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Abstract

Let A be the class of functions f : f(z) = z + Z anz" analytic in

n=2

the open unit disc U. Let

o0

. ) . (al)n"'(aq)nz
qfs (04170427--' 7aqa517"' ,55;2) _7;) (ﬁl)n(ﬁS)” n!’

(¢ <s+1;q,s € Ny).

n+1

We define qfég*l) (o,00,... ,aq;01,...,0s;2) by using convolution x*
as qfs (Oél, .. ,O[q;ﬁl, cee 7ﬂ8; Z) * qugil)(alu cee 7Oéq;ﬂ1, .. 7/88;2) -
z/(1—z)?. We use this definition to introduce a generalized integral op-
erator Lo s (a1,... ,aq;01,...0s)f(2) = qfég*l) (o, .., 0q;01,...,0s2)%
f(2). In terms of this integral operator we introduce new classes of func-
tions and derive some interesting properties of these classes.
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Keywords: The Dziok-Srivastava operator, strongly starlike function,

strongly close-to-convex function, the Noor integral operator

1 Introduction

Let A denote the class of functions f(z) of the form

f(2) :z+Z@nz" (1)
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which are analytic in the unit disc U = {z : |2| < 1}.
If f(2) € A satisfies

2f'(2) ) ’ m
ar — <=0 (2z€U;0<p<1, 0<y<1]), 2
g ( ) 7 50 ( v <1) (2)
then f(z) is said to be strongly starlike of order § and type 7 in U, and we
denote this by S*(v, ).

If f(2) € A satisfies

e (152°)
1+ )

then f(z) is said to be strongly convex of order [ and type v in U, and denoted
by C(v,3). It is obvious that f(z) € A belongs to C(v, () if and only if
zf'(z) € S*(v, ). Further, we note that S*(,1) = S*(y) and C(v,1) = C(7).

For a; € C (j = 1,2,3,...,¢9) and §; € C —{0,—-1,-2,...} (j =
1,2,...,s), the generalized hypergeometric function is defined by

<36 (el 0<B<L 09<1), (3)

(a1)n - (ag)n 2"

qu (ala'..yaq;ﬁly-..a/@87 nZ(/Bl ) n,?
(q< +17q7S€N0_{071)2 })

I'(a+n)
= T M
1)---(a+n—-=1)forn e N ={1,2,...} and 1 when n = 0. In particular,
the incomplete beta function, related to the Gauss hypegeometric function,
¢(a,c; z), is defined by

where (a),, is the Pochhammer symbol defined by (a),

= (a
= 2F(a,1; Lt zeU 0,—1,—-2,....
o(a,c z) = zF(a,1;¢; 2) ;Cn z , ¢#£0,—1,-2,
Note that ¢(a,1;z) = a _Zz)a . Moreover, ¢(2,1;z) = a —ZZ)Q is the Koebe
function.
Corresponding to the function h(o, ... ,aq; 01, ... Bs;2) = 2o Fs (o, ... ay;

Bi,y ..., 0s;z) the Dziok-Srivastava operator [3], H,s(ai,..., a4 0, ... 0s) is
defined by
Hq,s(ala"' 7aq;517”‘ uﬁs)f( )_h(alw” uaq;ﬁla"' J/BS)Z)*f(Z)

— 5 - (al)n—l (aq)n 1 ap2"
T Z (ﬁl)n 1° (ﬁs)n 1 (Tl — 1)

(132

where “x” stands for convolution.
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It is well known [3] that

arHys(an+1, ... Jagfr, ..., Bs)f(2)=z2[Hys(ou, ... a4 0, ... B f(2)
+ (al - 1)Hq,s(0417 s 7C¥q;ﬂ17 te 7Bs)f(z)'
(4)

To make the notation simple, we write H, s[a1]f(2) = Hys(ou, ... ,aq; 01, ...,
Bs)f(z). For ¢ = s+ 1 and ay = fi,...,a, = [, it is easy to see that
Hops[1]f(2) = f(2) and Hyp[2]f(2) = 2'(2).

We note that many subclasses of analytic functions, associated with the
Dziok-Srivastava operator H, s[or] and many special cases, were investigated
recently by Aghalary and Azadi [1], Dziok-Srivastava [4], Liu [6], Liu and
Srivastava [8], [9] and others.

In this paper we define a generalized integral operator L s(aq, ... , a4 1, .-
Bs) + A — A analogous to H,[o];(¢ < s+ 1,q,5 € Ny) where a; €
C—-{0,-1,-2,...}, (j=1,2,...,q) as follows.

