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Abstract. Let C be a closed convex subset of a Hilbert space H, let {T'(¢) :
t > 0}be a strongly continuous semigroup of non-expansive mapping on C
such that (), F(T(t)) # 0, and f : C — C be a fixed contractive mapping.
Let {a,} and {t,} be sequences of real numbers satisfying 0 < a,, < 1, t, > 0

and lim,, ¢, = lim, $* = 0. Define a sequence {z,} in C by

Tp = Oénf(xn) + (1 - an)T(tn)Iny fOT n e N.

Then {z,} converges strongly to the element of (),», F(T'(t)). Our results ex-
tent and improve corresponding ones of Tomonari Suzuki [Proc. Amer. Math.
Soc., 131 (2002), 2133-2136] and Rudong Chen and Yunyan Song, Computers
and Mathematics with Applications
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1. INTRODUCTION AND PRELIMINARIES

In this paper, we denote by N and R, the sets of positive integers and
nonnegative real numbers, respectively. let C' be a closed convex subset of
a Hilbert space H, and Let 7" : C' — C be a nonexpansive mapping (i.e.,
Tz —Ty| < ||z —y| for all z,y € C'). We use F(T') to denote the set of fixed
points of T i.e. F(T)={x € C:x =Tz}. We know that F(T) is nonempty
if C' is bounded, for more details see [1]. Recall that a self-mapping f : C' — C
is a fixed contraction on C' if there exists a constant a € (0, 1) such that

If(@) = fWll <alz—yl, z,ye C
For a contraction on C' and a € (0, 1), there exists a unique point z, of C
satisfying z, = (1 — a)T(t)zo + af(z,), because the mapping = +— (1 —
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a)T(t)x + af(x) is contractive. Let {T'(t) : t € Ry} be a strongly continuous
semigroup of non-expansive mappings on a closed convex subset C' of a Hilbert
space H, i.e.,

(1)for each t € Ry, T'(t) is a nonexpansive mapping on C;

(2)T(0)z =« for all z € C;

(B)T'(s+1t)=T(s)oT(t) for all s,t € Ry;

(4)for each z € X, the mapping T'(-)x from R, into C' is continuous.

We put F(T) = (5o F'(T'(t)). We know that F(T) is nonempty if C' is
bounded, see reference [2].

In [6],Shioji-Takahashi introduce in a Hilbert space the implicit iteration

(1.1) Ty = apu+ (1 =)oy, (2,), n > 1,

Where {a,} is a sequence in (0,1), {¢,} a sequence of positive real numbers
divergent to oo, and for each t > 0 and = € C, 0,(x) is the average given by

o(z) = 1/OtT(s)avds.

t

under certain restrictions to the sequence {a,,}, Shioji-Takahashi [6] prove
strong convergence of {z,} to a member of F(T').(see also [7]).

RuDong Chen [8] extended the results of Shioji-Takahashi [6],he studied the
strong convergence of the following sequence (1.2) for a strongly continuous
semigroup of nonexpansive mappings 7'(¢) : t > 0 with F/(T') # ¢ in a Banach
space.

(1.2) Ty = anf(z,) + (1 — an)% /0 ' T(s)xds.

Note however that their iterate x, at step m is constructed through the
average of the semigroup over the interval (0,¢). In 2002, Tomonari Suzuki [3]
is the first to introduce again in a Hilbert space the following implicit iteration
process:

(1.3) Ty = apu+ (1 — )T (t,)(x), n > 1,

for the strongly continuous semigroup of nonexpansive mappings case.

In this paper, motivated by the above result, we study viscosity approxima-
tion process for strongly continuous semigroup of nonexpansive mappings and
prove another strong convergence theorem for a strongly continuous semigroup
of nonexpansive mappings in Hilbert space, which is defined by

Ty = Oénf(xn) + (1 - an)T(tn)Ina
for n € N.
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Lemma 1.1. [}/ Let C be a nonempty closed convex subset of a Hilbert space
H. Gwenz € H andy € C. Then y = Pecx if and only if there satisfies
(r—y,y—2)>0VzeC.

2. MAIN RESULTS

It is well know that all Hilbert spaces satisfy Opial’s condition.

Proposition 2.1. [Opial [5]] Let H be a Hilbert space. If {x,} is a sequence in
H and converges weakly to zy € H,then liminf, ||z, — 2| < liminf, ||z, — z||
for all z € H with z # 2.

Now we prove our main result.

Theorem 2.2. Let C be a closed convex subset of a Hilbert space H. Let{T(t) :
t € Ry} be a strongly continuous semigroup of non-expansive mappings on C

such that F(T) # (. Then F(T) is closed convex subset of C.

Proof. Since T'(t) : C' — C t > 0 is expansive, we claim that F(T") is closed.
In fact, if p, C F(T) = (5 F(T'(t)), n > 1, such that lim p, = p, then we
have

T(t)p = lim T(t)p, = lim p, =p Vt € R4

Thus p € F(T).
Secondly, we show that F(T) is convex, we shall use the following identity
in Hilbert space.

