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Abstract

By using the improved Euler-Maclaurin’s summation formula and
introducing a parameter «, a new Hardy-Hilbert’s type inequality is
built. As applications, the equivalent form and some particular results
are considered. All the lemmas and the theorem provide some new
estimates on this type of inequalities.
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1 Introduction

pr>1,%+$:1,an,bn20,suchthatO<Z al <ooand 0 <> >, b1 <
oo , then one has
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where the constant factor [r/sin(m/p)]? is the best possible (see [1]). Inequality
(1) is one of the Hardy-Hilbert’s type inequalities, and this type of inequalities
are important in analysis and its applications (see[2]). In recent years, Pach-
patte et. al [3,4,5,6,7,8,9] gave some new generalizations and improvements of
them, and Kuang et. al [10] considered a strengthened version of (1) by using
the improved Euler-Maclaurin’s summation formula. More recently, Yang [11]
gave an extension of (1) by introducing a parameter A € (0, min{p, ¢}| as
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where the constant factor [W]Q is the best possible. And Yang [12,13]
also built two different more accurate Mulholland’s inequalities by introducing

a parameter a > ¢”/6 as
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where the same constant factor oD in the above inequalities is the best
possible.

In this paper, by using the improved Euler-Maclaurin’s summation formula
and refinement of the way of weight coefficient as doing in [13], one still intro-
duces a parameter «, and build a new Hardy-Hilbert’s type inequality, which
is a more accurate of (1) ( for p = g = 2 ) related to the double series as
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As applications, the equivalent form and some particular results are given.
All the lemmas and the theorem provide some new estimates on this type of
inequalities.

2 Some lemmas

First, we need the formula as (cf. [1,Ch.9]):

/Ooo h”“‘lu%du _ l%r (p>1). (5)

u— sin(m/p

LEMMA 2.1(the improved Euler-Maclaurin’s summation formula, see [10,13]).
If f € C*0,00), (1) fOD(z) >0, fD(c0) =0(i =0,1,2,3,4), then

OO

m < [~ f@pe+ L) - L) (6)
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LEMMA 2.2. For a > 0,7 > 1 and n € Ny (Np is the set of non-negative
integers), setting g(u) = 2% € (0,00)(g(1) := 1), and

u—1
10=9(755) (rra) et

then f(z) possesses the condition of (6).
Proof. One finds g € C*(0, 00), and

I = iy~ g = 1

g'(u) = @flp@mu—&+f—§m¢uw=§

0") = Bt 11 () =

g (u) = %,h( )—241nu—50+%—%+§_%’g(4)(1) _ %.

It is obvious that ¢'’(c0) = 0(i = 0,1,2,3,4). Since h/(u) = 2(1 — 1)1 >
0(u # 1), then h(u) is strict increasing in (0, 00). In view of h(1) = 0, one has
h(u) <0, u € (0,1); h(u) > 0,u € (1,00), and then g™ (u) > 0 for u € (0, 00).
Hence ¢"'(u) is strict increasing and ¢"”'(u) < 0 since g"”’(00) = 0. By the same
way, it follows that ¢”(u) is strict decreasing and ¢”(u) > 0 since ¢g”(o0) = 0,
and ¢'(u) < 0 since ¢’(00) = 0 and ¢'(u) is strict decreasing. Therefor one can
concludes that (—1)/[g(u)u=7]? >0 (i = 0,1,2,3,4), and then

(4) 1
- > () e |0, )

(=1)'f @) = (=1)" (g(w)u)

and f®(c0) = 0(i = 0,1,2,3,4). The lemma is proved.

Note. By (6), one has
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Since ¢”(u) > 0, one obtains

[ () o(52)

r(n—l—oz){ a a1 1 /0 LT T4 o1 ]
pu— T o — "‘d
r—1 g(n+04)(n—|—oa) n+« 0! n+oz)(n+04) ’
r(n+ «a) o a1 r?n+a) , « a o1
= ———9( ) e R AVt ) )
r—1 "‘n+a’ ' n+a 2r—1)(r—-1)7" " n+a’" n+a

N r? /0 ,,(:1:—|—oa> <x+04>2%dx
(2r—1)(r—1) LI \nra) \nta

~ T(:’ljla)g (n i oz) (n i oz>1_; B (ZTTi(q)tra—) 1)gl (n i a) (n i oz>2_; ;

10y = (nJlroz)gl <nioz) <nioz); a r(n:—oz)g <n4&—a) <ni&);l’

and f(0) = g(nj%a)(n_%a)’% Hence one obtains from (7) and the above results
that
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oATs T gn—l—oz n+a« r—1 2 12ra

- (nia) (nia)l_; [(QT—ZQ)C(YT— 1) a 13@] - ®)

LEMMA 2.3. Forr > 1l,a > %,n € Ny, define the weight coefficient
wa(r,n) as

o

i ln(zz—i;l) n—+« E
walr,m) ::Z - (m+a) '

o m—n (9>

Then one has

W] (n € No). (10)

Proof. For r > 1, a > %, one has

Wa(r,n) <

ra 11 :6r204(2a—1)+(6a—1)r+1>0; (1)
r—1 2 12ra 12r(r — 1)«

ra 1 _2r2(6a2—1)+3r—1>0
2r—1)(r—1) 12a  12(2r —1)(r — 1)« ‘
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Since g(u) > 0 and ¢'(u) < 0, in view of (8), one has R,(r,n) > 0 . Setting
u=(x+ a)/(n+ «), one finds from (5) that

1 o0 © lnu _1 7 ?
n—l—a/_a f(x)dx:/o u—1" = [sin(ﬂ/r)]

In view of (9) and (7), one has (10). The lemma is proved.