Let

qfs(Odla"' 7&q;ﬂ17"' 7ﬂs;z):h(&1:"' 704q;ﬂ17"' 7ﬂ8;2)
:Zqu(ala"' 705(1;517"' 7ﬁs;2)

and let qfég’l)(al, ooy 0g; By, .o, Bs; 2) be defined such that

qfs(alw” 7aq;ﬁ17"' 7ﬁs;z) * qfs(_l)(alw“ 7aq;ﬁ17"' 755;2) = ¢(2a172)
()

Then

Lys(oa,... apb1,...,0:)f(2) =, ffl)(al,... Qg By, Bs;2) * f(2). (6)

Forg=s+landay = f1,... ,04 = s, wenote that L, s(1, a9, ... ,aq; b1, ..., 5s)

f(2)=zf"(2) and L,5(2,az,... a4 01,...,08s)f(z) = f(2).
From (5) and (6), it follows that

arLys(aq, ... ag B, Bs)f = 2[Lgs(ar + 1, an, .o sy Bry .o, Bs) f]
+ (Oél — 1>Lq,s(051 + 1, P ,Odq;ﬂl, P ,ﬂs)f.
(7)

The relation (7) plays an important and significant role in obtaining our results.
To make the notation simple, we write

Lyslon]f(z) = Lys(oq, e, ... ,oq; B, ..., Bs) f(2).

Also, we note that a special case of this operator is the Noor integral operator
[11].
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Let g, s € N, 0< (B <1and0<+vy<1. Wenow introduce the following
classes in terms of the new operator L, s[aq] :
Let S,, (7, 5) be the class of functions f € A satisfying

e (Z(fij[fj]]ffff - ”)

<gﬂ (zeU; 0<pB<1, 0<~vy<1).

(Lys[aa]f)

Observe that L, [aq]f € S*(v,3) and - # 7. Let Cy, (7, 3) be the
q7
Lq,s{oﬂ]]

class of functions f € A satisfying

2(Lgs[aa] f(2))" il
(Lg.slonl f(2)) V)‘ 3"

arg (1 +

n
Observe that L, s[aq]f € C(v,3) and 1 + ALgslal )" # 7.
Lgsloalf .

Forg=s+1and ay = f1,... ,aq = [, it is easy to see that S, (v, 3) is
the subclass of strongly starlike functions defined by the Noor integral operator
which was introduced by Liu [7]. Further, we note that Sy(v, ) = S*(7v, 5)
and Cy(v, 8) = C(v, B). _

Clearly, f € Cy, (7, B) if and only if zf' € S, (v, ).

Also, let R,, (v, 3,n, A, B) be the class of functions f € A satisfying the
condition

s (M)

for some g € Qq, (1, A, B) where

<38 (€U; 0<B<L0<7<)

Qulna.) = (g4 1 (Ll ) < e

(zeU;0<n<1,-1<B<A<LI).

For ¢ =s+1and as = f31,... ,a, = (s, we note that R, 1(v, 5,n, A, B) is
the subclass of strongly close-to-convex functions defined by the Noor integral
operator which was introduced by Cho [2]. Also, note that Ry(vy,1,7n,1,—1)
and Ry(vy,1,m,1,—1) are the classes of quasi-convex and close-to-convex func-
tions of order v and type 7, respectively, introduced and studied by Noor and
Alkharsani [10] and Silverman [13]. Further, Ry(0,3,0,1,—1) is the class of
strongly close-to-convex functions of order [ in the sense of Pommeranke [12].

2 Main Results

In proving our main results, we need the following lemmas.
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Lemma 2.1. [5] Let h be convex univalnet in U with h(0) = 1 and Re(Ah(z)+
w) >0 (AN peC). If pis analytic inU with p(0) = 1, then

2p'(2) B B
p(2)+7Ap(z)+M <h(z) (z€0)

implies
p(z) < h(2) (z€U).

Lemma 2.2. [9] Let h be convexr in U and let E > 0. Suppose B(z) is
analytic in U with Re B(z) > E. If g is analytic in U and g(0) = h(0), then

Ez%g"(2) + B(2)2¢'(2) + g(2) < h(2)
implies
g9(z) < h(2).