[tz + (1= 6)y)l* =tz * + (1 =) y]* =t = t) [ = y]|*, (2.1)
which holds Vz,y € H and Vt € [0, 1] indeed,
[tz + (1= t)yll* = &[]+ 1 =) ly|* + 2t(1 — t)(z, )

=tz + (1 =) [lyll* + 2t(1 — ) (z,y)
—t(1 =) [|=]|* — (1 — ) [|y]|*
=l + (1= ) ol — (1~ )l + l? 24, 9)
= tlz|"+ @ =) flyll” =t =) |lz — ylI"
Let p1,ps € F(T) and Vt € [0, 1], p = tp; + (1 — t)po, then
p=—p1=0—=t)(p2—p1), p—p2=(1—1)(p1 — p2). (2.2)
Form (2.1) and (2.2), we have
lp=T®pl* = tlor = T(t)p) + (1 = )(p = T()p)[|”

tllpr = T(Opl* + (1 =) lps = T()pl* = t(1 = 1) [|pr — pal|”
tllpr —plI* + (1= 1) 2 = plI* = t(1 = 1) [pr = po|*
t(1—1)% |y = paoll” + (1 = 8) [|pr — pall* — (1 = #) |lp1 — pa|®
= t(1 =) —t+t—1)[p = pol’

0

Thus p =T(t)p, Vt > 0, i.e. p e F(T).

The proof is complete. O

A I
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Theorem 2.3. Let C' be a closed conver subset of a Hilbert space H. Let
{T(t) : t € R} be a strongly continuous semigroup of non-expansive mappings
on C such that F(T) # 0, and f : C — C be a fized contraction on C. Let
{an} and {t,} be sequences of real numbers satisfying 0 < a,, < 1, t, > 0 and
lim, ¢, = lim, §* = 0. Define a sequence {z,} in C by

Tn = Oénf(xn) + (1 - an)T(tn)xna fOT n e N.

Then {z,} converges strongly to x, as n — oo.x is the element of F(T) and
r = Pp)f(x), i.e x satisfying the following variational inequality:

(x — f(x),z—2) <0Vze F(T).

Proof. Let p be the element of F(T), from

[7n —pll < an|lf(zn) —pll + (1 = an) [T (tn) 70 — pll
S 7% ||f(xn) - f(p)H + (1 - an) H‘rn _pH + ay Hf(p) _pH
S 07679 Hxn _pH + (1 - an) H‘rn _pH + Qp Hf(p) _pH .
We have
1
T2~ 9l < o — pll < 72— 1) — pll ¥ € .

Therefore {z,} is bounded, so are{ f(x,)}and{T'(t,)x,}.

We claim that {x,} is sequentially compact. Indeed, there exists a weakly
convergence subsequence {x,,} C {z,} by reflexivity of H and boundedness
of the sequence {x,}, now we suppose z,, = x € C(j — 00). Now we show
that v € F(T). Put z; = xy,;, B = ay,; and s; = t,,, for j € N, fix t > 0. From

WL I+ )5 ) — T(ks))a
1T ([t/s5]s5)x; — T([t/s;]s5)zll + | T([t/s5]s5)x = T(t)x||
t/si T (sj)xj — a5l + [l — 2| + | T'(t — [t/s5]s5)x — x|
/55185 1T (sj)x; — f(@p)ll + llzg — zl| + [ T(t — [t/s4]s5)x — ||
t0;/s5 1T (s5)w; — f(x)]| + llzj — 2]
max{||T(s)x — x| : 0 < s < s,}.

[ =T ()]

+ IA A 4 A

For all j € N, we have

liminf ||z; — T(¢)z| < liminf |jz; — z.
j—00 j—oo

By the Proposition 2.1, this implies T'(t)x = x. Therefore x € F(T).
We next prove {z;} converges strongly to z. From

lz; —l? = Bi(f(x)) — x 25— x) + (1= BT (s))a; — x, 25 — x)
= Bi(f(w;) =z, 25 — ) + (1 — B;)(T(s5)x; — T(s5)w, 25 — x)
+(1 = B)(T(sj)x — x,x; — ) )
< Bi(f(zy) — x5 —2) + (1= G)) [Jla; — z[|”.
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we have
oy — | < (fla;) — 25 — )
= <f($j)—fgﬁﬁ)aflfj—flf>+<f(1?)—33aflfj—1?>
< alzy -+ (f(z) - v,7; — x),
ey —all® < T2 (&) — 7, — )

1-—

For all j € N and z; — x, so {z;} converges strongly to . This shows that
{z,,} is sequentially compact.

To prove that {x,} converges strongly to x, we only need prove that any
subsequence of {z,} converges strongly to x. Suppose not, then there exists
another subsequence {z,,} of {z,} which converges strongly to y # =z as
k — oo. Similarly, we also have y € F(T).

By z, = anf(x,) + (1 — a,)T(t,)xy, for n € N, we have

By = flon) = 2L (@, = T(t)20)

Qp
Thus for all z € F(T), we get
<‘le7’£ - f(l'n),l'n - Z> = ag—;l<xn - T(t
QZZI <(J}n - T(tn)xn) - (2 - T(tn)z), Tp — Z>

IA I

Since

(@0 = T(tn)an) = (2 = T(tn)2), 20 = 2)
= |lzn = 2[* = | T(ta)zn — T(t)z]| - [l — 2]
>0
Applying limit at the above inequality, we have
lim (2., — f(2n,), Zn, —2) <0
j—oo
ie.
<(L‘—f(l‘)7l‘—2> < 0.
We also have

(y—fW)y—2 <
Let z replaced by z or y by =,y € F(T), then
(= flz),x—y) <0

and

(y—fly),y —z) <0.

Adding up two inequations above, we have that
(1 —=a)llz —yl* < (I = flz— (I = fly,x —y) <0.
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Thus = y. Which is a contradiction, so {z, } strongly converges to x.
From theorem 2.1, we know F(T) is closed convex subset of C. So from
lemma 1.2, we have & = Pp(p)f(x). The proof is completed. O
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