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Abstract

The scaling method has been used in the classification of domains
with noncompact automorphism group. Most important issue for the
scaling method is the convergence of the scaling sequence which is not
guaranteed by the holomorphic change of coordinates. In this paper,
we will deal with the scaling method in the complex plane C and will
give a sufficient condition for the scaling sequence to converge in terms
of the canonical potential function of the Poincaré metric.
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1 Introduction

In this paper, we deal with the scaling method in the study of complex
domains with noncompact automorphism group. The automorphism group
Aut(X) of a complex space X is the topological group of automorphisms (self-
biholomorphisms) of X endowed with the law of the mapping composition
and the compact-open topology (topology of uniform convergence on com-
pact subsets). If X is a bounded domain in Cn or hyperbolic in the sense of
Kobayashi [10], Aut(X) admits a Lie group structure under the compact-open
topology.

From the failure of the Riemann mapping theorem in Cn (n ≥ 2) (see [4]),
the classification of domains with the role of model object in Complex Analysis
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and Geometry has been the fundamental problem. A precondition for the role
of model objects in various view-points is to admit a noncompact automor-
phism group. There have been many studies on the characterization of such
domains in terms of automorphisms group (see [17, 16, 3, 8, 5]). The scaling
method initially suggested by Pinchuk [13, 14] has been used in this study.
This is a method to construct a biholomorphism from a bounded pseudocon-
vex domain with noncompact automorphism group to a certain unbounded
domain admitting an 1-parameter family of automorphisms. The existence
of the 1-parameter family of automorphisms gives abundant information of
domains (see [9]).

Suppose that Aut(D) of a bounded domain D in Cn is noncompact, equiv-
alently, there exists a sequence {fj} of automorphisms of D such that an auto-
morphism orbit {fj(p)} for some p ∈ D accumulates at a boundary point of D.
Then any subsequential limit of {fj} is a holomorphic mapping from D to the
boundary ∂D; thus it is not a biholomorphic imbedding of D into Cn anymore.
The scaling method is to find a divergent sequence {Aj} of Affine mappings
of Cn such that {Aj ◦ fj} converges subsequentially to a biholomorphism from
D to a certain unbounded domain.

The scaling method due to S. Frankel [5] is to choose Aj by

Aj(z) = (dfj(p))
−1 (z − fj(p)) .

Here dfj(p) is the holomorphic Jacobian matric

(
∂fα
∂zβ

)
α,β=1,...,n

of the auto-

morphism f = (f1, . . . , fn) at p, and (dfj(p))
−1 is its inverse matrix. The

scaling sequence of

σj(z) = Aj ◦ fj(z) = (dfj(p))
−1 (fj(z)− fj(p)) , (1.1)

subsequentially converges to a biholomorphic imbedding from D into Cn if
D is a bounded convex domain (see also [7] for the convergence). But the
convergence of this sequence does not guaranteed for non-convex domains.

The convergence of the scaling method strongly depends on the coordinate
system. Even if F : D → D̃ is a biholomorphism and {fj} is a sequence of
automorphism of D whose scaling sequence (1.1) converges, we can not sure
that the scaling sequence of {F∗fj} converges subsequentially. Here F∗fj is a
conjugate automorphism of D̃, that is, F∗fj = F ◦ fj ◦ F−1 : D̃ → D̃.

In this paper, we would study the convergence of the scaling sequence for
a domain in the complex plane C under a certain condition to the canonical
potential of the Poincaré metric. The Poincaré metric of a domain D in C is
the unique complete hermitian metric of constant Gaussier curvature −4 (see
Section 2). Throughout this paper, we always denote the Poincaré metric ds2

D

of D by
ds2

D = λD |dz|2 ,
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where λD : D → R is a positive function. The curvature condition to ds2
D

automatically implies that the function log λD is a potential function of ds2
D

in the sense of
∂2

∂z∂z̄
log λD = 2λD ;

thus we call it the canonical potential function of ds2
D.

The main result of this paper concerns the differential norm ‖∂ log λD‖ds2D
of log λD with respect to ds2

D which can be written by

‖∂ log λD‖2
ds2D

=

∥∥∥∥∂ log λD
∂z

dz

∥∥∥∥
ds2D

=
∂ log λD
∂z

∂ log λD
∂z̄

1

λD
.

