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Abstract

In this paper, the existence of the solutions for an impulsive frac-

tional equation of for nonlinear differential equations of order α ∈ (2, 3]

with anti-periodic boundary value problem is discussed. Many of our

conclusions are based on the fixed point theorems. At last, some exam-

ples are presented to illustrate the main results.
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1 Introduction

As we all know, Caputo fractional differential equations are widely used in

the fields of physics, chemistry, electrokinetics, polymer rheology, etc., there-

fore, it is more and more important to discuss the existence of Caputo fractional

differential equations under certain conditions. In the extensive literature, the

existence of solutions for boundary value problems of fractional differential

equations by various nonlinear functional analysis methods is involved. For

example, in recent literature about an fixed point theory, see[5, 6], the Mawhin

continuation method, see[7], the Green function method, see[5, 10], the integral

operator method, see[11, 12], the upper and lower solution method, see[14, 15],

the numerical method, see[4, 18]. For the definition theorem of Caputo frac-

tional order, see[1].

In [3, 13], the researcher got the existence and uniqueness of the solutions

by using the fixed pint theorem. Then some researchers studied the solv-

ability of anti-periodic boundary value problems under different assumptions,

see[2, 4, 8, 9]. In reference[8], the author studied the α ∈ (1, 2) order an-

tiperiodic impulsive boundary value problem with u′(t), in reference[9], the

author studied the α ∈ (2, 3) order antiperiodic impulsive boundary value

problem without u′(t). Motivated by [8, 9], we will going to discuss the exis-

tence and uniqueness of solutions for an anti-periodic boundary value problem

of α ∈ (2, 3] with u′(t) in this paper. Precisely, we consider

CDαu(t) = f(t, u(t), u′(t)), 2 < α ≤ 3, t ∈ J ′,

∆u(tk) = Ik(u(tk)),∆u
′(tk) = Qk(u(tk)),∆

CDβu(tk) = Jk(u(tk)),

1 < β ≤ 2, k = 1, 2, · · ·,m,

u(0) = −u(T ), u′(0) = −u′(T ), CDβu(0) = −CDβu(T ),

(1.1)

where CDα is a standard Caputo derivative, f ∈ C(J × R,R), Ik, Qk, Jk ∈
C(R,R), J = [0, T ], 0 = t0 < t1 < t2 < · · · < tm < tm+1 = T, J ′ = J \
t1, t2, · · · , tm,∆u(tk) = u(t+k )− u(t−k ),∆u′(tk) = u′(t+k )− u′(t−k ),∆CDβu(tk) =
CDβu(t+k ) − CDβu(t−k ), where u(t+k ) and u(t−k ) denote the right and the left

limit of u(t) at t = tk(k = 1, 2, · · · ,m), respectively. ∆u′(tk) and ∆CDβu(tk)

have a similar meaning for u′(t) and CDβu(t) respectively. For convenience,

let J0 = [0, t1], J1 = [t1, t2], · · · , Jm−1 = [tm−1, tm], Jm = [tm, T ].
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The structure of this article is as follows. In Section 2, the definitions of

the Caputo fractional order derivative and integral are given. In Section 3, by

using fixed points and the existence of the solution is established. In Section

4, some examples are also presented to illustrate the main results.

2 Preliminaries

In this section, we introduce some notations and definitions which are

used throughout this paper. Let PC(J) = {u : J −→ R|u ∈ C(Jk), k =

0, 1, · · · ,m, and u(t+k ) exist,k = 1, 2, · · · ,m},with the norm ‖u‖ = sup
t∈J
|u(t)|,

and PC2(J,R) = {u ∈ C2(Jk), k = 0, 1, · · · ,m,and u(t+k ), u′(t+k ),C Dβu(t+k )

exist, k = 1, 2, · · · ,m}, with the norm ‖u‖PC2 = max{‖u‖, ‖u′‖, ‖CDβu‖}.
Clearly, PC(J,R) and PC2(J,R) are Banach spaces.

Definition 2.1. ([19]) Given a function f : [0,+∞)→ R on the interval [a, b],

the Caputo fractional order derivative is defined by

CDαf(t) =

∫ t

a

(t− s)n−α−1

Γ(n− α)
f (n)(s)ds, t > 0, n = [α] + 1. (2.1)

Where [α] denotes the intrger part of real number α, and Γ is the gamma

function.

Definition 2.2. ([20]) The Riemann-Liouville integral of order α for a func-

tion f : [0,+∞)→ R can be written as

Iαt f(t) =
1

Γ(α)

∫ t

0

f(s)

(t− s)1−αds, t > 0, n− 1 < α < n. (2.2)

Definition 2.3. A function u ∈ PC2(J,R) with its Caputo derivative of order

α existing on J is a solution of (1.1) if it satisfies (1.1).

Theorem 2.1. ([13]) Let E be a Banach space. Assume Ω is an open bounded

subset of E with θ ∈ Ω and let T : Ω→ E be a completely continuous operator

such that

‖Tu‖ ≤ ‖u‖, ∀u ∈ Ω.

Then T has a fixed point in Ω.
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Theorem 2.2. ([13]) Let E be a Banach space. Assume T : E → E is a

completely continuous operator and the set W = {u ∈ E|u = µTu, 0 < µ < 1}
is a bounded. The T has a fixed point in E.

Lemma 2.1. ([16]) For α > 0, the general solution of the fractional differential

equation CDαu(t) = 0 is given by

u(t) = C0+C1t+C2t
2+· · ·+Cn−1t

n−1, Ci ∈ R, i = 0, 1, 2, · · · , n−1, n = [α]+1,

(2.3)

where [α] denotes the integer part of the real number α.

Lemma 2.2. ([17]) In view of Lemma 2.1, it follows that

IαCDαu(t) = u(t) + C0 + C1t+ C2t
2 + · · ·+ Cn−1t

n−1, (2.4)

for some Ci ∈ R, i = 0, 1, 2, · · · , n− 1, n = [α] + 1.

