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Abstract
This paper investigates the problem

—Dp@yu+ f(r,u) =0 in Q,
u(z) — 400 as d(x, 0N) — 0,

where —Apyu = —div(|Vu[P® =2 Vu) is called p(z)-Laplacian. The
existence of blow-up solutions is discussed, and the singularity of blow-
up solutions is given. In particular, we do not assume radial symmetric
conditions.
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1 Introduction

The study of differential equations and variational problems with nonstandard
p(z)-growth conditions is a new and interesting topic. It arises from nonlinear
elasticity theory, electrorheological fluids, etc. (see [15,22]). Many results have
been obtained on this kind of problems, for example [1-9,12,15-19]. On the
regularity of weak solutions for differential equations with nonstandard p(x)-
growth conditions, we refer to [1-3,9]. In this paper, we consider the problem

P) —Apyu+ f(z,u) =01in Q,
u(z) — +oo as d(x, 0Q) — 0,
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where —Apyu = —div(|Vu"' 7> Vu), @ € RY is a C2 domain. Our aim is
to give the existence of blow-up solutions for problem (P), and the singularity
of blow-up solutions is given.

Since Q C R¥Y is a C? domain, then there exists a positive constant p
such that d(z) = d(x,0Q) € C*(Q,), and |Vd(x)| = 1 for any = € Q,, where
Q, ={zr € Q| d(x) < p}. Throughout the paper, we assume that p(z) and
f(z,u) satisfy

(Hy) p(x) € C1(Q) and satisfies

1 < infp(z) < supp(x) < N,
z€Q e

and p(z) = p(d(z)) in Q,.
(Hy) f(z,-) is increasing and f(x,0) = 0 for any z € €.
(H;) f:Q xR — Ris a continuous function and satisfies

|f(z,1)] < Cr+ Ca |70 W(a,t) € QA xR,

where Cy, Cy are positive constants, o € C(Q) and 1 < a(z) < p*(z) 1= )

The operator —A, i u = —div(|Vul["™ % V) is called p(z)-Laplacian. Es-
pecially, if p(z) = p (a constant), (P) is the well known p-Laplacian problem. If
f(z,u) can be represented as h(x)f(u), there are many papers on the blow-up
solutions of p-Laplacian problems, for example [10,11,13,14]. In the investiga-
tion of existence of blow-up solutions for the following p-Laplacian problems
(p is a constant)

—Apu+ h(z)f(u) =01in €,

the following generalized Keller Osserman condition is crucial

00 1 t
/1 (F(t))%dt < 400, where F(t) = /0 f(s)ds.

In [21], the author had discussed the existence of positive solutions of (P),
when the problem (P) is radial. In many cases, the radial symmetric conditions
are effectively to deal with p(x)-Laplacian problems. There are many results
about the radial p(x)-Laplacian problems (see[5,17-20]). Our aim is to give the
existence of positive blow-up solutions for problem (P) without radial symmet-
ric conditions. Through a new method to constructing sub-supersolution, this
paper give the existence of positive weak solutions for problem (P). Because
of the non-homogeneity of p(x)-Laplacian, p(x)-Laplacian problems are more
complicated than those of p-Laplacian ones; and another difficulty of this paper
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is that f(z,u) cannot be represented as h(z)f(u). For the problem (P), since
p(z) is a function, the typical form is —A,)u + |24 = 0, our results
possess some difference from the generalized Keller Osserman condition. Our
results partially generalized the results of [20,21].

2  Preliminary

In order to deal with p(z)-Laplacian problems, we need some theories on the
spaces LP(®)(Q), WP (Q) and properties of p(x)-Laplacian which we will use
later (see[4]). Let

LP@)(Q) = {u | u is a measurable real-valued function, [, u(z)|P dx < oo} .