Theorem 2.3. Let h be convex univalent in U with h(0) = 1 and Re h(z) >
0. If a function f € A satisfies the condition

1 (z(Lq,s[Oél]f(Z))' B 77) <h(z) (0<n<lzel),

L—n Lq,S[Oél]f(Z)
then
1 (2(Lgslon +1]f(2)) |
1=mn ( Lgslon +1]f(2) _”) <h(z) (0<n<Lzel).
Proof. Let

p(2)

1 2(Lgslan +1]f(2))
1 ( Lgslon +1]f(2) 7]) 7

where p is an analytic function with p(0) = 1. By using the equation (7), we
get

Lq,s[&l]f(z)
Lq,s [al + 1]f(2)
Differentiating both sides of (8) logarithmically, it follows that

2(2) L (Al ) e
ay — 1 + n + (1 - U)P(Z) 1- n Lq,s[al]f(z)
Applying Lemma 2.1, it follows that p < h, that is,

1 (2(Lyslan + 1]f(2))
1—n ( Lyslon + 1]f(2) _77) < h(z) (z€0).

ar—1+n+ 1 =npz)=m (8)

p(2) +
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Taking h(z) = (1 + Az)/(1 + Bz) (-1 < B < A<1),in Theorem 2.3,
we have

Corollary 2.4. Q,, (1, A, B) C Qu,+1(n, A, B) for Reay > 1 —1n and 0 <
n < 1.

Taking h(z) = ((1+2)/(1 —2))?, 0< 3 <1 in Theorem 2.1, we have

Corollary 2.5. g;(n,ﬁ) C leﬂ(n,ﬁ) for Reay >1—-08, 0<n<1
and 0 < 6 < 1.

Corollary 2.6. Cy,(n,3) C Cays1(n,B) for Reay >1 -5, 0<n<1
and 0 < 6 < 1.

Proof.

f(2) € Cua,(n, B) & 2f'(2) € Sy, (1, B)
& z2f(2) € S, (n. B)
& Lyslon +1)(2f'(2)) € S*(n, B)
& 2(Lyslon +1]f(2)) € S*(n, B)
& Lyslon +1]f(2) € C(n, B)
~ f(z) € Ca1+1(77: ﬁ)

O

Theorem 2.7. Let h be convex univalent in U with h(0) = 1 and Re h(z) >
0. If a function f € A satisies the condition

1 in (Z(f;zj[[zll]]}f((j))), B 77) < h(z) (() <p<lze U),

then

1 i77 (Z(fz,:[gll]]:]]:((;))((;)), _ 7]) < h(z) (() <n<l;ze U),

where J. be the integral operator defined by

c+1
ZC

/Z tHft)ydt (e >0). (9)
0
Proof. From (9), we have

ALgslon] Jo(f)(2)) = (¢ + 1) Lgson] f(2) = cLys[en] L(f)(z).  (10)

Let




Generalized integral operator and univalent functions 715

where p is an analytic function with p(0) = 1. Then by using (10), we get

Lyslaalf

Lol Jo(F) (1

ctn+(1—=npz)=(c+1)

Taking logarithmic derivatives in both sides of (11) and multiplying by z,
we have

p(2) +

) o (z(Lq,s[oa]f () _ n) (z € D).

c+ n + (1 - 77)]9(2) - 1- n Lq,s[al]f(z)

Therefore by Lemma 2.1, we obtain that

1 (z(Lq,s[oq]Jc(f)(Z))’
L=n\ Lgslea]Je(f)(2)

—n) < h(2) (z € U).
]

Letting h(z) = (1+ Az)/(1+ Bz) (=1 < B < A <1)in Theorem 2.7, we
have

Corollary 2.8. For ¢ > —n and 0 < n < 1. If f € Qu(n, A, B), then
J(f) € Qu,(n, A, B), where J. is the integral operator defined by (9).

Letting h(2) = (1 +2)/(1 —2))’ (0 < B < 1) in Theorem 2.7, we have

Corollary 2.9. Forc> —8,0<8<1and0<n<1. IffeS, (n B),
then J.(f) € S, (n,5).

Corollary 2.10. Forc> —f,0<8<1and0<n<1. If f € Co,(n,8),
then J.(f) € Cu, (0, B).

Proof.

feCanp) e zf €8, %)
<:>J(Zf())65 (1, 5)
( ((f)(2)) € 84, (n, B)
Je(f)(2) € Ca, (1, B).