Lemma 2.3. For a given y ∈ C[0, T ], 2 < α < 3, 1 < β ≤ 2, a functional u is

a solution of the following impulsive boundary value problem

CDαu(t) = y(t), 2 < α ≤ 3, t ∈ J ′,

∆u(tk) = Ik(u(tk)),∆u
′(tk) = Qk(u(tk)),∆

CDβu(tk) = Jk(u(tk)),

1 < β < 2, k = 1, 2, · · ·,m,

u(0) = −u(T ), u′(0) = −u′(T ), CDβu(0) = −CDβu(T ),

(2.5)

if and only if u is a solution of the impulsive fractional integral equation

u(t) =

∫ t

tk

1

Γ(α)
(t− s)α−1y(s)ds+

k∑
i=1

∫ ti

ti−1

(ti − s)α−1

Γ(α)
y(s)ds+

k−1∑
i=1

∫ ti

ti−1

(tk − ti)(ti − s)α−2

Γ(α− 1)
y(s)ds

+
k∑
i=1

∫ ti

ti−1

(t− tk)(ti − s)α−2

Γ(α− 1)
y(s)ds+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)(t− ti)2(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds

+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)(t− tk)(tk − ti)(ti − s)α−β−1

t2−βi Γ(α− β)
y(s)ds+

k−1∑
i=1

Γ(3− β)(tk − ti)(t− tk)

t2−βi

Ji(u(ti))

+
k∑
i=1

∫ ti

ti−1

Γ(3− β)(t− ti)2(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds+

k−1∑
i=1

(tk − ti)Qi(u(ti)) +

k∑
i=1

Ii(u(ti))

+

k∑
i=1

(t− tk)Qi(u(ti)) +

k−1∑
i=1

Γ(3− β)(tk − ti)2

2t2−βi

Ji(u(ti)) +

k∑
i=1

Γ(3− β)(t− ti)2

2t2−βi

Ji(u(ti))

+ C1 + C2t+ C3t
2, t ∈ Jk, k = 1, 2, · · · ,m,

(2.6)

where

C1 = −
{m+1∑
i=1

∫ ti

ti−1

(ti − s)α−1

2Γ(α)
y(s)ds+

m−1∑
i=1

∫ ti

ti−1

(tm − ti)(ti − s)α−2

2Γ(α− 1)
y(s)ds−

∫ T

tm

(T − s)α−2

4Γ(α− 1)
y(s)ds
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+

m∑
i=1

∫ ti

ti−1

(T − 2tm)(ti − s)α−2

4Γ(α− 1)
y(s)ds+

m∑
i=1

∫ ti

ti−1

Γ(3− β)(t2m − Ttm)(ti − s)α−β−1

4t2−βi Γ(α− β)
y(s)ds

+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)(T − tm − ti)(tm − ti)(ti − s)α−β−1

4t2−βi Γ(α− β)
y(s)ds+

m∑
i=1

(T − 2tm)

4
Qi(u(ti))

+

m+1∑
i=1

∫ ti

ti−1

(2T − 1)TβΓ(3− β)(ti − s)α−β−1

4Γ(α− β)
y(s)ds+

m−1∑
i=1

(tm − ti)
2

Ii(u(ti))

+

m−1∑
i=1

(tm − ti)
2

Qi(u(ti)) +

m−1∑
i=1

Γ(3− β)(3T − 2tm − 2ti)(tm − ti)
8t2−βi

Ji(u(ti))

+

m−1∑
i=1

Γ(3− β)(tm − ti)(T − tm)

2t2−βi

Ji(u(ti)) +

m−1∑
i=1

Γ(3− β)(tm − ti)2

4t2−βi

Ji(u(ti))

+

m∑
i=1

TΓ(3− β)(T − tm)(T − 2tm)

8t2−βi

Ji(u(ti)) +
T 3 − T 2

2

m∑
i=1

Ji(u(ti))

}
,

C2 = −
{m+1∑
i=1

∫ ti

ti−1

(ti − s)α−2

2Γ(α− 1)
y(s)ds+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)(tm − ti)(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds

+

m∑
i=1

∫ ti

ti−1

Γ(3− β)(T − tm)(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds+

m∑
i=1

Γ(3− β)(T − tm)

4t2−βi

Ji(u(ti))

−
m+1∑
i=1

∫ ti

ti−1

TβΓ(3− β)(ti − s)α−β−1

2Γ(α− β)
y(s)ds+

m∑
i=1

Qi(u(ti))

2
− T 2

m∑
i=1

Ji(u(ti))

+

m−1∑
i=1

Γ(3− β)(tm − ti)
4t2−βi

Ji(u(ti))

}
,

and

C3 = −
{m+1∑

i=1

∫ ti

ti−1

Γ(3− β)(ti − s)α−β−1

2T 2−βΓ(α− β)
y(s)ds+

m∑
i=1

Ji(u(ti))

}
.

Proof. Let u be a solution of (2.5). By(2.4), we have

u(t) = Iαy(t)− c1− c2t− c3t
2 =

∫ t

0

(t− s)α−1

Γ(α)
y(s)ds− c1− c2t− c3t

2, t ∈ J0,

(2.7)

for some c1, c2, c3 ∈ R. Then

u′(t) =

∫ t

0

(t− s)α−2

Γ(α− 1)
y(s)ds− c2 − 2c3t, t ∈ J0,

CDβu(t) =

∫ t

0

(t− s)α−β−1

Γ(α− β)
y(s)ds− 2t2−β

Γ(3− β)
c3, t ∈ J0,

where CDβc1 = 0,C Dβc2 = 0,C Dβt2 = 2t2−β

Γ(3−β)
.

Furthermore, if t ∈ J1, then

u(t) =

∫ t

t1

(t− s)α−1

Γ(α)
y(s)ds− d1 − d2(t− t1)− d3(t− t1)2,
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u′(t) =

∫ t

t1

(t− s)α−2

Γ(α− 1)
y(s)ds− d2 − 2d3(t− t1),

CDβu(t) =

∫ t

t1

(t− s)α−β−1

Γ(α− β)
y(s)ds− 2t2−β

Γ(3− β)
d3,

for some d1, d2, d3 ∈ R.

