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Abstract

Let A(p) denote the class of functions of the form f(z) = 2P +
Y he1 Gk+pzFtr, which are analytic in the open unit disk D = {2 : z €
C;|z| < 1}. The authers define the function ¢*)(a,c; z) by using con-

volusion * as ¢p(a,c; z) * }(,*)(a,c; z) = ﬁ and then introduce

4
new subclass of p-valent functions using an integral operator defined as
ILy(a,c;2)f(z) = ](;*)(a,c; z) % f(z) and derive some interesting prop-

erties of this generalized integral operator ILy(a, c; 2).

1 Introduction

Let A(p) denote the class of functions of the form f(z) = 2P + >3, agip2*te,
which are analytic in the open unit disk D = {z : z € C; |z| < 1}. If f and g are
analytic in D, we say that f is subordinate to g, written f < g or f(z) < g(2),
if there exists a Schwartz function w in D such that f(z) = g(w(z)).

The function ¢,(a, c; z) is defined by

i (O
(a € RceC—-{0,—-1,-2,..},z€ D)

Corresponding to the function ¢,(a, ¢; z), Saitoh[6] introduced a linear op-
erator L,(a, c) which is defined by Hadamard product (%) (or convolution):

Ly(a,c;2)f(2) = ¢pla,cz) = f(z2)
—)a z
(C) k+p ) (1'1>
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where (a) is the Pochhammer symbol defined by

(a)y = % =ala+1)..(a+k—-1),ke N={1,2,..}

(CL)O = 1.

The definition 1 of the linear operator L,(a,c) is motivated essentially by
the familiar Carlson-Shaffer operator L(a,c) := Li(a,c)[1], which has been
used widely on such spaces of analytic and univalent functions in D . A
linear operator l,(a, ¢), analogous to L,(a, ¢) considered here, was investigated
recently by Liu and Srivastava [4] on the space of meromorphically p-valent
functions in U. We remark in passing that a much more general convolution
operator than the operator L,(a, c) considered here, involving the generalized
hypergeometric function in the defining Hadamard product (or convolution),
was introduced earlier by Dziok and Srivastava|2].

Recently, analogous to Saitoh [6] defined an integral operator as follows.

Let ¢{?(a,c; z) be defined such that

dpla,c; z) * ngI(?*)(a, cz) = ﬁ
Then
ILy(a,c;2) f(2) = ¢ (a,¢; 2) = f(2) (1.2)

The operator IL,(a,c; z) satisfies that
IL,(a,c+1;2)f(2)
= 2(ILy(a,c;2)f(2)) + (¢ = p) I Ly(a, ¢; 2) f(2) (1.3)

Putting @ = p and ¢ = 1 in 1, we have pIL,(a,c;2)f(2) = zf'(2), and
when we put a = p+1,¢ = 11in 1, we obtain IL,(a,c;2)f(2) = f(z).Setting
a =mn+pec = lin 1 we obtain IL,(a,c;2)f(z) = In+p-1, and when a =
p+1l,c=n+p, wehave IL,(a,c;z)f(z) = D71 f(z).

2 Main Results

In this secion, we shall derive some properties of the linear operator I L,(a, c; 2).

Theorem 1 Let f(z) € A(p), 6>1,¢>0and0<a<1. If

Ly(a,c+1;2)f(2) 1-a
IL,(a,c;z)f(2) pld c (2.1)

%{(ILP(“’ z z)f(@)m} S oh, (2.2)

P

Re{ !

then
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In order to prove the above theorem we shall need the following lemma
which is due to Eenigenburg, Miller, Mocanu, and Reade [3].

Lemma 2 Let -, be complex constants and h(z)be univalently convex in
the unit disk D with h(0) = p and Re(Bh(z) + v) > 0. Let g(z) = ¥ +
Yoo brypzrtr be analytic in D. Then

o)+ 30 )( DL h(z) = g(2) < h2).

