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Abstract

Treating the interpolation problems for the Privalov class Np (p >
1), Meštrović and Šušić [3] introduced the following class of complex
sequences: {

{cn} ;
∞∑
n=1

(1− |zn|2)(log+ |cn|)p <∞

}
,

where the point sequence {zn}∞n=1 in the unit disk satisfies the Blaschke
condition. In this paper, we will show a characterization of boundedness
of this class.
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1 Introduction

Let U and T denote the unit disk and the unit circle in C, respectively, and dσ
denotes the normalized Lebesgue measure on T . An F -algebra is a topological
vector space with a complete translation invariant metric in which multiplica-
tion is continuous.

Let p > 1. The Privalov class Np consists of all holomorphic functions f
on U which satisfy

sup
0≤r<1

∫
T

(
log+ |f(rζ)|

)p
dσ(ζ) <∞. (1)
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This class was introduced in Privalov’s book [4]. For p = 1, the condition
(1) defines the Nevanlinna class N . We easily see that Np ( N (p > 1). It
is well-known that each function f in N has the nontangential limit f ∗(ζ) =
lim
r→1−

f(rζ) (a.e. ζ ∈ T ). Recall that the metric on Np is defined by

dNp(f, g) =

{∫
T

(
log(1 + |f ∗(ζ)− g∗(ζ)|)

)p
dσ(ζ)

} 1
p

for f, g ∈ Np. With this metric the Privalov class becomes an F -algebra.
The Smirnov class N∗ is the set of all holomorphic functions f on U such

that log(1 + |f(z)|) ≤ Q[φ](z) (z ∈ U) for some φ ∈ L1(T ), φ ≥ 0, where the
right side denotes the Poisson integral of φ on U . It is well-known that, if
f ∈ N , f belongs to N∗ if and only if

lim
r→1−

∫
T

log+ |f(rζ)| dσ(ζ) =

∫
T

log+ |f ∗(ζ)| dσ(ζ).

We have Hq ( Np ( N∗ ( N (0 < q ≤ ∞ , p > 1), where the Hardy space is
denoted by Hq. These inclusion relations are proper. Under the metric defined
by

dN∗(f, g) =

∫
T

log (1 + |f ∗(ζ)− g∗(ζ)|) dσ(ζ)

for f, g ∈ N∗, the class is also an F -algebra.
For 0 < p < ∞, the class Mp is defined as the set of all holomorphic

functions f on U for which∫
T

(
log+Mf(ζ)

)p
dσ(ζ) <∞,

where Mf(ζ) := sup
0≤r<1

|f(rζ)| is the maximal function. In [1] the class M1 is

denoted as M . For f, g ∈Mp, we define the metric

dMp(f, g) =

{∫
T

(log(1 +M(f − g)(ζ)))p dσ(ζ)

}αp
p

,

where αp = min(1, p). With the metric Mp becomes an F -algebra. It is
well-known that the following relations hold:

Np (M ( N∗ (p > 1).

Moreover, it is known that Np = Mp (p > 1) and N (Mp (0 < p < 1). For
more details about these classes, the reader refers to [2].
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2 Bounded subsets of a class of complex

sequences

Let Z = {zn}∞n=1 be a point sequence in U , with zm 6= zn if m 6= n. We suppose
that the Blaschke condition is satisfied:

∞∑
n=1

(1− |zn|) <∞. (2)

For a fixed 0 < q <∞ we define the class of all complex sequences {cn}∞n=1 for
which

∞∑
n=1

(1− |zn|2)|cn|q <∞.

Shapiro and Shields [5] considered this sequence space to treat the interpolation
problems for the Hardy space. Furthermore, Yanagihara [7, 8] introduced the
class of all complex sequences {cn}∞n=1 such that

∞∑
n=1

(1− |zn|2) log+ |cn| <∞,

which seems to have a close connection with the Smirnov class N∗. With this
sequence space Yanagihara [8] described the interpolation problems for N∗.

Motivated by the investigations of Shapiro-Shields and Yanagihara, we shall
consider another class of complex sequences. Let p > 1. For a given complex
sequence Z = {zn}∞n=1 satisfying the condition (2), we denote by lpZ the class
of all complex sequences {cn}∞n=1 such that

∞∑
n=1

(1− |zn|2)(log+ |cn|)p <∞,

which seems to stand in a close connection with the Privalov classNp. Meštrović
and Šušić [3] introduced this sequence space to treat the interpolation problems
for Np.

First we show the boundedness of the class Np (p > 1). The following
theorem is a result by Subbotin:

Theorem 2.1. (see [6]) Let p > 1. L ⊂ Np is bounded if and only if

(i) there exists M <∞ such that∫
T

(
log+ |f ∗(ζ)|

)p
dσ(ζ) < M
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for all f ∈ L;

(ii) for each ε > 0 there exists δ > 0 such that∫
E

(
log+ |f ∗(ζ)|

)p
dσ(ζ) < ε, for all f ∈ L,

for any measurable set E ⊂ T with the Lebesgue measure |E| < δ.

The next theorem is proved by Meštrović:

Theorem 2.2. (see [2]) Let L be a subset of Np, p > 1. If L is bounded in
Np, then

M∞(r , f) ≤ K exp

(
ω(r)

(1− r)
1
p

)
for each f ∈ L,

where M∞(r , f) = max
0≤θ<2π

|f(reiθ)|, K is a positive constant, and ω(r) is a

positive continuous function independent of f ∈ L and for which ω(r) ↓ 0 as
r → 1.

Note that theorem 2.2 is not sufficient for L to be bounded (see the Remark
23 in [2]).

Now we shall consider some properties of the class lpZ . As in the case of
Np (p > 1), we have the following:

Theorem 2.3. Let p > 1. The class lpZ is an F -space with respect to the
metric σp given by

σp(u , v) =

{
∞∑
n=1

(1− |zn|2) (log(1 + |cn(u)− cn(v)|))p
} 1

p

(3)

for u = {cn(u)} , v = {cn(v)} ∈ lpZ. That is, σp satisfies the following condi-
tions:

(i) σp(u , v) = σp(u− v , 0).

(ii) Suppose σp(uk , u)→ 0. Then, for any complex number α,

σp(αuk , αu)→ 0.

(iii) Suppose αk , α be complex numbers and αk → α. Then, for any
u ∈ lpZ,

σp(αku , αu)→ 0.

(iv) lpZ is complete with respect to the metric (3).
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Theorem 2.4. Let E be a subset of lpZ (p > 1). E is bounded if and only if

(i) there exists a positive constant M such that

∞∑
n=1

(1− |zn|2)(log+ |cn|)p ≤M

for u = {cn(u)} ∈ E;

(ii) for each ε > 0 there exists a number n0 such that

∞∑
n=n0+1

(1− |zn|2)(log+ |cn|)p < ε,

for u = {cn(u)} ∈ E.

Theorem 2.5. Let p > 1 and E be a subset of lpZ. If E is bounded, we have

|cn(u)| ≤ K exp

(
λn

(1− |zn|)
1
p

)
for u = {cn(u)} ∈ E

with a constant K > 0 and a positive sequence {λn}, λn ↓ 0 as n→∞, which
does not depend on u ∈ E.

Theorems 2.3, 2.4 and 2.5 are easily proved in the same way of thorems 3,
4 and 5 in [7] respectively; therefore these proofs may be omitted.

Theorem 2.6. In the class lpZ (p > 1), bounded subsets are relatively com-
pact.

Proof. Let E be a bounded subset of lpZ . Then we have

|cn(u)| ≤ exp

(
M

(1− |zn|2)
1
p

)
for each u ∈ E.

Thus we choose a sequence {un} ⊂ E such that the complex sequence {cn(uk)}∞k=1

converges as k →∞ for each n, i.e., the limit

cn(uk)→ cn as k →∞

exists for each n. If n0 is sufficiently large, we obtain, for any ε > 0,

∞∑
n=n0+1

(1− |zn|2) (log(1 + |cn(uk)|))p <
εp

3
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from theorem 2.4 (ii). Then there holds

n0∑
n=1

(1− |zn|2) (log(1 + |cn(uk)− cn|))p <
εp

3
for k ≥ k0

if k0 is large enough. Hence it is obvious that u = {un} ∈ lpZ and

σp(uk , u) < ε for k ≥ k0,

which proves E is relatively compact.

Remark 2.7. Let p > 1. In view of theorems 2.3, 2.4 and 2.5, Mp(= Np)
and lpZ are apparently alike. But it is known that, in the class Mp, bounded
subsets need not be relatively compact [2] in contrast to theorem 2.6.

Remark 2.8. The class lpZ with p = 1 was introduced by Yanagihara in
[7, 8], where l1Z was denoted as l+Z . We define the metric

σ1(u , v) =
∞∑
n=1

(1− |zn|2) log(1 + |cn(u)− cn(v)|)

for u = {cn(u)} , v = {cn(v)} ∈ l+Z . In [7] it is shown that l+Z is an F -space
with respect to the metric above, and the boundedness of the class l+Z was
investigated. We note that theorems 2.4, 2.5 and 2.6 can be applied in the
case of p = 1.

Remark 2.9. We shall consider the class lpZ in the case of 0 < p < 1,
which seems to have a close connection with the class Mp (0 < p < 1). Then
it is easy to see that the class lpZ (0 < p < 1) is also an F -space with respect
to the metric σp given by

σp(u , v) =
∞∑
n=1

(1− |zn|2) (log(1 + |cn(u)− cn(v)|))p

for u = {cn(u)} , v = {cn(v)} ∈ lpZ . We note that theorems 2.4, 2.5 and 2.6
can be applied in the case of 0 < p < 1, too.
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