Thus, we have

u(t−1 ) =

∫ t1

0

(t1 − s)α−1

Γ(α)
y(s)ds− c1 − c2t1 − c3t

2
1, u(t+1 ) = −d1,

u′(t−1 ) =

∫ t

0

(t1 − s)α−2

Γ(α− 1)
y(s)ds− c2 − 2c3t1, u(t+1 ) = −d2,

CDβu(t−1 ) =

∫ t

0

(t1 − s)α−β−1

Γ(α− β)
y(s)ds− 2t2−β

Γ(3− β)
c3,

CDβu(t+1 ) = − 2t2−β

Γ(3− β)
d3.

Because of ∆u(t1) = u(t+1 )− u(t−1 ) = I1(u(t1)),∆u′(t1) = u′(t+1 )− u′(t−1 ) =

Q1(u(t1)) and ∆CDβu(t1) = CDβu(t+1 )− CDβu(t−1 ) = J1(u(t1)), we have

−d1 =

∫ t1

0

(t1 − s)α−1

Γ(α)
y(s)ds− c1 − c2t1 − c3t

2
1 + I1(u(t1)),

−d2 =

∫ t1

0

(t1 − s)α−2

Γ(α− 1)
y(s)ds− c2 − 2c3t1 +Q1(u(t1)),

−d3 =

∫ t1

0

Γ(3− β)(t1 − s)α−β−1

2t2−β1 Γ(α− β)
y(s)ds− c3 +

Γ(3− β)

2t2−β1

J1(u(t1)).

Consequently

u(t) =

∫ t

t1

(t− s)α−1

Γ(α)
y(s)ds+

∫ t1

0

(t1 − s)α−1

Γ(α)
y(s)ds+

∫ t1

0

(t− t1)(t1 − s)α−2

Γ(α− 1)
y(s)ds

+

∫ t1

0

Γ(3− β)(t− t1)2(t1 − s)α−β−1

2t2−β1 Γ(α− β)
y(s)ds+ I1(u(t1)) + (t− t1)Q1(u(t1))

+
Γ(3− β)(t− t1)2

2t2−β1

J1(u(t1))− c1 − c2t− c3t
2, t ∈ J1.

Similarly, we get

u(t) =

∫ t

tk

(t− s)α−1

Γ(α)
y(s)ds+

k∑
i=1

∫ ti

ti−1

(ti − s)α−1

Γ(α)
y(s)ds+

k−1∑
i=1

∫ ti

ti−1

(tk − ti)(ti − s)α−2

Γ(α− 1)
y(s)ds

+

k∑
i=1

∫ ti

ti−1

(t− tk)(ti − s)α−2

Γ(α− 1)
y(s)ds+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)(t− ti)2(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds
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+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)(t− tk)(tk − ti)(ti − s)α−β−1

t2−βi Γ(α− β)
y(s)ds+

k−1∑
i=1

(tk − ti)Qi(u(ti))

+

k∑
i=1

∫ ti

ti−1

Γ(3− β)(t− ti)2(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds+

k∑
i=1

Ii(u(ti)) +
k∑
i=1

(t− tk)Qi(u(ti))

+

k−1∑
i=1

Γ(3− β)(tk − ti)2

2t2−βi

Ji(u(ti)) +

k−1∑
i=1

Γ(3− β)(tk − ti)(t− tk)

t2−βi

Ji(u(ti))

+

k∑
i=1

Γ(3− β)(t− ti)2

2t2−βi

Ji(u(ti))− c1 − c2t− c3t2, t ∈ Jk, k = 1, 2, · · · ,m, (2.8)

u′(t) =

∫ t

tk

(t− s)α−2

Γ(α− 1)
y(s)ds+

k∑
i=1

∫ ti

ti−1

(ti − s)α−2

Γ(α− 1)
y(s)ds+

k−1∑
i=1

Γ(3− β)(tk − ti)
2t2−βi

Ji(u(ti))

+
k∑
i=1

∫ ti

ti−1

Γ(3− β)(t− tk)(ti − s)α−β−1

t2−βi Γ(α− β)
y(s)ds+

k∑
i=1

Γ(3− β)(t− tk)

2t2−βi

Ji(u(ti))

+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)(tk − ti)(ti − s)α−β−1

t2−βi Γ(α− β)
y(s)ds+

k∑
i=1

Qi(u(ti))− c2 − 2c3t, (2.9)

and

CDβu(t) =

∫ t

tk

(t− s)α−β−1

Γ(α− β)
y(s)ds+

k∑
i=1

∫ ti

ti−1

(ti − s)α−β−1

Γ(α− β)
y(s)ds+

k∑
i=1

Ji(u(ti))

− 2t2−β

Γ(3− β)
c3, t ∈ Jk, k = 1, 2, · · · ,m.

(2.10)

Use the boundary condition u(0) = −u(T ), t ∈ Jk, k = 1, 2, · · · ,m, we have

2c1 + c2T + c3T
2 =

m+1∑
i=1

∫ ti

ti−1

(ti − s)α−1

Γ(α)
y(s)ds+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)(tm − ti)2(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds

+

m∑
i=1

∫ ti

ti−1

(T − tm)(ti − s)α−2

Γ(α− 1)
y(s)ds+

m−1∑
i=1

∫ ti

ti−1

(tm − ti)(ti − s)α−2

Γ(α− 1)
y(s)ds

+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)(T − tm)(tm − ti)(ti − s)α−β−1

t2−βi Γ(α− β)
y(s)ds+

m∑
i=1

Ii(u(ti))

+

m∑
i=1

∫ ti

ti−1

Γ(3− β)(T − tm)2(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds+

m−1∑
i=1

(tm − ti)Qi(u(ti))

