz asymptotically
quasi-nonexpansive mappings on C with ¥°° ju, < oo. Let g € C and F
is nonempty. Then {x,} define by (2.3) converges to fixed point of T.

Acknowledgements. The authors would like to thanks The Uttaradit Ra-
jabhat University for financial support.
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