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Abstract

In this paper, the existence of the solutions for an impulsive frac-
tional equation of for nonlinear differential equations of order « € (2, 3]
with anti-periodic boundary value problem is discussed. Many of our
conclusions are based on the fixed point theorems. At last, some exam-

ples are presented to illustrate the main results.
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1 Introduction

As we all know, Caputo fractional differential equations are widely used in
the fields of physics, chemistry, electrokinetics, polymer rheology, etc., there-
fore, it is more and more important to discuss the existence of Caputo fractional
differential equations under certain conditions. In the extensive literature, the
existence of solutions for boundary value problems of fractional differential
equations by various nonlinear functional analysis methods is involved. For
example, in recent literature about an fixed point theory, see[5, 6], the Mawhin
continuation method, see[7], the Green function method, see[5, 10], the integral
operator method, see[11, 12|, the upper and lower solution method, see[14, 15],
the numerical method, see[4, 18]. For the definition theorem of Caputo frac-
tional order, see[l].

In [3, 13], the researcher got the existence and uniqueness of the solutions
by using the fixed pint theorem. Then some researchers studied the solv-
ability of anti-periodic boundary value problems under different assumptions,
see[2, 4, 8, 9]. In reference[8], the author studied the av € (1,2) order an-
tiperiodic impulsive boundary value problem with «'(¢), in reference[9], the
author studied the a € (2,3) order antiperiodic impulsive boundary value
problem without «/(t). Motivated by [8, 9], we will going to discuss the exis-
tence and uniqueness of solutions for an anti-periodic boundary value problem

of a € (2, 3] with «/(¢) in this paper. Precisely, we consider

CDu(t) = f(t,u(t),u'(t)), 2<a<3 telt,

Au(ty) = Ip(u(ty)), Au'(te) = Qx(u(ty)), A°DPu(ty) = Ji(ulty)),
1<f<2 k=1,2---m,

u(0) = —u(T),u'(0) = —u/(T),“ DPu(0) = = DPu(T),

(1.1)

\

where “D® is a standard Caputo derivative, f € C(J x R,R), I, Qx, Ji €
CR,R),J = [0,T],0 =ty < t1 <ty < -+ <ty <ty =T1,J = J\
trytay by Aulty) = u(tl) —ulty ), Au'(t) = o/ (tF) — ' (t;,), ACDPu(ty) =
CDPu(tf) — DPu(t,), where u(t{) and u(t,) denote the right and the left
limit of u(t) at t = tx(k = 1,2,--- ,m), respectively. Au/(¢;,) and A®DPu(ty)
have a similar meaning for u/(t) and ©DPu(t) respectively. For convenience,
let Jo=[0,t1], 1 = [t1,t2], -+ s Jme1 = [tm—1, tm), I = [tm, T
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The structure of this article is as follows. In Section 2, the definitions of
the Caputo fractional order derivative and integral are given. In Section 3, by
using fixed points and the existence of the solution is established. In Section

4, some examples are also presented to illustrate the main results.

2 Preliminaries

In this section, we introduce some notations and definitions which are
used throughout this paper. Let PC(J) = {u : J — Rlu € C(Ji),k =

0,1, ,m, and u(t}) exist,k = 1,2,--- ,m},with the norm |u| = sup |u(t)|,
teJ

and PC*(J,R) = {u € C*(Jx),k = 0,1, ;m,and u(t]),«'(t})," DPu(t}))

exist, k = 1,2,---,m}, with the norm |Jul|pcz = max{||ul], [[«|, || DPul|}.

Clearly, PC(J,R) and PC?(J,R) are Banach spaces.

Definition 2.1. ([19]) Given a function f : [0, +00) — R on the interval [a, b],
the Caputo fractional order derivative is defined by

¢ p = t—(t_s)niail ™) (s)ds n=l|a
Df(t)_/a ol s, 1> 0=l + 1 (@)

Where [a] denotes the intrger part of real number «, and T' is the gamma

function.

Definition 2.2. (/20/) The Riemann-Liouville integral of order « for a func-
tion f :[0,400) = R can be written as

oy L[ f(s)
Itf(t)_F(a)/O(t—s)l—ads’ t>0n—1<a<n. (2.2)

Definition 2.3. A function u € PC?*(.J,R) with its Caputo derivative of order
a existing on J is a solution of (1.1) if it satisfies (1.1).

Theorem 2.1. ([13]) Let E be a Banach space. Assume  is an open bounded
subset of E with 6 €  and let T : Q — E be a completely continuous operator
such that

[Tull < lull, Vue.

Then T has a fized point in Q.
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Theorem 2.2. ([13]) Let E be a Banach space. Assume T : E — E is a
completely continuous operator and the set W = {u € Flu = pTu,0 < u < 1}
1s a bounded. The T has a fized point in E.

Lemma 2.1. ([16]) For a > 0, the general solution of the fractional differential
equation ©Du(t) = 0 is given by

u(t) = Co+ Ot +Cot? +- - - +Cp 11" 1 C; €Ri=0,1,2,--- ,n—1,n = [a] +1,

(2.3)
where [a] denotes the integer part of the real number «.
Lemma 2.2. ([17]) In view of Lemma 2.1, it follows that
[aCDQU(t) = U(t) + CO + Clt -+ Cgtz + e+ Cnfltnil, (24)

for some C; € R,;i =0,1,2,--- ,n—1,n=[a] + 1.