+

m∑
i=1

(T − tm)Qi(u(ti)) +

m−1∑
i=1

Γ(3− β)(tm − ti)(T − tm)

t2−βi

Ji(u(ti))

+

m−1∑
i=1

Γ(3− β)(tm − ti)2

2t2−βi

Ji(u(ti)) +

m∑
i=1

Γ(3− β)(T − tm)2

2t2−βi

Ji(u(ti)),

(2.11)
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by the condition u′(0) = −u′(T ), we have

2c2 + 2c3T
2 =

m+1∑
i=1

∫ ti

ti−1

(ti − s)α−2

Γ(α− 1)
y(s)ds+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)(tm − ti)(ti − s)α−β−1

t2−βi Γ(α− β)
y(s)ds

+

m∑
i=1

∫ ti

ti−1

Γ(3− β)(T − tm)(ti − s)α−β−1

t2−βi Γ(α− β)
y(s)ds+

m∑
i=1

Qi(u(ti))

+

m−1∑
i=1

Γ(3− β)(tm − ti)
2t2−βi

Ji(u(ti)) +

m∑
i=1

Γ(3− β)(T − tm)

2t2−βi

Ji(u(ti)). (2.12)

Combining (2.10),(2.11) and (2.12) with the condition CDβu(0) = −CDβu(T ),

we find that

c3 =
m+1∑
i=1

∫ ti

ti−1

Γ(3− β)(ti − s)α−β−1

2T 2−βΓ(α− β)
y(s)ds+

m∑
i=1

Ji(u(ti)),

c2 =
m+1∑
i=1

∫ ti

ti−1

(ti − s)α−2

2Γ(α− 1)
y(s)ds+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)(tm − ti)(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds

+
m∑
i=1

∫ ti

ti−1

Γ(3− β)(T − tm)(ti − s)α−β−1

2t2−βi Γ(α− β)
y(s)ds+

m∑
i=1

Qi(u(ti))

2

−
m+1∑
i=1

∫ ti

ti−1

T βΓ(3− β)(ti − s)α−β−1

2Γ(α− β)
y(s)ds+

m∑
i=1

Γ(3− β)(T − tm)

4t2−βi

Ji(u(ti))

− T 2

m∑
i=1

Ji(u(ti)) +
m−1∑
i=1

Γ(3− β)(tm − ti)
4t2−βi

Ji(u(ti)),

and

c1 =

m+1∑
i=1

∫ ti

ti−1

(ti − s)α−1

2Γ(α)
y(s)ds+

m−1∑
i=1

∫ ti

ti−1

(tm − ti)(ti − s)α−2

2Γ(α− 1)
y(s)ds−

∫ T

tm

(T − s)α−2

4Γ(α− 1)
y(s)ds

+

m∑
i=1

∫ ti

ti−1

(T − 2tm)(ti − s)α−2

4Γ(α− 1)
y(s)ds+

m∑
i=1

∫ ti

ti−1

Γ(3− β)(t2m − Ttm)(ti − s)α−β−1

4t2−βi Γ(α− β)
y(s)ds

+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)(T − tm − ti)(tm − ti)(ti − s)α−β−1

4t2−βi Γ(α− β)
y(s)ds+

m∑
i=1

(T − 2tm)

4
Qi(u(ti))

+

m+1∑
i=1

∫ ti

ti−1

(2T − 1)T βΓ(3− β)(ti − s)α−β−1

4Γ(α− β)
y(s)ds+

m−1∑
i=1

(tm − ti)
2

Ii(u(ti))

+

m−1∑
i=1

(tm − ti)
2

Qi(u(ti)) +

m−1∑
i=1

Γ(3− β)(3T − 2tm − 2ti)(tm − ti)
8t2−βi

Ji(u(ti))

+

m−1∑
i=1

Γ(3− β)(tm − ti)(T − tm)

2t2−βi

Ji(u(ti)) +

m−1∑
i=1

Γ(3− β)(tm − ti)2

4t2−βi

Ji(u(ti))
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+

m∑
i=1

TΓ(3− β)(T − tm)(T − 2tm)

8t2−βi

Ji(u(ti)) +
T 3 − T 2

2

m∑
i=1

Ji(u(ti)).

Substituting the value of ci(i = 1, 2, 3) in (2.7), (2.8) and letting C1 =

−c1, C2 = −c2, C1 = −c3, we obtain (2.6). Conversely, assume that u is a

solution of (2.6), then by a direct computation, it follows that the solution

given by (2.6) satisfies (2.5). The proof is complete. �

3 Main results

Define an operator T : PC(J,R)→ PC(J,R) as

Tu(t) =

∫ t

tk

(t− s)α−1

Γ(α)
f(s, u(s), u′(s))ds+

k∑
i=1

∫ ti

ti−1

(t− tk)(ti − s)α−2

Γ(α− 1)
f(s, u(s), u′(s))ds

+

k−1∑
i=1

∫ ti

ti−1

(tk − ti)(ti − s)α−2

Γ(α− 1)
f(s, u(s), u′(s))ds+

k∑
i=1

∫ ti

ti−1

(ti − s)α−1

Γ(α)
f(s, u(s), u′(s))ds

+

k−1∑
i=1

Γ(3− β)(tk − ti)(t− tk)

t2−βi

Ji(u(ti)) +

k−1∑
i=1

(tk − ti)Qi(u(ti)) +
k∑
i=1

(t− tk)Qi(u(ti))

+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)(t− tk)(tk − ti)(ti − s)α−β−1

t2−βi Γ(α− β)
f(s, u(s), u′(s))ds+

k∑
i=1

Ii(u(ti))

+
k∑
i=1

∫ ti

ti−1

Γ(3− β)(t− ti)2(ti − s)α−β−1

2t2−βi Γ(α− β)
f(s, u(s), u′(s))ds+

k−1∑
i=1

Γ(3− β)(tk − ti)2

2t2−βi

Ji(u(ti))

+

k∑
i=1

Γ(3− β)(t− ti)2

2t2−βi

Ji(u(ti)) +

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)(t− ti)2(ti − s)α−β−1

2t2−βi Γ(α− β)
f(s, u(s), u′(s))ds

+ p1 + p2t+ p3t
2, t ∈ Jk, k = 1, 2, · · · ,m, (3.1)

where p1 = C1, p2 = C2, p3 = C3. By the Lemma 2.3 with y(t) = f(t, u(t), u′(t)),

problem (1.1) has a solution if and only if the operator T has a fixed point.

