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Abstract

In this paper, we discuss the equilibrium problems of KKM set-
valued maps by using the Fan KKM lemma. We obtain several exis-
tence theorems of solutions for KKM set-valued equilibrium problems.
Our results extend the results of equilibrium problems for single-valued
maps.
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1. Introduction

Let X be a real topological vector space, K be a nonempty convex subset
of X and f: K x K — R be a given function. An important problem in the
nonlinear analysis is the so-called equilibrium problem, i.e., find an element
Z € K such that

f(z,y) >0, VyeK.

As is well known, equilibrium problems theory provides us a natural, novel
and unified framework to study a wide class of problems arising in economics,
finance, transportation, network and structural analysis, elasticity and opti-
mization. The ideas and techniques of this theory are being used in a variety
of diverse areas and proved to be productive and innovative. Equilibrium
problems are also among the most interesting and intensively studied classes
of problems. They include fundamental mathematical problems like optimiza-
tion problems, variational inequalities problems, minimax inequality problems,
complementarity problems, fixed point problems and many other problems as
special cases(see [2,4,5,6,7]).
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We know that generalized KKM maps were introduced by Park in [8], and
followed by some others. Recently, the famous Knaster-Kuratowski-Mazurkiew-
icz lemma and Ky Fan’s lemma have been used widely as very versatile tools
in modern nonlinear analysis. Some versions of the Fan KKM lemma are ob-
tained and applied to variational inclusions problems and equilibrium problems
(see [2,5,8]).

Inspired and motivated by [1,4,5,7], we discuss KKM set-valued equilibrium
problems in this paper. we will introduce some notations and definitions in the
sectioin 2 , which will be used in the paper. In the third section, we discuss
the equilibrium problems of KKM set-valued maps by using the Fan KKM
lemma. We obtain several existence theorems of solutions for KKM set-valued
equilibrium problems. Our results extend some results of equilibrium problems
for single-valued maps in [5].

2. Preliminaries

In this paper, let X,Y be two topological vector spaces, we shall denote
by 2% the family of all subsets of X and by I'(X) the family of all nonempty
finite subsets of X.

Definition 2.1 Let K be a subset of X, a set-valued map F:K — 2% is
called a KKM map if, for each A € I'(K), coA C (J, 4 F(x).

Definition 2.2 A set-valued map F : Y — 2% is said to be transfer
closed-valued if, for any (y,z) € Y x X with « ¢ F(y), there exists ¢ € YV
such that

x ¢ cxF(y).

It is easy to know that this definition is equivalent to saying that

ﬂyey Fly) = ﬂyey cx F(y).

If Y = X, then we will call F' transfer closed-valued onX. If B C Y and
A C X, then we call F': B — 24 transfer closed-valued if the set-valued map
y — F(y) N A is transfer closed-valued. In the case where X =Y and A = B,
we call F' transfer closed-valued onA.Obviously , every closed-valued map is
transfer closed-valued map.

Inspired by [5], we give the following definitions 2.3 and 2.4.

Definition 2.3 A set-valued map F : X x Y — 2% is called transfer lower
semicontinuons (transfer l.s.c.) in the second variable if, for each (z,y) €
X x Ywith F(z,y) C RY, there exist 2 € X and a neighborhood U(y) of y in
Y such that

F(«',2) CR:, VzeU(y).

We call F transfer l.s.c. in the second variable on A, if Y = X andA C X,
and F'|axa is transfer Ls.c. in the second variable.
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When f: X XY — R is a single-valued function, then f is called transfer
lower semicontinuons (transfer 1.s.c.) in the second variable if, for each (z,y) €
X x Y with f(x,y) > 0, there exist ' € X and a neighborhood U(y) of y in
Y such that

f(@',2) >0, Vz2eU(y)

It is easy to see that a l.s.c. function in the second variable is transfer l.s.c.
in the second variable (see [5]).

Definition 2.4 Let F,G : X x X — 2% be two set-valued maps. Then
F' is called pseudomonotone with respect to G at y if, for each x € X, the
following implication holds

Flr,y) CRy = Gy.2)nR-#0.

If the above is true for every y € X, then we say that F' is pseudomonotone
with respect to G.

Let f,9:X x X — R be two single-valued functions, then f is called pseu-
domonotone with respect to g at y if, for each x € X, the following implication
holds

flz,y) >0=g(y,z) <0

(see [5]). If the above is true for every y € X, then we say that f is
pseudomonotone with respect to g.

Definition 2.58 A set-valued map F : X — 2" is called upper semicon-
tinuous at € Dom(F)(u.s.c. at x) if and only if for any open set U with
F(z) C U, there exists a neighborhood V' of x such that F(V) C U.

F is said to be upper semicontinuous if and only if it is upper semicontin-
uous at every point x € Dom(F).

Let M be a subset of Y, F': X — 2 be a set-valued map. We denote
FYM)={zxe X :Flx)NM # 0}, and FH''(M)={z € X : F(z) C M}.
The subset F~'(M) is called the inverse image of M by F and FT™'(M) is
called the core of M by F'.

Proposition 2.1 A set-valued map F : X — 2V with nonempty values
is upper semicontinuous (u.s.c.) if and only if the inverse image of any closed
subset is closed, and F' is lower semicontinuous (1.s.c.) if and only if the core
of any closed subset is closed.

We shall use the following Fan KKM lemma in this paper.

Lemma 2.15! Let K be a nonempty convex subset of a topological vector
space X and F': K — 2% be a set-valued map such that

(H1)F is a KKM map;

(H2) for some Ag € I'(K), clx((,ea, F'()) is compact;

(H3) for each A € T'(K) with Ay C A,F' is transfer closed-valued on coA;
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(H4) for each A € I'(K) with Ay C A,
(clg ﬂxem F(z))NeoA= ([

Then, (,cx F(z) # 0.
The following lemma is the other version of the Fan KKM lemma.

Lemma 2.20! Let K, be a nonempty subset of K and F : K, — 2K
satisfying the following conditions

(i) F is a KKM map;

(ii) for some Ay € ['(Ko), clr((Nyen, (7)) is compact;

(iii) for each A € I'(Kp) with 49 C AF : A — 24 is transfer closed-
valued;

(iv) for each A € I'(K) with Ay € A, clg((Nyen F(2)) = (Nyen F(2)).

Then, (,cx F(z) # 0.
In the Lemma 2.2, if Xy = X, then the result is weaker than Lemma 2.1.

F(z)) NcoA.

rECOA

3. Main results

Theorem 3.1 Let K be a nonempty convex subset of a Hausdorff topo-
logical vector space X, suppose that F,G : K x K — 2% are two set-valued
maps such that

(i) G is pseudomonotone with respect to F’;

(ii) for each finite set{y1,y2, - ,yn} C K,

Co{ylay%"' 7yn} - {.TEKE'Z: 1727"' 7n7G(x7yi) gRJr}a

(iii) there exist a nonempty compact subset Ky C K and Ay € I'(K) such
that for every € K\ Ky, there exists y € Ay such that F(y,z) C R;

(iv) for each A € T'(K) with Ay C A, F is transfer l.s.c. in the second
variable on coA;

(v) for each A € T'(K) with Ay C A, x,y € coA and (z,)is a net on K
converging to z, then the implication holds: if F(tx + (1 —t)y,z4) N R_ # 0,
for all t € [0,1], then F(y,x) N R_ # .

Then, there exists ¥ € K, such that F(y,z) N R_ # (), for all y € K.
Proof. Assume that S,T : K — 2K are defined by

S(y) ={z € K: G(z,y) C R},

T(y)={re K:F(y,z)NR_ # 0}

From (i) we have that

S(y) CT(y), VyeK.
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And by (ii), S is a KKM map, so 7" is a KKM map too. We know from
(iif) that
C .
myer T(y) € Ko

Indeed, supposing the contrary, there exists x € ﬂye 4, T'(y) but = ¢ Ko,
then there exists yy € Ao, such that

F(ywa) g Ria
but
C
re(,., 7)< o),
SO
F(y()?x) NR_ 7£ ®)

which is a contradiction with F(yo,2) C R, so

| | / C K
yeAo (y> = 0,
thus

ClK(ﬂyeAO T(y)) € Ko.

Since Ky is a nonempty compact subset of K, then, clx((,cq, T'(¥)) is
compact. Therefore conditions (H1) and (H2) of Lemma 2.1 hold for the set-
valued map 7.

From (iv), for each A € I'(K) with Ay C A, F is transfer l.s.c. in the
second variable on coA, then for each (y, ) € coA x coA with F(y,x) C R,
there exist ¥’ € coA and a neighborhood U(x) of  in coA, such that

F(y',z) CR,, VzeU(z),

It means that for any (y,x) € coA x coA with z ¢ T(y), there exists
y' € coA and a neighborhood U(x) of = in coA, such that z ¢ T'(y') for all
z € U(x), that is

Ulx)NT(y')=0.
Then

x ¢ ClcoAT(y/)a
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so condition (H3) of Lemma 2.1 holds for T'.
Now, for each A € T'(K) with Ay C A, if

z € (clg ﬂyecoA T(y)) NcoA

then x € coA, and there exists a net (z,) converging to x such that

F(y,zo) NR_ #10, Yy € coA.
Therefore, it follows that

F(tx + (1 = t)y,zo) NR_ #0, Yy € coA,te|0,1].