We can introduce the norm on LP(*) () by

p(z)
/ de <1 ;.
Q

The space (LP®) (), |*[,(z)) Pecomes a Banach space. We call it generalized
Lebesgue space. The space W17 (Q) is defined by

u(z)
X\

WP@(Q) = {ue L’ (Q) | |[Vul € L' (Q) },
and it can be equipped with the norm

lull = [ul,) + [Vl Yu € W (Q).

p(z)

WoP"(Q) is the closure of C° () in Whr@ (Q). Lr@(Q), W@ (Q)
and VVO1 P (x)(Q) are separable, reflexive and uniform convex Banach spaces (see

[4, Theorem 1.10, 1.14, 2.1]). If u € VVli’f(w)(Q), u is called a blow-up solution
of (P) if it satisfies

/ IVulP') 2 Vuvgde + / flz,u)gdr = 0, Vg € Wy (Q),
Q Q

for any domain Q € €2, and max(k — u,0) € W™ (Q) for every positive
integer k.
Let

Wolj’lﬂ(f)(Q) = {u | there is an open domain Q € Q s.t. u € Wo"™(Q)},
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and define A : Wl’p(x)(Q) — (W()l,}];(cx)(Q))*y as

loc

(Au, ) = [(|Vul"™ 7 VuVp + f(a,u)p)dr,

Yu € WiP(Q), Yo € Wbt ();

loc

then we have

Lemma 2.1 (see [7, Theorem 3.1]). Let h € W@(Q), X = h +
Wy (Q). Then, A : X — (WyP™(Q))* is strictly monotone.

Let g € (W&’lﬁg)(Q))*, if (g,) >0, Vp € Wolj’lﬂ(f)(ﬂ), © >0 a.e. in Q, then
denote g > 0 in (Wolj’lﬂ(f)(Q))*; correspondingly, if —g > 0 in (W()l7’£ix)(9))*,
then denote g < 0 in (Wolli(cx)(Q))*

Definition 2.2. Let u € W,.""(Q). If Au > 0 (Au < 0) in (W, 27(Q))",
then u is called a weak super-solution (weak sub-solution) of equation (P).

Copying the proof of [16], we have

Lemma 2.3 (comparison principle). Let u,v € W'P®)(Q) satisfy Au —
Av > 0in (Wol’p(x)(Q))*. Let ¢(x) = min{u(z) —v(x),0}. If p(z) € W(}’p(m)(ﬁ)
(i.e. u>wvon dN), then u > v a.e. in Q.

Lemma 2.4 (see [9]). Under the conditions (H;) and (Hs), if u € W'P(®)(Q)
is a weak solution of —A,gyu + f(z,u) = 0in Q, v = wy on 0N, where
wy € WHPE(Q), then u € C%(Q), where o € (0,1) is a constant.

loc

3 Main results and proofs
Theorem 3.1 If there exists a § € (0, p) such that
f(z,u) > au’'(as u — +o0) for z € Qs uniformly,
where a and ¢ are positive constants, and ¢ — p(z) > % (where n is an integer
and n > 3) for z € (s uniformly, then there exists a function ®;(z) which

satisfies ®1(z) — 400 (as d(x) — 0), and such that, if u is a weak solution of
problem (P) then u(z) < ®4(z).
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Proof Since p(x) = p(d(z)), Yz € Q,, then p(z) = p(d(x)) = p(0), Vx €
0. Define the function g(r,€) on [0, +00) as

( Cr=® 4+ 2k, 0 <r < Ry,

CRy* + 2k — [} [CsRy ™% [sine(5 — )]0 dt,

g(?“,e): R0<7"<(5
— ) —s5—1 M . 1
CRy® + 2k — fRo [CsROS ] p(t)—1 [sm 5(5 — t)]p(t)—1 dt,
. r >0,
where s = ((0 Ry € (0, 2) and Ry is small enough, ¢ = 7(5_”]{0 . 0<eisa

small enough constant and

C=C.= (1450 (s + 1)(p(0) — 1)),

a

pt—1 Ro p(Rg)—1 )
F=leC) 1+ [l B) ) S fne(s - o,
)

where p~ = inf p(z), p™ = supp(z).
z€Qs 2€Qs

Obviously, for any positive constant €, g(r,¢) € C'[0,+00). We consider

g(z,€) = g(d, €) = g(d(x),e), then g(z,€) € C'(Q).
Since |Vd(z)| = 1, when x € Qp,, we have

Dy = —div(|g’|p(d)72 g'Vd)

= PO~ 1) - g - (diva),

Since d € C?(9,), then there exists a positive constant D such that
|divVd(z)| < D, Vx € Q,, when Ry is small enough, by computation, we
have

—DNpyg + f(x,9) > 0,Va € Qp,. (1)

Obviously, if Ry is small enough, then £ is big enough, so we have

Npwyg = e[CsRy* P cose(§ — d) — [CsRy* 1 PFI"D(divVd) sine (s — d)
akqil < Cquil < f(xag)a Vo € Q5\QRO'

IN

_Ap(:v)g + f(%g) Z O,VZE - Qg\QRO. (2)
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Obviously
—Dpyg + f(z,9) > 0,Yz € Q\Qs. (3)

Since g(z,¢€) is a C! function on Q, if 0 < Ry is small enough (R, depends
on R,p,q,n,s), from (1), (2) and (3), we can see that g(x, €) is a super-solution
of (P).

Define the function g, (r, 5) on [-=, +00) as

( C(r—L)y= 42k L <r <R,

r p(Rg)—1 . 1
C(Ro— =)~* + 2k — fRO [Cs(Ry — =) ~5] (1)1 [sine(d — t)]P@O-1dt,
gm(r,€) = Ry<r<id,
1\— ) 1\_g_pqPBEL 1
C(Ro— )"+ 2k — fRO [Cs(Ro — o)~ »®-T [sine(0 — t)]PO—Tdt,
\ r Z 57
where s = %, m is a big enough integer such that 0 < % < %, € =

om0 < € is a small enough constant, ¢ = C', then g, (d(z), 5) is a
super-solution of (P) on Q\Q.. If u is a solution of (P), according to the
comparison principle, we get that gm(d(), 5) = u(x) for any z € Q\Q.1 . For
any r € QRO\Q%, we have g,,,(d(z), 5) > gm+1(d(z), 5). Then, for any x € Qg,,
we have

u(e) < lim_gn(d(z), 5).

m—-+00 2

When d(x) > 0 is small enough, we have

lim_g,,(d(x). 5) < Ca (d(x)) ™" + & < g(d(x). ).

m—-+00

According to the comparison principle, we obtain that g(d(z),€) > u(z),Vz €
Q; then ®4(x) = g(d(z), €) is an upper control function of all of the solutions
of (P). The proof is completed.

Theorem 3.2 If there exists a d € (0, p) such that
f(z,u) > au?™'(as u — +00) for z € Qs uniformly,

where a and ¢ are positive constants, and ¢ — p(z) > % (where n is an integer
and n > 3) for x € Qs uniformly, then (P) possesses a blow-up solution.
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Proof Let’s consider the problem

—Dpyu+ f(r,u) =01in Q, (@)
u(z) = j for z € 09,

where j = 1,2, ---. The relative functional is

= L u(z) [P da xr,u)dr
o= [ = 1 Vu@) P do+ [ P,

where F(z,u) = [} f(z,t)dt. Since ¢ is coercive in X; = j + Wlp(x)(Q),
then ¢ possesses a nontrwlal minimum point u;, then problem (4) possesses a
weak solution u;. According to the comparison principle, we get u; (z) < u;4q

(x) for any x € Q and j = 1,2,---. Since ®;(x) defined in theorem 3.1 is a
super-solution, according to the comparison principle, we get u]( x) < Oy(x)
on € for all j =1,2,--- . Since every weak solution of (4) is a Cloc function,

and ®,(z) is locally bounded, similarly to the proof of Lemma 2.1 of paper
[13], we can prove that {u;} possesses a subsequence {u;, }, such that u;, — u
is a blow-up solution of (P). The proof is completed.