Lemma 2.3. For a giveny € C[0,T],2 < a < 3,1 < 8 <2, a functional u is

a solution of the following impulsive boundary value problem

CDO‘() y(t), 2<a<3, tel,

Au(ty) = Ii(u(ty)), Au'(t) = Qr(u(ty)), A°Dulty) = Ji(ulty)),
1<pB<2, k=12,---m

u(0) = —u(T),u'(0) = —'(T),“ D?u(0) = =“Du(T),

(2.5)

\

if and only if u is a solution of the impulsive fractional integral equation
_ [t o1 (ti =)t [N (=t (= 5)
u(t) —/t.lc m( —3) s)derZ/ (o) )ds+2/t;7 Ta—1) y(s)ds

i _ _ _ _ g)a—B-1
/t (t tk (ti —s) y(s)ds + Z/ (3 — B)(t —t;)?(t; — s) y(s)ds
ti—1

22T (a - B)
+I€Z_§/j He- A *tt?’i)étlf(a fg;i’s)wfly(s)dwz - %:ﬂti>(t7tk)Ji(u(ti))
> F(S_B)z(fiﬁt?)f O g 30~ 10010000 + 3
+ i“ ~ t0)Qu(u(t) + Z Mh(u(tm + ij m;@#mm)

+CL+Cot +Cst?, t€Jp,k=1,2,---,m,

where

m+1 . a—1 m—1 .. a—2 T a2
-- CEOT as P () Y P Rl ) R P
@ { ; ‘/ti—l 2I () ylo)ds + ; /tPl 2 (a — 1) y(s)d /tm A(a — 1) y(s)d
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+Z/ _itl:”()at’ _) Do) ds—l—Z/ 3_6)(22_3?(’”)( 5)_ D0 ()ds
N Z N '3 —p8) (T —tm2— ﬂ;((t:—t))(ti—s)a A1 Z (T - 2tm (ut2))
+m§/ ZTflTﬁif(af)g) — (u(t))
+ Z %qu(mwg T _822’1"; 1)t — ”Juu(ti))
+’”Zl G- 6)<tm2—2><T tm) J (u(es)) + ’"Z s—mum —t% J t))

— — - ~ T2 -
+ZTF3 AT —tm)(@ Ztm)Ji(U(ti))+T 2T Z;Ji(uai))}’

i=1 815?_’8
ey a2 _ Ja—p—1
8> — ti)(ti — 3)
{ 2:: /;Fl 2T(a y(s )ds + Z/ 2 ﬁF( s y(s)ds
bm) (11 = 5)* 7071 L= BT —tm)
Z/ 2 5[‘( -8 +Z—Jl( (ti))
m+1 g TBF(S _ 5)(% _ s)a B—1 Ql(u(t X
_ ;/t . 2T (a — B) Z -T Zj(u

m—1 i
N z_: W‘]Z(U(tl))}’

and

m+1
(3 —pB)(t; —s)* A1
{Z/ T = 5) ds+ZJ
Proof. Let u be a solution of (2.5). By(2.4), we have

t t — a—1
u(t) = I%Y(t) — c1 — ot — cat® = / %y(s)ds —c1—cot —c3t?, € Jy,

0
(2.7)
for some ¢y, ¢, c3 € R. Then

/ ' (t — S)a72
u (t) = /0 miU(S)dS — Cy — QCgt, t e J(),

t a—pB—1 2—p8
C B [T (t—5s) 2t
DPu(t —/ ————y(s)ds — ——c3, t € Jy,
=) Ta-5 "W 165" ’
where “DPe; = 0, DPey = 0,6 D2 = 20
Furthermore, if ¢t € J;, then

u(t) = /t %y(s)ds Cdy —dy(t— 1)) — ds(t — )2,
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d(t) = /t %y(s)ds — dy — 2ds(t — 1),

t t_s)a—ﬁ—l 2t2 B
“DPu(t :/ (U SR
W=, Ta-p P e—g™
for some dy, d>, d; € R.

Thus, we have

t1 t — s a—1
u(tf) = /0 %y(s)ds —c1 — Coty — C3t%, u(ti") = _dh

t t — a—2
u(ty) = /0 &YJ(SMS — ¢y — 2c3ty, u(t]) = —ds,

b g)aBl 28 2-8
“DPu(ty) :/0 %y(s)ds—%—c& CDPu(t) = —%d&
Because of Au(ty) = u(t]) —u(ty) = Li(u(ty)), Au/(t) = v/ (t]) =/ (t]) =
th)

Q1(u(t1)) and AYDPu(ty) = “DPu(t]) — “DPu(ty) = Jyi( ? ), we have

t1 t — s a—1
—dy = /0 %y(s)ds — 1 — ety — st + L(u(ty)),

Cdy = /0 (tl_—s)a2y(s)ds — ¢p — 2csty + Q1 (u(ty)),

['a—1)
t _ — g a—pB-1
iy = [ s o Fo )
Consequently
u(t) :/t =)™ ;('2; y(s)ds + /0 Hho st ;(Z))a y(s)ds + /0 - ?go(étl__l)s)a y(s)ds

. /Otl L(3—B)(t—t1)*(t; — S)Q_B_ly(s)ds FL(u(t)) + (= 0)Or (u(t))

26T (@ = )
L(3—B8)(t—t)?

Qt%_ﬁ Jl(u(tl)) —C1 — