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Abstract

The purpose of this paper is to study the weak and strong conver-

gence of an implicit iterative precess with mean errors to a common fixed
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point for a finite family of strictly pseudocontractive maps in Hilbert
spaces. The results presented in this paper extend and generalize some

results in the literature.
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1. Introduction and Preliminaries

Let H be a real Hilbert space with inner product (.,.) and induced norm
|.]l, K be a convex subset of H. A mapping 7" : K — K is said to be strictly
pseudocontractive in the terminology of Browder and Petryshyn [1] if there
exists 0 < k < 1 such that

1Tz = Ty|* < [lz — yII*

+k||(I = T)a — (I = T)y||*, Y,y € K, (1.1)

where [ denotes the identity operator on K.
(1.1) can be equivalently written in the form

(I =T)e = (I =T)y,z—y)
> NI =T)aw— (I =Tyl Vo, y € K, (1.2)
where A = (15%). From (1.2), we have
o~y 2 AL~ T)e — (1~ Thy|

> M| Tz — Tyl — ||lx — y[]),Va,y € K,

so that

14+ A
[Tz — Tyl <

”x - y”avxay € K. (13)

Hence a strictly pseudocontrative map is also a L-Lipschitzian map, where
[ = A
N

The class of strictly pseudocontractive maps has been studied by several

authors (see [1-6]). It follows from (1.3) that the important class of nonexpan-

sive maps is a subclass of the class of strictly pseudocontractive maps.
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We recall that T is said to be demiclosed at a point p if whenever {z,} is a
sequence in K such that {z,} converges weakly to x € K and {T'z,,} converges
strongly to p, then Tx = p. Furthermore, T is said to be demicompact if
whenever {x,} is a bounded sequence in K such that {z,, — Tx,} converges
strongly, then {x,} has a subsequence which converges strongly.

Definition 1.1. Let K be a nonempty convex subset of a Hilbert space H,
and let {T;}Y, be a family of strictly pseudocontractive self-maps of K. Let
zo € K and {a,}5° 1, {Bn}5, {1}, be three sequences in [0,1] satisfying
Qp + Bn+ v = 1 for all n > 1, and {u,}22, be a sequence in K. Then the
sequence {z,}>°, C K generated by
z1 = a1zo + SiTizr + nua,

Ty = aox1 + BoTox9 + Yaus,

TN = antn-1 + BNTNTN + YNUN, (1.4)

TNyl = AN 1 TN + O DT N41 + YN UN41,

is called the implicit iteration process with mean errors for a finite family of
strictly pseudocontractive maps {T;} .

The scheme (1.4) can be expressed in a compact form as
Ty = QpTp_1 + ﬁnTnxn + YnlUn, N > 17

where T}, = T, mod N~

Remark 1.1. If 7, =0, 8, =1 — a,, (Vn > 1), then the implicit iteration
process with mean errors generated by (1.4) reduces to the process (5) in [7].

Recently, concerning the convergence of implicit iteration process to a com-
mon fixed point of a finite family of strictly pseudocontractive maps or asym-
potically nonexpansive maps or nonexpansive maps have been considered by
several authors (see [2], [7-9] and the references therein).

The purpose of this paper is to study the weak and strong convergence of
the implicit iterative sequences generated by (1.4) to a common fixed point
for a finite family of strictly pseudocontractive maps in Hilbert spaces. The
results presented in this paper extend and generalize some results in [2] and
[7].

In order to prove the main results of this paper, we need the following

lemmas:
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Lemma 1.1 (see [10, p.560]). Let E be an inner product space. Then, for
all z,y,z € F and o, 3,7 € [0,1] with a + 5 + v = 1, we have

law + By +vz[|* = allzl* + Bllyll* + vll=|

—afllz —y|* — aylle — 2)1* = Brlly — 2)1*.

Remark 1.2. If y = 0 in Lemma 1.1, then we have for all z,z € F and
a, 3,7 € [0,1] with a + 5+ = 1, we have

laz +vz]* = aflz])* + yll* — aBl|=||*

—ay||z — 2| = B2

< allzl? +Allzl* — ayllz — 2|
< aflz|® + 7|2

Lemma 1.2 (see [11,12]). Let {a,}52, {b,}22,, {6,152, be nonnegative

sequences satisfying the following inequality
any1 < (14 6,)a, + by, Vn > 1.

If >0°, 0, < oo and > o7, b, < oo, then lim,,_,a, exists.

Lemma 1.3 (see [6, p.444]). Let E be a real g-uniformly smooth Banach
space which is also uniformly convex. Let K be a nonempty closed convex
subset of £ and T': K — K a strictly pseudocontractive map. Then (I —T)
is demiclosed at zero.

Lemma 1.4(see [13]). A Hilbert space H has Opial’s property: z,, — «

weakly implies that lim sup||z, — z|| <lim sup ||z,, — z|| for any z € H, z # x.