Hence from (v) we get

F(y,x)NR_#£10, Yy € coA,
that is

x € (ﬂyecoA T(y)) N coA.

Thus, according to Lemma 2.1, we get

ﬂyEK T(y) # 0.

Then, there exists T € K such that F(y,z) N R_ # 0, for all y € K.

By this theorem, we obtain the following corollary.

Corollary 3.1[5, Theorem 2.1] Let K be a nonempty convex subset of a
Hausdorff topological vector space X. Suppose that f and g are two single-
valued functions on K x K — R such that

(i) f is pseudomonotone with respect to g;

(ii) for each A € I'(K), inf,ecoa maxyea f(z,y) > 0;

(iii) there exist a nonempty compact subset Ky of K and Ay € I'(K) such
that for every y € K\ Ky, there exists x € Ag such that g(x,y) > 0;

(iv) for each A € I'(K) with Ay C A, g is transfer lower semicontinuous in
the second variable on coA;

(v) for eachA € I'(K) with Ay C A, z,y € coA and (z,) is a net on K
converging to x, then the implication holds: if g(tz + (1 — t)y, z,) < 0, for all
t € [0,1], then g(y,z) <O0.

Then, there exists = € K, such that g(y,z) <0, for all y € K.

Proof. Let F' =g, G = f. We can see easily that all of the conditions of
Theorem 3.1 are satisfied. The conclusion follows.

Theorem 3.2 Let K be a nonempty convex subset of a Hausdorff topo-
logical vector space X and Ky be a nonempty subset of K. Suppose that F',
G : K x K — 2F are two set-valued maps satisfying the following conditions
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(i) G is pseudomonotone with respect to F' at every y € Ko;
(ii) for each finite set {y1,ya, -, yn} C Ko,

00{917927"' Jyn} - {‘TGKHZZ 1727"' 7n7G(x7yi) g .FE_|_}7

(iii) there exist a compact subset U of K and Ay € I'(Kj) such that, for
every x € K\U, there existsy € Ag such thatF(y,z) C R ;

(iv) for each A € T'(Ky) with Ag C A, F': A X coA — 2% is transfer lLs.c.
in the second variable;

(v) for each A € T'(Kp) with Ay C A and (z,) is a net on K converging
to x, then the implication holds: if F(y,z,) N R_ # 0, for all y € A, then
F(y,x) N R_ #£0, for all y € A.

Then, there exists T € K such that F(y,z) N R_ # 0, for all y € K.

Proof. Assume that S, T : Ky — 2% are defined by

S(y) ={z € K: G(z,y) C Ry},

T(y)={x € K: F(y,z) N R_ # 0}.

From condition (i) we have that
S(y) €T(y), Vy e Ko.

From the condition (ii), S is a KKM map, so 7" is a KKM map too. By the
same proof as that of Theorem 3.1, we can show that the conditions (iii)-(v)
imply that all of the conditions (ii)-(iv) of Lemma 2.2 are satisfied. Thus,
there exists T € K such that F(y,z) N R_ # () for all y € K,.

Remark 3.1 In Theorem 3.2, if Xy = X, then the result will be weaker
than Theorem 3.1 according to Lemma 2.2.

From this theorem, we obtain the following corollary.

Corollary 3.2[5, Theorem 2.3] Let K be a nonempty convex subset of
a Hausdorff topological vector space X and Ky be a nonempty subset of K.
Suppose that f and g are two single-valued functions on K x K — R which
satisfy the following conditions

(i) f is pseudomonotone with respect to g at every y € Kj;

(ii) for each A € I'(K)), inf econ maxyea f(z,y) > 0;

(iii) there exist a compact subset U of K and A, € I'(Kj), such that for
every y € K\U, there exists © € Ay such that g(x,y) > 0;

(iv) for each A € T'(K,) with Ag C A, g: A X coA — R is transfer l.s.c. in
the second variable;

(v) for each A € I'(Ky) with Ay C A and (y,) is a net on K converging
toy, then the implication holds: if g(x,y,) < 0, for all z € A, then g(x,y) <0,
for all x € A.

Then, there exists z € K, such that g(y,z) < 0 for all y € K.
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Proof. Let F' =g, G = f. We can see easily that all of the conditions of
Theorem 3.2 are satisfied. The conclusion follows.