Theorem 1.1. Let D be a domain in C with the Poincaré metric ds2
D =

λD |dz|2. Suppose that there is a positive constant C with

‖∂ log λD‖ds2D < C

on D. If {fj} is a sequence of automorphisms of D and {pj} is a sequence of
points in a compact subset K ⊂ D, then the scaling sequence of

σj(z) =
1

f ′j(pj)
(fj(z)− fj(pj))

where f ′j is the complex derivative of fj, admits a subsequence converging uni-
formly on any compact subset of D to a biholomorphic imbedding from D into
C.

The scaling sequence σj in Theorem 1.1 coincides with the Frankel scaling
as in (1.1) in 1-dimensional case. Thus Theorem 1.1 gives a sufficient condition
for the convergence of the scaling method in terms of the Poincaré metric. We
will prove this theorem at the end of Section 2.

For the Poincaré metric and its canonical potential function of the unit disc
satisfies the boundedness condition in Theorem 1.1 (see Section 2). In general
we have

Theorem 1.2. Let D be a simply connected proper domain in C and let
F : ∆→ D be a biholomorphism. If the function

τ(z) =

∣∣∣∣F ′′(z)

F ′(z)

∣∣∣∣2 (1− |z|2)2
(1.2)

on the unit disc ∆ is bounded on whole of ∆, then the canonical potential
function log λD of the Poincaré metric ds2

D = λD |dz|2 has bounded differential
norm; namely, there is a positive constant C > 0 such that

‖∂ log λD‖ds2D < C

on D.
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Since F ′′/F ′ is bounded on any compact subset of ∆, the function τ in
(1.2) is bounded on ∆ if and only if it is bounded near the boundary ∂Ω. If F
extends to a open neighborhood U of ∆ and F ′ is nowhere zero on U , then τ
is bounded on ∆ so that ‖∂ log λD‖ds2D is bounded. Therefore on the domain

in Theorem 1.2, a sequence in scaling method converges well.
We will discuss the bounded differential norm of the canonical potential

function in Section 3.

2 The convergence of the scaling method

Let us start this section with the unit disc ∆ = {z ∈ C : |z| < 1} in C. The
Poincaré metric of the unit disc is defined by

ds2
∆ =

1(
1− |z|2

)2 |dz|
2 = λ∆ |dz|2 ,

which is the unique complete hermitian metric with the constant Gaussian
curvature

− 2

λ∆

∂2

∂z∂z̄
log λ∆ ≡ −4 .

This equation implies that log λ∆ plays the role of a potential function:

∂2

∂z∂z̄
log λ∆ = 2λ∆ .

The important aspect of this canonical potential function log λ∆ to this re-
search is that its differential norm is bounded on ∆ with respect to the Poincaré
metric:

‖∂ log λ∆‖2
ds2∆

=
∂ log λ∆

∂z

∂ log λ∆

∂z̄

1

λ∆

=
2z

1− |z|2
2z̄

1− |z|2
(
1− |z|2

)2

= 4 |z|2 < 4 ,

(2.1)

on ∆. The canonical potential log λ∆ of the unit disc satisfies the boundedness
condition (2.4) in Theorem 1.1.

Another aspect is the transformation formula under the biholomorphism.
If f is an automorphism of ∆, then f is an isometry of ds2

∆ so f ∗ds2
∆ = ds2

∆

by the Schwarz Lemma (see [2]). Since f ∗ds2
∆ = f ∗(λ∆ |dz|2) = (f ∗λ∆) |df |2 =

(λ∆ ◦ f) |f ′|2 |dz|2, we can write above by

(λ∆ ◦ f) |f ′|2 = λ∆ . (2.2)

Let D be a domain in C whose complement C \ D contains at least two
points. Then by the uniformization of Riemann surfaces by Poincaré [15]
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and Koebe [11], its universal covering is the unit disc ∆. From the covering
map π : ∆ → D, we can induce the complete hermitian metric π∗ds

2
∆ of D

whose Gaussian curvature is negative constant −4. By the Schwarz lemma
of Ahlfors [1] for the negatively curved hermitian metrics of Riemann surface,
such metric is unique; therefore we denote by ds2

D = π∗ds
2
∆, and call it the

Poincaré metric of D. The metric coefficient λD of ds2
D = λD |dz|2 is the

canonical potential in the sense of

∂2

∂z∂z̄
log λD = 2λD .

by the curvature condition, and it satisfies the transformation formula of (2.2)
also, namely,

(λD ◦ f) |f ′|2 = λD (2.3)

for any f ∈ Aut(D). From this formula we can obtain the following ba-
sic lemma for Theorem 1.1. There is a same lemma in [12] for a bounded
pseudoconvex domain in Cn whose complete Kähler-Einstein metric is Kähler-
hyperbolic.

Lemma 2.1 ([12]). Let D be a domain in C with a Poincaré metric ds2
D

and K ⊂ ∆ be a compact subset. Suppose the metric coefficient λD of ds2
D =

λD |dz|2 satisfies that
‖∂ log λD‖ds2D < C on D, (2.4)

for some C > 0. Then for any compact subset K ′ of ∆, there is a positive
constant A depending only on K and K ′ such that

1

A
≤
∣∣∣∣ λD ◦ f
(λD ◦ f) (p)

∣∣∣∣ ≤ A on K ′

for any f ∈ Aut(D) and p ∈ K.

Proof. Let f ∈ Aut(D) and p ∈ K. Since the automorphism f is isometric
with respect to ds2

D, we have ‖∂(λD ◦ f)‖ds2D = ‖λD‖ds2D ◦ f . Since λD is

a nowhere vanishing, positive function on D, we have ∂λD = λD(∂ log λD);
hence

‖∂(λD ◦ f)‖ds2D = (λD ◦ f)
(
‖∂ log λD‖ds2D ◦ f

)
. (2.5)

Now we consider the positive function ρ defined by

ρ =
λD ◦ f
λD(f(p))

.

From (2.5) and (2.4), we have the following estimate:

‖∂ρ‖ds2D =
1

λD(f(p))
‖∂(λD ◦ f)‖ds2D =

λD ◦ f
λD(f(p))

(
‖∂ log λD‖ds2D ◦ f

)
≤ Cρ .
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This inequality does not depend on the choice of f ∈ Aut(D) and p ∈ K.
If γ : (−R,R) → D is a unit speed curve with respect to ds2

D satisfying
γ(0) = p, the inequality ‖dρ‖ds2D =

√
2 ‖∂ρ‖2

ds2D
≤
√

2Cρ , implies that

(ρ ◦ γ)′(t) ≤ |(ρ ◦ γ)′(t)| ≤
√

2C(ρ ◦ γ)(t) .

Since ρ(p) = 1, Gronwall’s inequality([6]) gives

e−
√

2Ct ≤ (ρ ◦ γ)(t) ≤ e
√

2Ct

for any t ∈ (−R,R). This implies that for any point q in D whose metric
distance from p with respect to ds2

D is less than R > 0, it holds that

e−
√

2CR ≤ ρ(q) ≤ e
√

2CR .

This is also independent of any choice of f ∈ Aut(D) and p ∈ K. Let K ′ be a
compact subset of ds2

D and let R be the set distance between K and K ′ with

respect to ds2
D. Then we have e−

√
2CR ≤ ρ(q) ≤ e

√
2CR for any q ∈ K ′. This

completes the proof.

A family F of complex-valued functions on D is said to be bounded on
compact subsets if for any compact subset K of D, there is MK such that
|f(z)| < MK for any f ∈ F and z ∈ K.

Theorem 2.2. Let D be a domain in C with a Poincaré metric ds2
D whose

metric coefficient λD of ds2
D = λD |dz|2 satisfies that

‖∂ log λD‖ds2D < C on D,

for some C > 0. Then for any compact subset K of D, the family{
f ′

f ′(p)
: f ∈ Aut(D), p ∈ K

}
of holomorphic functions on D is bounded on compact subsets.

Proof. For a any p ∈ K, Lemma 2.1 implies that for any compact subset
K ′ ⊂ D, we have A > 0 such that

1

A
≤
∣∣∣∣ λD ◦ fλD(f(p))

∣∣∣∣ ≤ A on K ′,

for any f ∈ Aut(D). By the transformation formula (2.3), we have

1

A

λD
λD(p)

≤
∣∣∣∣ f ′

f ′(p)

∣∣∣∣2 ≤ A
λD
λD(p)
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on K ′. Since the positive function λD/λD(p) is pinched by positive constants
on K ′ which is independent of the choice of p ∈ K, we can take positive
constants LK,K′ and UK,K′ depending only on K and K ′ such that

LK,K′ ≤
∣∣∣∣ f ′

f ′(p)

∣∣∣∣2 ≤ UK,K′ on K ′ (2.6)

for any f ∈ Aut(D). This completes the proof.

This theorem implies that the scaling sequence for automorphisms of D
admits a convergent subsequence uniformly on any compact subset of D.