2. The Main Results

Theorem 2.1. Let H be a real Hilbert space and let K be a nonempty
closed convex subset of H. Let {T;}, be N strictly pseudocontractive self-
maps of K such that F' = NY, F(T;) # 0, where F(T;) = {r € K : T)x = z}.
Let o € K and {u,} be a bounded sequence in K, let {a,}, {8.}, {7} be

three sequences in [0, 1] satisfying the following conditions:

(i) {an} + {8} + {1} =10 > 1
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(ii) There exist constant oy, oy such that 0 < oy < 3, < 09 < 1,Vn > 1;
(iii) o Y < 00.
Then the implicit iterative sequence {x,,}2° | defined by (1.4) converges weakly
to a common fixed point of the maps {T;}Y,.
Proof. Since F' = NY, F(T;) # ), for any given p € F, it follows from
Lemma 1.1 that
ln = BII? = a1 + BaTatn + ntin — ol
= an(zn—1 = p) + Bu(Town — p) + Y (un — p)|>
= apllzn-1 = P + Bul Tnwn = plI? + ullun — pl?
— anfpllTn-1— TnanQ — anVnl|Tn-1 — UnH2
— By Tnen, — un . (2.1)
Since each T; is strictly pseudocontractive, then there exists k; € (0, 1) such
that for 2 = 1,2, ..., N, we have

|Tiw = Tyl < llv = yl|* + killw — Tiw — (y — Tiy)|*.
Let k = mamlSiSN{ki}. Then k € (O, 1) and
1Tz — Ty ||* < [z — yl?

T ke~ T — (y - T)|1* (2.2)

Thus we obtain from (2.1) and (2.2) that
[z = pl? < anllzn—1 = plI* + Balllzn — plI?
+k|lzn — Tnxn||2] + Ynllun —p”2
— anfnllTn—1 — Tnxnn2 = BnYul| TnTn — unH2 (2.3)
It follows from Remark 1.1 that
[ — Tn|?
= [(n@n_1 + BnTnTn + Yntin) — Ty ||?

= ||Oén(l'n_1 - Tnxn) + /Yn(un - TnZEn)HQ

We obtain from (2.3) and (2.4) that
|z — pl|®

< anllen-1 = plI* + Bullzn — plI?
+/€ﬁn04onn71 - TnanQ + kﬁn%Hun - TnanQ
+ Yallun = plI> = anBullzn-1 — Toznl?
— BVl Tnn — un|?.
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Hence
Hﬂcn—pl\2
< 25 pll? — 852525 2y — T |2
%nun—mw#nun pl?
< oy — pl? = S525250 |2y — T2

+ 2 [lun — pll

By the condition (ii), we have

lzn = plI* < [lza—1 — plI?
1—k)anBn
— 0z, g — T + 7225 |un — plI*. (2.5)

Clearly, there exists a number M > 0 such that
s L ||lu, — pl]? < M. (2.6)

By (2.5) and (2.6), we obtain

20 = PlI* < llwnas = pII* + My, (2.7)

It now follows from (2.7), the condition (iii) and Lemma 1.2 that limn, ||z, —

p|| exists. For example let
limy,—oo||zn — p|| = d. (2.8)

By (2.5), (2.6) and the condition (ii), we also obtain

(17k)cri(_1;102*’7n) [E—— anQ

< |[@n1 = plI* = llzn — pII* + 12 |Jun — pl|®
< Nlwp-1 = plI? = o0 = plI* + My, ¥n > 1.

By condition (iii), we know that for a fixed number £ € (0,1 — 03), there
is a positive integer Ny such that if n > Ny, then

0<v,<e.
Thus
—k)o1(1—o2—
d )11_(21 2 E_)H]fnfl _Tn.TnH2
< n-r = plI> = |0 — pII> + My,  Vn > No.
So,
(1 — k)O’l(l — 09 — 5) >
= > Nzn-1 — Tawa?
g1 n=Ng
< lang-1 = pl* +M Y o (2.9)

n=Nyp
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It follows the condition (iii) and (2.9) that >°°, ||z,—1 — Tha,|* < co. Thus

lim ||z,—1 — Thzy| = 0. (2.10)

n—oo

Since [|z+yl|* < 2[maz(||z]], lyl)]* < 2([[z[*+|ly[|*), Y,y € H, by Remark
2.1 and (2.2), we have
[
= H(O‘nxnfl + BTy + Vnun) - TnanQ
= [lan(@n-1 — Tprp) + Yn(tn — Tnxn)HQ
< apllzn-1 — Tnxn||2 + Yulltin, — Tnxn”2
< apl|wn1 — Tozall® + 29allun — pl?
+2’7n||Tnxn _p||2
< aplTn-1 — Toznl* + 270 |lun — pl?
+ 29 ([lzn — I + Kllz, — Toza?).
Thus
(1 = 2yk)|lzn — TnanQ < apllp—1 — TnanQ