Theorem 3.1. Let lim
u→0

f(t,u,u′)
u

= 0, lim
u→0

Ik(u)
u

= 0, lim
u→0

Qk(u)
u

= 0, lim
u→0

Jk(u)
u

= 0,

then problem (1.1) has at least one solution.

Proof. Firstly, we construction that the operator T : PC(J,R) → PC(J,R)

is completely continuous and that T is continuous under the continuity of

f, Ik(u), Qk(u) and Jk(u).
Let Ω ⊂ PC(J,R) be bounded and that there exist positive constant Li >

0(i = 1, 2, 3, 4), such that |f(t, u, u′)| ≤ L1, Ii(u(ti)) ≤ L2, Qk(u(tk)) ≤ L3 and
Jk(u(tk)) ≤ L4. Thus, ∀u ∈ Ω, we have

p1 ≤
m+1∑
i=1

∫ ti

ti−1

(ti − s)α−1

2Γ(α)
|f(s, u(s), u′(s))|ds+

m−1∑
i=1

∫ ti

ti−1

|tm − ti|(ti − s)α−2

2Γ(α− 1)
|f(s, u(s), u′(s))|ds
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+

m∑
i=1

∫ ti

ti−1

|T − 2tm|(ti − s)α−2

4Γ(α− 1)
|f(s, u(s), u′(s))|ds−

∫ T

tm

(T − s)α−2

4Γ(α− 1)
|f(s, u(s), u′(s))|ds

+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)|T − tm − ti||tm − ti|(ti − s)α−β−1

4t2−βi Γ(α− β)
|f(s, u(s), u′(s))|ds

+
m∑
i=1

∫ ti

ti−1

Γ(3− β)|t2m − Ttm|(ti − s)α−β−1

4t2−βi Γ(α− β)
|f(s, u(s)u′(s))|ds+

m∑
i=1

|T − 2tm|
4

|Qi(u(ti))|

+
(2T − 1)TβΓ(3− β)

4Γ(α− β)

m+1∑
i=1

∫ ti

ti−1

(ti − s)α−β−1|f(s, u(s), u′(s))|ds+

m−1∑
i=1

|tm − ti|
2

|Qi(u(ti))|

+

m−1∑
i=1

Γ(3− β)|tm − ti|2

4t2−βi

|Ji(u(ti))|+
m−1∑
i=1

Γ(3− β)|3T − 2tm − 2ti||tm − ti|
8t2−βi

|Ji(u(ti))|

+

m−1∑
i=1

Γ(3− β)|tm − ti||T − tm|
2t2−βi

|Ji(u(ti))|+
m∑
i=1

TΓ(3− β)|T − tm||T − 2tm|
8t2−βi

|Ji(u(ti))|

+
T 3

2

m∑
i=1

|Ji(u(ti))|+
m−1∑
i=1

|tm − ti|
2

|Ii(u(ti))|

≤
m+1∑
i=1

L1

2Γ(α+ 1)
+

m−1∑
i=1

TL1

2Γ(α)
+

m∑
i=1

TL1

4Γ(α)
+

m−1∑
i=1

T 2Γ(3− β)L1

2Γ(α− β + 1)
+

m∑
i=1

T 2Γ(3− β)L1

4Γ(α− β + 1)

+

m+1∑
i=1

Tβ(2T − 1)Γ(3− β)L1

4Γ(α− β + 1)
+

L1

4Γ(α)
+

(m− 1)L2

2
+

(2m− 1)L3T

4
+

(m− 1)T 2Γ(3− β)L4

2

+
m(Γ(3− β) + 4)T 3L4

8

p2 ≤
m+1∑
i=1

∫ ti

ti−1

(ti − s)α−2

2Γ(α− 1)
|f(s, u(s), u′(s))|ds+

m∑
i=1

|Qi(u(ti))|
2

+

m−1∑
i=1

Γ(3− β)|tm − ti|
4t2−βi

|Ji(u(ti))|

+

m−1∑
i=1

∫ ti

ti−1

Γ(3− β)|tm − ti|(ti − s)α−β−1

2t2−βi Γ(α− β)
|f(s, u(s), u′(s))|ds+

m∑
i=1

Γ(3− β)|T − tm|
4t2−βi

|Ji(u(ti))|

+
m∑
i=1

∫ ti

ti−1

Γ(3− β)|T − tm|(ti − s)α−β−1

2t2−βi Γ(α− β)
|f(s, u(s), u′(s))|ds+ T 2

m∑
i=1

|Ji(u(ti))|

+

m+1∑
i=1

∫ ti

ti−1

TβΓ(3− β)(ti − s)α−β−1

2Γ(α− β)
|f(s, u(s)u′(s))|ds

≤
(m+ 1)L1

2Γ(α)
+
mΓ(3− β)TβL1

Γ(α− β + 1)
+
mΓ(3− β)TL1

2Γ(α− β + 1)
+
mL3

2
+

(m− 1)Γ(3− β)TL4

4

+
mΓ(3− β)TL4

4
+mT 2L4

and

p3 ≤
m+1∑
i=1

∫ ti

ti−1

Γ(3− β)(ti − s)α−β−1

2T 2−βΓ(α− β)
|f(s, u(s), u′(s))|ds+

m∑
i=1

|Ji(u(ti))|

≤(m+ 1)T β−2Γ(3− β)L1

2Γ(α− β + 1)
+mL4.