Proof. From 1 and 1, we have

ILy(a,c+1;2)f(2) }{Z(IL p(a, ¢ 2)f(2))
ILy(a,c;2)f(2) ¢ ILy(a,c2)f(2)

e (ILyfa.ci2)f ()Y
2(ILy(a,c;2)f (=
Fe{ TL,(a,c:2) (%) }<p+l—a,z€D
That is, (L V)
1 2(ILy(a,c;2)f(2)) z
2(1 — a)[ IL,(a,c;2)f(2) o= 11—z
Now, let )
o (pr(a,;;DZ)f(Z)> it o
then 1 may be written as
z(log s(2)) < 2z <log : i z)l' (2.5)

Using a well-known result[7] to 1, we find that

1
1—=2

@it >— _ (ﬁ) | (2.0

wherew(z) is analytic in D, w(0) = 0 and |w(z)| < 1 for z € D.According
1 1
to Re(t”) > (Ret)” for Ret > 0 and 3 > 1, 1 yields

e (M ST (e LY
1 —w(z)

s(z) <

that is, that

zP

This completes the proof. W
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Theorem 3 Let f(z) € A(p), ¢ >0,0< A <c+1and a.> 1. Then

 nwILpla,c+12)f(2) IL,(a,c+2;2)f(2)
%‘3((1 N T e Mactr o))

) <a,zeD, (2.7)

implies

e <ILp(a,c+ 1;2)f(2)

1L, (a,c:2)/(2) ) < fB,z€ D, (2.8)

where [ € [, +00)is the positive root of the equation
20c+1 =Nz + (B —2(c+ Da)r — A = 0.
We need the following lemma to prove our theorem

Lemma 4 (see [5]). Let § be a set in the complex plane C and let b be a
complex number satisfying Reb > 0. Suppose that the functzon P :C?x D —
C' satisfies the condition ¥ (iz;y) ¢ Q for all real x y < %{Zf‘ and all z € D.
If the function p(z)defined by p(z) = b+ a1z + azz* + .... is analytic in D and
if W(p(2), 20/ (2)) € Q, then Rep(z) > 0 in D.

Proof. Let

pla,c+1;2)f(2)
PE) = 5T @"Imewﬁu>>’ 29

then p(z) is analytic inD and p(0) = 1. Differentiating 1 and using 1 we
deduce that

IL,(a,c+1;2)f(2) IL,(a,c+2;2)f(2)

e N YT TP Ry o N P v y T
M-y 2/(2) (B-Dle+1-%)
- -2 () - T

= P(p(2), 20 (2))

where

w(r,s):ﬂ—A(ﬁ_l) (HB—(S )—(5_1)(C+1_A)r. (2.10)

c+1 g—1)r c+1
Using 1 and 1, we have

{V(p(2),2p'(2)) : z€ D} C Q={w € C: Rew < a}.
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1422

Now for all real z;y < 2 we obtain
Revtiv) = BP0y )
2 0= s (- 1)
> - %(1 - %) =a

where [ is the positive root of the equation
2(c+1=XNa2* + (BN —=2(c+ Da)r — A= 0.

Note that 0 < A < a+ 1 and f(a) = =A(2a — 1)(a — 1) < 0, then we have
B € [a,+00). Hence for each z € D, ¢(iz;y) ¢ Q. By Lemma 1, we get
Rep(z) > 0. This proves 1. W

We next prove

Theorem 5 Let a, A, ¢ be real number with 0 < X\, . > land ¢ > 0.Let g(z) =
2P 4 302 begp2ttr satisfy

IL,(a,c;2)g(2)
e <ILp(a, c+1;2)9(2)

>>’y,0§’y<1. (2.11)

If f (=) € A(p) satisfies

IL,(a,c;2)f(2) IL,(a,c+1;2)f(2)
e <(1 - IL,(a,c;2)g(2) + )\ILp(a, c+1;2)9(2)

) <a,ze€D, (2.12)

then we have

) <pB,z€ D, (2.13)

2ac+\y

where [ = et

Proof. Let § = 222 and consider the function

2c+Ay 7
1 <ﬁ_ILp(a,c;z)f(z)>'

s(z) = 5-1 I Ly(a,c; 2)g(z)

The function s(z) is analytic in D and s(0) = 1. Set

(2.14)

_ ILy(a,c;2)9(2)
B(z) = IL,(a,c+1;2)f(2)
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thenReB(z) > v. Differentiating s(z) and using 1, we

IL,(a,c;2)f(2) IL,(a,c+1;2)f(2)
(1= IL,(a,c;2)g(2) + )\ILp(a, c+1;2)9(2)
= 8- (3-1s(z) - =V pa)es(a),
Let
wirt)=p— (8- 1r~ =gy

then from 1, we deduce that

{(s(2),25(2)): z€ D} Cc Q={w e C : Rew < a}.