Proof of Theorem 1.1

Let {fj} be a sequence of automorhisms of D and {pj} is a sequence of points
in a compact subset K ⊂ D. The complex derivative of the scaling element,

σj(z) =
1

f ′j(pj)
(fj(z)− fj(pj))

is of the form,

σ′j =
f ′

f ′j(pj)
.

which is nowhere vanishing on D. Theorem 2.2 implies that the function family{
σ′j
}

is bounded on compact subsets.
Therefore the family {σj} is equicontinuous on any compact subset of D.

Then {σj(p)} is bounded on each compact subset K ′ with K ⊂ K ′ ⊂ D since
pj ∈ K and σj(pj) = 0 for each j. Applying the Ascoli-Arzelá theorem, on each
compact subset K ′ of D admits a subsequence of {σj} converging uniformly to
a holomorphic function. By the diagonal procedure to a compact exhaustion of
D, we have that {σj} is normal; thus there is a subsequence of {σj} converges
to a holomorphic function

σ : D → C

uniformly on any compact subset of D. Passing to a subsequence, we may
assume that σj → σ and pj → p for some p ∈ K. The equation

σ′j(pj) =
f ′

f ′j(pj)
(pj) = 1

implies that σ′(p) = limj→∞ σ
′
j(pj) = 1. By Hurwitz’s theorem, the limit σ′

of sequence of nowhere vanishing holomorphic functions σ′j = f ′/f ′j(pj) is also
nowhere vanishing.

Therefore, it remains to show that σ is injective. Given point q ∈ Ω, we
will show that σ(z) 6= σ(q) for any z ∈ D \ {q}. Since the scaling function
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σj is injective, each holomorphic function σj − σj(q) is nowhere vanishing on
D \ {q}. Therefore the limit function σ − σ(q) = limj→∞ (σj − σj(q)) which
is not identically zero as we saw, is also nowhere vanishing on D \ {q} by
Hurwitz’s theorem. This implies that σ(z) 6= σ(q) for any z 6= q. This implies
that σ : D → C is injective holomorphic. This completes the proof.

3 Bounded differential norm of canonical po-

tential functions

Let D be a simply connected domain in C and let ds2
D = λD |dz|2 is the

Poincaré metric of D. By the Riemann mapping theorem (see [2]), we can
take a biholomorphism

F : ∆→ D .

In this section, we would see the boundedness of ‖log λD‖ds2D on D. It is

equivalent to see the boundedness of

F ∗
(
‖∂ log λD‖ds2D

)
= ‖∂ log λD‖ds2D ◦ F : ∆→ R

on ∆.
The Schwarz lemma implies that F ∗ds2

D = ds2
∆ so

F ∗λD = λD ◦ F =
λ∆

|F ′|2
.

Therefore we can write F ∗
(
‖∂ log λD‖ds2D

)
by

F ∗
(
‖∂ log λD‖2

ds2D

)
= ‖F ∗ (∂ log λD)‖2

ds2∆
= ‖∂ log (F ∗λD)‖2

ds2∆

=
∥∥∥∂ log λ∆ − ∂ log |F ′|2

∥∥∥2

ds2∆

=

(
∂ log λ∆

∂z
− ∂ log |F ′|2

∂z

)(
∂ log λ∆

∂z̄
− ∂ log |F ′|2

∂z̄

)
1

λ∆

. (3.1)

Applying the triangle inequality to
∥∥∂ log λ∆ − ∂ log |F ′|2

∥∥
ds2∆

, we have

F ∗
(
‖∂ log λD‖ds2D

)
≤ ‖∂ log λ∆‖ds2∆ +

∥∥∥∂ log |F ′|2
∥∥∥2

ds2∆

.

Since ∂ log |F ′|2 /∂z = F ′′/F ′ and ‖∂ log λ∆‖ds2∆ by (2.1), it follows

F ∗ ‖∂ log λD‖ds2D ≤ 2 |z|+
∣∣∣∣F ′′F ′

∣∣∣∣2 (1− |z|2)2
.
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Therefore ‖∂ log λD‖ds2D is bounded on the domain D if the function τ in Theo-

rem 1.2 is bounded on the unit disc ∆. This complete the proof of Theorem 1.2.

At this junction, we would like to note that the equivalent condition for
‖∂ log λD‖ds2D to be bounded is that the last term of (3.1) is bounded on ∆; in

other words, there is a constant C such that

F ∗
(
‖∂ log λD‖2

ds2D

)
− ‖∂ log λ∆‖2

ds2∆

= −2

(
z
F
′′

F
′ + z̄

F ′′

F ′

)(
1− |z|2

)
+

∣∣∣∣F ′′F ′
∣∣∣∣2 (1− |z|2)2

< C

on ∆.
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