Therefore,

|Tu(t)| ≤
∫ t

tk

(t− s)α−1

Γ(α)
|f(s, u(s)u′(s))|ds+

k−1∑
i=1

∫ ti

ti−1

|tk − ti|(ti − s)α−2

Γ(α− 1)
|f(s, u(s), u′(s))|ds
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+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)|t− tk||tk − ti|(ti − s)α−β−1

t2−βi Γ(α− β)
|f(s, u(s), u′(s))|ds+

k∑
i=1

Ii(u(ti))

+
k∑
i=1

∫ ti

ti−1

|t− tk|(ti − s)α−2

Γ(α− 1)
|f(s, u(s)u′(s))|ds+

k−1∑
i=1

Γ(3− β)|tk − ti||t− tk|
t2−βi

|Ji(u(ti))|

+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)|t− ti|2(ti − s)α−β−1

2t2−βi Γ(α− β)
|f(s, u(s), u′(s))|ds+

k−1∑
i=1

|tk − ti||Qi(u(ti))|

+

k∑
i=1

∫ ti

ti−1

Γ(3− β)|t− ti|2(ti − s)α−β−1

2t2−βi Γ(α− β)
|f(s, u(s)u′(s))|ds+

k−1∑
i=1

Γ(3− β)|tk − ti|2

2t2−βi

|Ji(u(ti))|

+

k∑
i=1

∫ ti

ti−1

(ti − s)α−1

Γ(α)
|f(s, u(s), u′(s))|ds+

k∑
i=1

|t− tk||Qi(u(ti))|

+
k∑
i=1

Γ(3− β)|t− ti|2

2t2−βi

|Ji(u(ti))|+ |p1|+ |p2|T + |p3|T 2

≤
(2m+ 3)L1

4Γ(α+ 1)
+

(m+ 1)L1

4Γ(α)
+

(13m− 4)TL1

4Γ(α)
+

9mT 2Γ(3− β)L1

4Γ(α− β + 1)
+

3(m+ 1)TβΓ(3− β)L1

4Γ(α− β + 1)

+
mTβ+1Γ(3− β)L1

4Γ(α− β + 1)
+

3mL2

2
+ (3m− 1)TL3 +

(11m− 5)T 2Γ(3− β)L4

4

+
(m− 1)T 3(Γ(3− β) + 4)L4

8
, (3.2)

which implies that

‖Tu‖ ≤
(2m+ 3)L1

4Γ(α+ 1)
+

(m+ 1)L1

4Γ(α)
+

(13m− 4)TL1

4Γ(α)
+

9mT 2Γ(3− β)L1

4Γ(α− β + 1)
+

3(m+ 1)TβΓ(3− β)L1

4Γ(α− β + 1)

+
mTβ+1Γ(3− β)L1

4Γ(α− β + 1)
+

3mL2

2
+ (3m− 1)TL3 +

(11m− 5)T 2Γ(3− β)L4

4

+
(m− 1)T 3(Γ(3− β) + 4)L4

8
:= L.

Next, for any t ∈ Jk, 0 ≤ k ≤ m, we get

|(Tu)′(t)| ≤
∫ t

tk

(t− s)α−2

Γ(α− 1)
|f(s, u(s), u′(s))|ds+

k∑
i=1

∫ ti

ti−1

(ti − s)α−2

Γ(α− 1)
|f(s, u(s), u′(s))|ds

+

k−1∑
i=1

∫ ti

ti−1

Γ(3− β)(tk − ti)(ti − s)α−β−1

Γ(α− β)
|f(s, u(s), u′(s))|ds+

k∑
i=1

|Qi(u(ti))|

+

k∑
i=1

∫ ti

ti−1

Γ(3− β)(t− tk)(ti − s)α−β−1

t2−βi Γ(α− β)
|f(s, u(s), u′(s))|ds+

k∑
i=1

Γ(3− β)(t− tk)

2
|Ji(u(ti))|

+

k−1∑
i=1

Γ(3− β)(tk − ti)
2t2−βi

|Ji(u(ti))|+ |p2|+ 2|p3|T

≤
3(m+ 1)L1

2Γ(α)
+

(5m− 2)TL1

4Γ(α)
+
mTβΓ(3− β)L1

Γ(α− β + 1)
+

(m+ 1)Tβ−1L1

Γ(α− β + 1)

+
3mTL3

2
+

(5m− 3)T 2Γ(3− β)L4

4
+ 2mTL4 +mT 2L4 := L̄.

Therefore, for t1, t2 ∈ Jk with t1 < t2, 0 ≤ k ≤ m, we have

|(Tu)(t2)− (Tu)(t1)| ≤
∫ t2

t1

|(Tu)′(s)|ds ≤ L̄(t2 − t1).
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This means that T is equicontinuous on all subintervals Jk(k = 0, 1, 2, · · · ,m).

Hence, by Arzela-Ascoli Theorem, it obtained that T is completely continuous.
Now, because of lim

u→0

f(t,u,u′)
u

= 0, lim
u→0

Ik(u)
u

= 0, lim
u→0

Qk(u)
u

= 0 and lim
u→0

Jk(u)
u

=

0, there exists a constant z > 0 such that |f(t, u, u′)| ≤ ρ1|u|, |Ik(u)| ≤
ρ2|u|, |Qk(u)| ≤ ρ3|u| and |Jk(u)| ≤ ρ4|u| for 0 < |u| < z, where ρi > 0(i =
1, 2, 3, 4) satisfy

(2m+ 3)ρ1
4Γ(α+ 1)

+
(m+ 1)ρ1

4Γ(α)
+

(13m− 4)Tρ1
4Γ(α)

+
9mT 2Γ(3− β)ρ1

4Γ(α− β + 1)
+

3(m+ 1)T βΓ(3− β)ρ1
4Γ(α− β + 1)

+
mT β+1Γ(3− β)ρ1

4Γ(α− β + 1)
+

3mρ2
2

+ (3m− 1)Tρ3 +
(11m− 5)T 2Γ(3− β)ρ4

4

+
(m− 1)T 3(Γ(3− β) + 4)ρ4

8
≤ 1

(3.3)