Theorem 3.3 Let X, Y be Hausdorff topological vector spaces, K a nonempty
convex subset of X, M a nonempty subset of Yand F : K x K — 2V a set-
valued map with nonempty values such that

(i) for each finite set {y1,ya, -+ ,yn} C K,

Co{y17y27"' 7yn} - {xEKHZ: 1727"' 7n7F(yzax)m(Y\M) 7&0)}7

(ii) there exist a nonempty compact subset K, of Kand A, € I'(K) such
that for every x € K\ K, there exists y € Ag such that F(y,z) C M;

(iii) for each A € I'(K) with Ay C A, and any (y,z) € coA x coA with
F(y,xz) € M, there exists yy € coA such that & ¢ cl.oa{x € coA : F(yo,x) N
(YAM) # 0};

(iv) for each A € T'(K) with Ay C A, any z,y € coA and (z,) is a net on
K converging to x, then the implication holds:
if Ftz+ (1 —1t)y,z,) N (Y\M) # 0,for all t € [0, 1], then

F(y,z) N (YAM) # 0.

Then, there exists T € K such that F(y,z) N (Y\M) # 0, for all y € K.
Proof. Assume that G : K — 2% is defined by

Gly) ={z e K: F(y,x)n (Y\M) # 0},

We shall show that all of the conditions of Lemma 2.1 are satisfied for G.
From assumption (i), G'is a KKM map. We can prove that ﬂyer G(y) C Ky
from (ii). Indeed, if x € (), .4 G(y) but © ¢ Ky, then there would exists
Yo € A such that

yE€Ao

F(yo,x) C M.
But

C
ve(),.,, W) S Glwo).
that is
Flyo,x) N (Y\M) # 0,
which is a contradiction, so we have that
C
ﬂyer G(y) C K.

Since K is compact, so

ClK(ﬂyer G(y)) € Ko,
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and clg((V,c4, G(y)) is compact. By assumption (iii), G is transfer closed-
valued on coA. Finally we show that for each A € T'(K') with Ay C A, we have
that

(clk ﬂyecoA G(y)) N coA = (ﬂ G(y)) N coA.

yEcoA

For each A € I'(K) with Ay C A, if

T € ClK(ﬂchoA G(y)) NcoA,

then x € coA and there exists a net (z,) converging to x such that

F(y,ze) N (Y\M) # 0,Vy € coA.
Therefore, it follows that

F(tx+ (1 —t)y,xe) N (Y\M) # 0,Vy € coA,t € [0,1].

Hence, from assumption (iv), we know that

F(y,z) N (Y\M) # 0,Vy € coA;
that is

x € (ﬂyecoA G(y)) N coA.

Thus, according to Lemma 2.1, we have that (), G(y) # 0, so there exists
T € K such that F(y,z) N (Y\M) # 0 for all y € K.

Theorem 3.4 Let X,Y, K and F' as Theorem 3.3, M an open subset of
Y. Suppose that

(a) conditions (i) and (ii) of Theorem 3.3 hold for F’;

(b)Vy € K,z — F(y,x) is u.s.c. on K.

Then, there exists T € K such that F(y,z) N (Y\M) # 0, for all y € K.

Proof. Assume that G : K — 2% is defined by

Gly) ={r € K: F(y,z)n (Y\M) # 0}.

Since M is open, from (b) and Proposition 2.1, we have that the set G(y)
are closed for all y € K, so the conditions (H3) and (H4) of Lemma 2.1 are
satisfied. The conclusion follows.

Remark 3.1 If we let Y = R, M = R, and replace (iii) of Theorem 3.3 by

(iii)'for each A € T'(K) with A4y C A, F is transfer Ls.c. in the second
variable on coA.

Then, we will obtain that there exists Z € K such that F(y,z) N R* # (),
for all y € K, certainly, F(y,Z) N R_ # 0.
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Proof. Assume that G : K — 2% is defined by
Cly) = e K Fly.o) N RE 0},

we will know that the condition (H3) of Lemma 2.1 holds by the same proof
as that of Theorem 3.1, and the others conditions of Lemma 2.1 are certainly
true. The conclusion follows.

Remark 3.2 If welet Y = R, M = R in Theorem 3.3 and 3.4, then we
get that there exists T € K such that F(y,z) N R_ # ().

Remark 3.3 Some researchers obtained different set-valued versions of Ky
Fan’s inequality using the classical Ky Fan’s lemma (see [1]). In this paper,
we obtain set-valued versions of Ky Fan’s inequality by other versions of the
Fan KKM lemma (for more details, see [1,5]).
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