Note. If v < %, one can’t conform that R, (r,n) > 0 by (11) for the more
large enough number r > 1.

LEMMA 2.4. pr>1,%+é=1,a2%,0<5<1, one has
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Proof. For fixed y, setting u = (z + «)/(y + «), since g(u) is decreasing,
one obtains
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1 T )
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Hence one has (12). The lemma is proved.

3 Main results and applications

THEOREM31 pr>11+l—1a2%, n,bn > 0, such that 0 <
> o(n+ )P~ Qap<ooand0<zn o(n + a)72be < oo, then

0o 00 ln m4o )ambn T 2 00 ) % 00 ) %
Sy et T IS )l S nka)r
n=0m=0 Sln(g) n=0 n=0

(13)
where the constant factor [w/sin(7/p)]* is the best possible. The equivalent
form is

i(n—l—oz)p_Q li %r < [ " rp i(nJra)”‘Qag, (14)

n=0 m=0 m-n Sln( 5) n=0

where the constant factor [/ sin(m/p)]?” is also the best possible. If particular,
for « = 1 in (13) and (14), replacing a,_1by a,, and b,_iby b,, one has the
following equivalent inequalities:

2 1 7
$ 5 il | ] (Sl {Sam) s
n=1 n=1
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gjln“ li Mr < [ T rp S w2, (16)

m=1 =N sin(%) n=1

Proof. By Holder's inequality with weight (see [14]) and using (9), one has
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Hence by (10), since one has (13).

Sm(?f/(l) Sln(7f/p)
For 0 < ¢ < 1, setting am,b as

1 \ats - 1 +
am:( )q pybn:( ) 7m7n€N07
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one has
{Z(n + oa)p%fl} ’ {Z(n + a)qZB‘fl} ’
n=0 n=0

1 14¢ 1+ ]_
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If the constant factor [r/sin(7/p)]? in (13) is not the best possible, then
there exists a positive number k < [r/sin(7/p)]? , such that (13) is still valid
if one replaces [/ sin(m/p)]* by k. In particular, by (12) and (17), one has

1 T

;{[m] +o(1)} < el =eHa(am, bn)

< ch {fj (n+ a)pQ&Z}% {i (n+ a)HBg}% < ket )

n=0 n=0

and then [r/sin(7/p)]> < k(¢ — 0T). This contradicts the fact that k <
[7/sin(7/p)]2. Hence the constant factor [r/sin(r/p)]? in (13) is the best pos-
sible.

Setting b,, as

and use (13) to obtain
{i) (n+ oa)q_QbZ}
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It follows that (17) takes the form of strict inequality by using (13); so does
(19). Hence (14) holds.
On the other hand, if (14) holds, by Holder's inequality, one has

0 o Ip(mtayg a2
H,(apm,b,) = z_: ln—i—oz KB z_:o %1 [(n+ a) @ by
< S ap= S HEE TS o gt

In view of (14), one has (13). It follows that (13) and (14) are equivalent.

If the constant factor [/ sin(7w/p)]?" in (14) is not the best possible, then by
using (20), one can get a contradiction that the constant factor [r/sin(w/p)]?
in (13) is not the best possible. The theorem is proved.

REMARK 3.2. (i) For a = § in (13) and (14), one has the following new
equivalent inequalities:

>y 2"++1>amb" < [ - Wﬂ)r {i(%ﬂ)p”afl}% {i(?n—i— 1)q—2bg}_;
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(ii) For p = ¢ = 2, > 5 in (13) and (14), one has the following new
equivalent inequalities:

oo 00 1Il m+a b

1
sy by {zaim} ; (23)
n=0 n=0

n=0 m=0

00 loo ln(m+a)am

D[ —

00
4 2

<7 > al. (24)
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For a = 1, (23) reduces to (1) (for p = ¢ = 2). It follows that (23) is a best
extension of (1) for p = ¢ = 2. Since for 3 < a < 1 and a,, b, > 0 in Theorem
3.1, one has

0 oo In(zt )am 22 In( 2,0

I

n=0m=0 n=0 m=0

it follows that inequality (23) is more accurate than (1) for any £ < o < 1 and
p=q=2.
(iii) Inequalities (15) and (1) are similar but different, although both of

them are with the same best constant factor [ /p)]2
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