1422

Now for all real z;y < =5

, we obtain

Re(ir,y) = -0 We(p(z)
> B+ )‘(52—6 1)y (1 —i—x2)
2 e A M

Hence for each z € D, ¢ (iz;y) ¢ 2. Thus by Lemma 1, Res(z) > 0 in D. The
proof of the theorem is complete. W
From the proof of Theorem 3, we can easily have the following corollaries.

Corollary 6 Let Let a, A\, ¢ be real number with 0 < X\, . > land ¢ > 0.Let
g(2) = 22 + 3202, brp2hte satisfy the condition 1. If f(z) € A(p) satisfies 1
,then we have

5o <1Lp(a,c+ 1;z)f(z)> _alety) +90-1)
IL,(a,c+1;2)g(2) %+ Ay

,2€D.

Taking a =n+ p and ¢ =1 in Theorem 3, we have

Corollary 7 Let Let a, A be real number with 0 < Aand a. > 1 .Let g(z) =
2P 4302 begp2ttr satisfy

§R€ <In+plg(z)

Loorg(2) ) >v,0< v < 1.
If f(z) € A(p) satisfies

In+p—1f(z) In+pf(2)
A
Lo 19(z)  Toep(2)

%e((l—)\) ><a,z€D,
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then we have

%<%pm@><mﬂmy
Inip19(2) 2+ Ny
Puttinga =p+1 and ¢ = n + p in Theorem 3, we obtain

Corollary 8 Let a, A be real number with 0 < Xand . > 1 .Let g(z) =
2P 4302 begp2ttr satisfy

D™ 1g(2)
If f(2) € A(p) satisfies

Drrf) DY)
Re <(1 —A) Drtp=1g(z) + )\D"HDQ(Z))

then we have

Re <_Dn+p_1f(2)> 2a(n +p) + Ay
Drtr=lg(z) 2(n+p)+ Ay

For a function f(z) € A(p), we define the integral operator F,(f) by

14

R =228 [T p@de, (v +p 2 0), £(2) € Ap). (2.15)

Corollary 9 Let a, A ,vbe real number with 0 < X\, . > land v > 0 .Let
g(2) = 22 + 302 brypzttr satisfy

Re <F;“E’Z(>Z)) > 7,0 <~ < 1.

If f(2) € A(p) satisfies

Fi() ()
Faz) T e(2)

§Re<(1—)\) )<a,zeD,

then we have

F,f(2) 2av + Ay
e <F,,g(z)> 2+ Ny

Theorem 10 Let h(z) be convex univalent in D with Re(h(z)) > 0 and
]L . /
h(0) = p. If f(z) € A(p) satisfies the condition (I Ly(a, ¢ 2)f(2)) < h(z),

IL,(a,c;z)f(2)
Z(I[[L/j((c(j:cc:,:))ﬁ((}f ((ZZ))))) < h(z), where F, is the integral operator defined

then
by 1
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Proof. From 1, we have
2(ILy(a,c;2)Fy f (2)) = (c+p)[Ly(a,c;2)f (2) —clLy(a,c; 2)F, f (2). (2.16)

, 2(ILy(a,c;2)F, f (2)) . :
Letting s(z) = P in 1, we can write
528 = (e a RS (9

2(ILy(a,c;2)Fof (2))
IL,(a,c;2)F,f (2)

IL,(a,c;2)f (2)
IL,(a,c;2)F,f (2)

+c=(c+p)

(2.17)

Differentiating 1 yields

28'(2) _ z(ILy(a,c;2)f (2))
s(z)+c  ILy(a.c2)f (2)

2(ILy(a,c;2)F, f (%))
ILy(a,c;2)F,f (2)

s(z) +

~—

It follows that s(z) < h(z), that is, < h(z). &
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