+2nllun = plI* + 2ynllzn — pl*. (2.11)

It follows from (2.8), (2.10), (2.11) and the condition (iii) that

lim ||z, — Thx,| = 0. (2.12)

n—oo

Moreover, since
|2 — 1]
= [|Bn(Tnzn — Tne1) + Ynl(tn — Tp_1) ||
< BullTawn — Tp1l| + Yol tn — 21 ]].
< Bl Tnwn — Tna |l + ulllun — pll + 201 — )

It also follows from (2.8), (2.10) and the condition (iii) that

lim ||z, — z,—1]| = 0. (2.13)
n—oo
Thus
Jim |xn — Zptill = 0,Vi =1,2,...,N. (2.14)
Since

Hxn - TonnH

< ||$n - $n+z‘|| + ||=Tn+z - Tn+z‘$n+z‘||
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And
Hsz - szH < LzHI - y“) Vi=12,., N.
If we choose L = maxy1<;<n{L;}, then
|Tix — Tyl < Lllz —yll, Vi=1,2,..,N. (2.16)
It follows from (2.15) and (2.16) that
Hwn _Tnﬂ‘an

S Non — Tpaill + 1204 — ToriZngsll + Ll 2ngs — 20|

< (L D)lfen = @ngill + Zn4s = Toginsil-
It follows from (2.12) and (2.14) that for all i = 1,2, ..., N,

lim |x, — Thtizn|| = 0. (2.17)

Since {z,} is bounded in K, it has a subsequence {z,, }?°; which converges
weakly to some ¢ € K. Without loss of generality, we may assume that ny = j
mod N for all k& and some j € {1,2,...,N}. For any fixed [ € {1,2,..., N}, we
can find an i € {1,2,..., N}, independent of k, such that n, +i =1 mod N for
all k. It then follows from (2.17) that

klim |zp, — Tixn, || = 0. (2.18)

Since every Hilbert space is uniformly convex and 2-uniformly smooth (see
for example [7]), it follows Lemma 1.3 that (I — T;) is demiclosed at zero, so
that ¢ € F(T;). Since | € {1,2,..., N} is arbitrary, then ¢ € F. Thus we
have a subsequence {z,, }?2, of the sequence {z, } which converges weakly to
a common fixed point ¢ of {T;}}L,. If {z,} has another subsequence {z,,}3*,
which converges weakly to ¢; and ¢; # ¢q. Then by the same method as given
above, we can also prove that ¢; € F'.

Taking p = ¢ and p = ¢; and by using the same method as given in the

proof of (2.8) we can prove that the following two limits exist and
dim [z, — gl = dy; dim [z, — @] = da;

where d; and ds are two nonnegative numbers. It follows from Lemma 1.4 that

the Hilbert space H satisfies the Opial condition, so we have

dy = limsup ||z, — ¢l < limsup [|z,, — ¢ = ds
ng—00 ng—00
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— lim sup 2, — 1| < lim sup |, — all = di.
This is a contradiction. Hence, ¢ = ¢;. This implies that {z,} converges

weakly to q. This completes the proof.

Theorem 2.2. Let H be a real Hilbert space and let K be a nonempty
closed convex subset of H. Let {T;}, be N strictly pseudocontractive self-
maps of K such that ' = N)_, F(T;) # 0. Let o € K and {u,} be a bounded
sequence in K, let {a,}, {8.}, {7} be three sequences in [0, 1] satisfying the
following conditions:

(1) {an) + {6} +{m}=1LYn 21

(ii) There exist constant oy, oy such that 0 < 0y < 3, < 09 < 1;

(i) 3205 < 005

(iv) There exists iy € {1,2,..., N} such that T}, is demicompact.

Then the implicit iterative sequence {x,, }>° ; defined by (1.4) converges strongly
to a common fixed point of the maps {T;} ;.

Proof. From the Proof of Theorem 2.1, we know that there exists a sub-

sequence {z,, } C {x,} such that {z,, } converges weakly to some ¢ € K and
for any fixed [ € {1,2,..., N}, we have

klim |Zn, — D10, || = 0. (2.18)

Since T;,(1 < iy < N) is demicompact, there exists a subsequence of {z,, }
(we denote it still by {z,, }) such that

lim {12, —ql| = 0.

Again by (2.18) and the arbitrariness of [, we obtain that ¢ € F. From
the proof of (2.8), we know that the limit lim,_ . ||z, — ¢|| exists, and then

lim, .o ||z, — ¢|| =0, i.e., 2, — ¢. This completes the proof.

Remark 2.1. Theorem 2.1 extends and generalizes Theorem 1 in [2] and
Theorem 2 in [7].
Remark 2.2. Theorem 2.2 answered the open question given by Xu and

Ori [7] to some extent.
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