Define Ω = {u ∈ PC(J,R)|‖u‖ < r} and take u ∈ PC(J,R) such that
‖u‖ = z so that u ∈ ∂Ω. Then, we have

|Tu(t)| ≤
{

(2m+ 3)ρ1

4Γ(α+ 1)
+

(m+ 1)ρ1

4Γ(α)
+

(13m− 4)Tρ1

4Γ(α)
+

9mT 2Γ(3− β)ρ1

4Γ(α− β + 1)
+

3(m+ 1)TβΓ(3− β)ρ1

4Γ(α− β + 1)

+
mTβ+1Γ(3− β)ρ1

4Γ(α− β + 1)
+

3mρ2

2
+ (3m− 1)Tρ3 +

(11m− 5)T 2Γ(3− β)ρ4

4

+
(m− 1)T 3(Γ(3− β) + 4)ρ4

8

}
‖u‖

(3.4)

which implies that ‖Tu‖ ≤ ‖u‖, u ∈ ∂Ω.

Hence, by the Theorem (2.1), the operator T has at least one fixed point

and the problem (1.1) has at least one solution u ∈ Ω. �

Theorem 3.2. Assume that
(H1) there exist positive constants Gi(i = 1, 2, 3, 4) such that
|f(t, u, u′)− f(t, v, v′)| ≤ G1(|u− v|+ |u′ − v′|), |Ik(u)− Ik(v)| ≤ G2|u− v|,
|Qk(u)−Qk(v)| ≤ G3|u− v|, |Jk(u)− Jk(v)| ≤ G4|u− v|,
where t ∈ J, u ∈ R, k = 1, 2, · · · ,m.
Then problem (1.1) has a unique solution if

Λ =
(2m+ 3)G1

4Γ(α+ 1)
+

(m+ 1)G1

4Γ(α)
+

(13m− 4)TG1

4Γ(α)
+

9mT 2Γ(3− β)G1

4Γ(α− β + 1)
+

3(m+ 1)T βΓ(3− β)G1

4Γ(α− β + 1)

+
mT β+1Γ(3− β)G1

4Γ(α− β + 1)
+

3mG2

2
+ (3m− 1)TG3 +

(11m− 5)T 2Γ(3− β)G4

4

+
(m− 1)T 3(Γ(3− β) + 4)G4

8
< 1. (3.5)

Proof. For u, v ∈ C(J,R), we have

|(Tu)(t)− (Tv)(t)| ≤
1

Γ(α)

∫ T

tm

(t− s)α−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds
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+
1

Γ(α)

m∑
i=1

∫ ti

ti−1

(ti − s)α−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m−1∑
i=1

(tm − ti)
Γ(α− 1)

∫ ti

ti−1

(ti − s)α−2|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+
m∑
i=1

(t− tm)

Γ(α− 1)

∫ ti

ti−1

(ti − s)α−2|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m−1∑
i=1

(tm − ti)
2Γ(α− 1)

∫ ti

ti−1

(ti − s)α−2|f(s, u(s)u′(s))− f(s, v(s), v′(s))|ds

+

m−1∑
i=1

Γ(3− β)(t− ti)2

2t2−βi Γ(α− β)

∫ ti

ti−1

(ti − s)α−β−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m∑
i=1

(T − 2tm)

4Γ(α− 1)

∫ ti

ti−1

(ti − s)α−2|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m−1∑
i=1

Γ(3− β)T 2

4t2−βi Γ(α− β)

∫ ti

ti−1

(ti − s)α−β−1|f(s, u(s)u′(s))− f(s, v(s), v′(s))|ds

+

m−1∑
i=1

Γ(3− β)(t− tm)(tm − ti)
t2−βi Γ(α− β)

∫ ti

ti−1

(ti − s)α−β−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m∑
i=1

Γ(3− β)(t2m − Ttm)

4t2−βi Γ(α− β)

∫ ti

ti−1

(ti − s)α−β−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+
1

4Γ(α− 1)

∫ T

tm

(T − s)α−2|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m∑
i=1

Γ(3− β)(t− ti)2

2t2−βi Γ(α− β)

∫ ti

ti−1

(ti − s)α−β−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+
1

2Γ(α)

m+1∑
i=1

∫ ti

ti−1

(ti − s)α−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+
Tβ+1Γ(3− β)

2Γ(α− β)

m+1∑
i=1

∫ ti

ti−1

T (ti − s)α−β−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m−1∑
i=1

TΓ(3− β)(tm − ti)
2t2−βi Γ(α− β)

∫ ti

ti−1

T (ti − s)α−β−1|f(s, u(s)u′(s))− f(s, v(s), v′(s))|ds

+
TβΓ(3− β)

2Γ(α− β)

m+1∑
i=1

∫ ti

ti−1

T 2(ti − s)α−β−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+
T

2Γ(α− 1)

m+1∑
i=1

∫ ti

ti−1

T (ti − s)α−2|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m∑
i=1

TΓ(3− β)(T − tm)

2t2−βi Γ(α− β)

∫ ti

ti−1

T (ti − s)α−β−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+
(2T − 1)TβΓ(3− β)

4Γ(α− β)

m+1∑
i=1

∫ ti

ti−1

(ti − s)α−β−1|f(s, u(s), u′(s))− f(s, v(s), v′(s))|ds

+

m−1∑
i=1

(tm − ti)
2

Ii(u(ti)) +

m∑
i=1

(T − 2tm)