O

Theorem 2.11. Let Rea; > 1 —06, 0 < 8 < 1 and f € A. Then
Ral(’yaﬂan?AaB)CRa1+1(77ﬁ7777AaB>'
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Proof. Let f € Ry, (7, 3,1, A, B), then by definition, we can write

1 ( 2(Lysloal £ () 7) . (1“) (z€U) (12)

L=y \ Lgslon]g(2) 1—2z

for some g € Q,, (n, A, B).
L 1 ! L 1 !
Letting h(z) = Lgsln + U/(2)) and H(z) = #Lgsln + Ug(2)) , we
Lyslon +1]g(2) Lys[an +1]g(2)
observe that h and H are analytic in U and H(0) = H(0) = 1. Now by
Corollary 2.4, g € Qu,+1(n, A, B) and so Re H(z) > n. Also, note that

#(Lgslon +1]f(2))" = (Lgslon +1]g(2))h(2). (13)
Differentiating both sides of (13) yields

2(Lyslon +1]21'(2)) _ 2(Lgs[on +1]9(2))'
Ly s[en +1]g(2) Ly,slar + 1g(2)
= H(2)h(z) + 2 (2).

h(z) + 21/ (2)

Now using the identity (7), we obtain

2 Lgslan]f(2) _ Lgslaa](2f'(2))
Lgslon]g(2) Lysloa]g(2)
_ 2(Lgslon +1)(21(2)))" + (1 — 1) Lys[an + 1](2f'(2))
Z(Lq sloa +1g(2)) + (a1 — 1)Lq75[a1 +1]g(2))
2(Lygs[on +1](2f'(2))) B
POERITE *} (e ) D polon + 11902)
a; + 1]g(2))
Lyslor +1lg(5) T 7Y
_ H(2)h(z) + zh (2) + (a1 — 1)h(2)
H(z)+ (ay — 1)

1 /
H(z)+ (o — 1)Zh (2)-

Lys[on +1](2f'(2))

= h(z) +
(14)

From (12), (13), and (14), we conclude that

5 (M) e ) < (iz)ﬁ'

1 1

1—~vH(2)+ (a1 — 1)
1 1

1= |H(z) + (a1 — 1)?

On letting £ = 0 and B(z) = , we obtain

Re(B(z)) = Re(H(z) 4+ (aqg — 1)) > 0.
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The above inequality satisfies the conditions required by Lemma 2.2. Hence
1+2

h(z) < (1

Theorem 2.12. Let ¢ > —f, 0< < 1. If f € Ro,(7v,0,m, A, B), so is
Jo(f) (0<n<1l, —1<B<A<LI), whereJ. is defined by (9).

Proof. Let f € Ry, (7, 3,1, A, B), then

B
) and so the proof is complete. O

L (ALgsln]f(2) 142"
= (e ) < () 1
for some g € Q,,(n, A, B). Now from (10), we have

Z(Lq,s[&l]t]c(f>(z)), _ Z(L(I,S[O‘l]*] (Zf,

Lq,s[al]g('z) ( s|& ]Jc(g

(2))" + cLgslon]Je(2f")(2)

(2)) + cLgs[on] Je(g)(2)

z(L QS[QI]JC(Zf/ (2))" | cLysloa](2f)(2) (16)

Lys[n]Je(9)(2) Lys[a1]Je(g)(2)

2(Lg,s[0a] Je(9)(2))’ '
Ls[an]Je(9)(2)

Since g € Qq, (0, A, B), by Corollary 2.8, we have J.(¢9)(z) € Qa, (1, A, B).

: 2(Lg,s[aa] Je(9)(2))’
Letting H(z) = & , we note that Re(H(z)) > n. Now, let
s ) = o)) =
h be defined by

~_ — | ~—

—~

+c

#Lgslen] Jo(f)(2)) = h(2) Lg.slan] Je(9)(2). (17)
Differentiating both sides of (17) yields

ALyaloa LN,
Lyafoala(?)

ALyl Jul9) (2))
&+ Tl as)

=21 (2) + H(2)h(z).
Therefore, from (16) and (18), we obtain
)

ALyslanlf(2))  2H(2) + H(h(=) + ch(2)
Lq,s[@l]g(z) H(z) +c '
This in conjunction with (15) leads to
1 zh (2) B 1+2)”
1—7(H(z)+c+h(2) ”y><(1_z> . (19)
1 1

Letting B(z) = n (19), we note that Re B(z) > 0if ¢ > —f.

1—~ H(z)+c :
Now, for £ = 0 and B as described, we conclude the proof since the required

conditions of Lemma 2.2 are satisfied. O
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