Theorem 3.3 If there exists a § € (0, p) such that
f(x,u) < bu?™'(as u — +o0) for z € Qs uniformly,

where b and ¢ are positive constants, and g — p(x) > % (where n is an integer
and n > 3) for x € Qs uniformly, then there exists a function ®,(z) which
satisfies ®(z) — +oo (as d(x) — 0), and such that, if u(z) is a blow-up
solution of problem (P) then u(x) > ®y(x).

Proof Define the function v(r,€) on B(0, R) as

( C*r=® = 2k*, 0 <r < Ry,

p(Rg)—1 1
C*Ry® —2k* — f;o [C*sRy o= [sine(0 — t)]»®-1dt,

v(r,e) = Ry<r<od,
O * 8 vk pos—17P0ZL .
C*Ry® — 2k* — fRO[C sRy "' P01 [sing(d — t)]r®-1dt,
\ r> (5,
where s = Ok Ry € (0,9) and Ry is small enough, ¢ = m, 0<eis

a small enough constant and

€ = = (1= )3 (s + 1)(p(0) — 1)),
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R pt—1 8 R p(Rg)—1 1
k= [C*(T(])fsfl]pffl +/ [0*8(70)7571] (1)1 [Sin€(5 _ t)]—p(w,l dt.
Ro

Obviously, for any positive constant ¢, v(r, €) € C*[0, +00).
Consider v(d(x),€). Similar to the proof of theorem 3.1, we have

div(| Vo [P@)=2 Vo) = div(| o' |[P@=20'Vd) > b[C*(d(2)) )"t > f(z,v), Vo € Qg,,

div(] Vo [P@=2 Vo) > —b(k*)771 > b(v)?T! > f(z,v), Yz € Q\Qp,,

then v(z, €) is a sub-solution of (P). Define the function vy, (r, ¢/2) on [—-=-, +00)
as

(CHr+A) -k, 0<r <R,

—k* — f};O [C*s(L + RO)*sfl]_p;)I(iO)—)—_ll [sin (6 — t)]—p(é_l dt

vn(r,5) = HC (5 + Ro) ™, By <7 <4,
" 5 % /1 RS 1€/} b S 1
—k — fRO[C (o 4 Ro)™°7!] »0-T [sine(d — t)]»O-1dt
\ +C*(%+RO)_S, 7“25’
where C* = g, £ = —Q(JERO 3 We can see that vy, (d(x), 5) is a sub-solution of

(P) on €2, according to the comparison principle, we get that v, (d(x),§) <
u(z) for any x € Q. For any x € Qg,, we have v,(d(z), 5) < vppa(d(z), 5).
Then

m—-+00

u(z) > lim v, (d(z), %), V€ Qp,.
When d(z, 02) is small enough, we have

hrfrl v (d(z), %) > C5(d(x))™° — k* > v(d(x),€).
m—-+0o0 3

According to the comparison principle, we obtain that v(d(z), €) < u(z),Vz €
€2; then ®y(x) = v(d(z), €) is the lower control function of all of the solutions
of (P). The proof is completed.

Definition 3.1 If u is a blow-up solution of (P) that satisfies

ARG N

d(z,00)—0 3(d(x))~*

where 3 and s are positive constants, then we say that the singularity of u is

Bld(x))*.
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flw)

wi@-1 —

A pla) =prand Jim, lim,

a, where a is a positive constant, g(z) is Lipschitz continuous and g > p, then
the singularity of the blow-up solution u of (P) is #(d(z))~*, where s = -

f=Co= [t (s + Dp— ]

Theorem 3.4 If d(l%n q(z) = q,
z)—0

Proof It can be obtained easily from Theorem 3.2 and Theorem 3.3.
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