4
|Qi(u(ti)− v(ti))|+

k∑
i=1

|Ii(u(ti)− v(ti))|

+

m−1∑
i=1

(tm − ti)
2

|Qi(u(ti)− v(ti))|+
m−1∑
i=1

Γ(3− β)(tm − ti)2

4t2−βi

|Ji(u(ti)− v(ti))|

+

k∑
i=1

Γ(3− β)(t− ti)2

2t2−βi

|Ji(u(ti)− v(ti))|+
m−1∑
i=1

Γ(3− β)T 2

2t2−βi

|Ji(u(ti)− v(ti))|
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+

m−1∑
i=1

Γ(3− β)(3T − 2tm − 2ti)(tm − ti)
8t2−βi

|Ji(u(ti)− v(ti))|+
m∑
i=1

T |Qi(u(ti)− v(ti))|
2

+

m∑
i=1

TΓ(3− β)T 2

8t2−βi

|Ji(u(ti)− v(ti))|+
T 3 − T 2

2

m∑
i=1

|Ji(u(ti)− v(ti))|

+

m−1∑
i=1

TΓ(3− β)(tm − ti)
4t2−βi

|Ji(u(ti)− v(ti))|+
m∑
i=1

Γ(3− β)(T − tm)

4t2−βi

T |Ji(u(ti)− v(ti))|

+ T 3
m∑
i=1

|Ji(u(ti)− v(ti))|+
m∑
i=1

|Ji(u(ti)− v(ti))|+
m∑
i=1

(t− tm)|Qi(u(ti)− v(ti))|

+

m−1∑
i=1

(tm − ti)|Qi(u(ti)− v(ti))|+
m−1∑
i=1

Γ(3− β)(tm − ti)2

2t2−βi

|Ji(u(ti)− v(ti))|

+

m−1∑
i=1

Γ(3− β)(tm − ti)(t− tm)

t2−βi

|Ji(u(ti)− v(ti))|

≤
{

(2m+ 3)L1

4Γ(α+ 1)
+

(m+ 1)L1

4Γ(α)
+

(13m− 4)TL1

4Γ(α)
+

9mT 2Γ(3− β)G1

4Γ(α− β + 1)

+
3(m+ 1)TβΓ(3− β)G1

4Γ(α− β + 1)
+
mTβ+1Γ(3− β)G1

4Γ(α− β + 1)
+

3mG2

2
+ (3m− 1)TG3

+
(11m− 5)T 2Γ(3− β)G4

4
+

(m− 1)T 3(Γ(3− β) + 4)G4

8

}
‖u− v‖

≤ Λ‖u− v‖,

where Λ is given by (3.5). Hence, T is a contraction mapping principle and

problem (1.1) has a unique solution. �

4 Examples

Example 4.1. Consider the following anti-periodic fractional boundary value

problem with 2 < α ≤ 3, β = 3
2
, T = [0, 1] and

CDαu(t) = (t3 + u′(t))arctan2u(t) + etu3(t), 0 < t < 1, t 6= 1
2

∆u(1
2
) = 1− cosu(t),∆u′(1

2
) = sin2u(t),∆CD

3
2u(1

2
) = ln(1 + u2(t)),

u(0) = −u(1), u′(0) = −u′(1),C D
3
2u(0) = −CD 3

2u(1),

(4.1)

where we have taken m = 1.

By lim
u→0

f(t,u,u′)
u

= 0, lim
u→0

Ik(u)
u

= 0, lim
u→0

Qk(u)
u

= 0, lim
u→0

Jk(u)
u

= 0, we have

lim
u(t)→0

f((t3 + u′(t))arctan2u(t) + etu3(t))

u(t)
= 0, lim

u(t)→0

1− cosu(t)

u(t)
= 0,

and

lim
u(t)→0

sin2u(t)

u(t)
= 0, lim

u(t)→0

ln(1 + u2(t))

u(t)
= 0.
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All the assumptions of Theorem 3.1 are satisfied. Thus, the impulsive anti-

periodic impulsive fractional boundary value problem (4.1) has at least one

solution on [0, 1].

Example 4.2. At last, consider the following anti-periodic impulsive fractional

boundary value problem with α = 5
2
, β = 3

2
, T = [0, 2π] and

CD
5
2u(t) = (t+ 5)3(sinu+ cosu), 0 < t < 1, t 6= 1

t1

∆u( 1
t1

) = 1
120
,∆u′( 1

t1
) = 1

80
,∆CD

3
2u( 1

t1
) = 1

50
,

u(0) = −u(2π), u′(0) = −u′(2π),C D
3
2u(0) = −CD 3

2u(2π),

(4.2)

where we have taken m = 1. Let u, v, u′, v′ ∈ R, and G1 = 1
200
, G2 =

1
110
, G3 = 1

70
, G2 = 1

40
. Thus,

|f(t, u, u′)− f(t, v, v′)| ≤ 1

200
(|u− v|+ |u′ − v′|), |I1(u)− I1(v)| ≤ 1

110
,

|Q1(u)−Q1(v)| ≤ 1

70
, |J1(u)− J1(v)| ≤ 1

40
.

By the conclusion (3.5), we have

Λ =
(2m+ 3)G1

4Γ(α+ 1)
+

(m+ 1)G1

4Γ(α)
+

(13m− 4)TG1

4Γ(α)
+

9mT 2Γ(3− β)G1

4Γ(α− β + 1)
+

3(m+ 1)TβΓ(3− β)G1

4Γ(α− β + 1)

+
mTβ+1Γ(3− β)G1

4Γ(α− β + 1)
+

3mG2

2
+ (3m− 1)TG3 +

(11m− 5)T 2Γ(3− β)G4

4

+
(m− 1)T 3(Γ(3− β) + 4)G4

8

=
5

200

4Γ( 7
2

)
+

2
50

4Γ( 5
2

)
+

(2π)× 9
200

4Γ( 5
2

)
+

(2π)2 × Γ( 1
2

)× 9
200

4Γ(2)
+

(2π)
3
2 × Γ( 3

2
)× 6

200

4Γ(2)
+

(2π)
5
2 × Γ( 3

2
)× 1

200

4Γ(2)

+
3× 1

110

2
+ 4π ×

1

70
+

6× (2π)2 × Γ( 3
2

)× 1
40

4
+ 0

≈0.818 < 1.

Therefore, all the assumptions of Theorem 3.2 are satisfied. Thus, by the

conclusion Theorem 3.2, the anti-periodic impulsive fractional boundary value

problem (4.2) has a unique solution on [0, 2π].
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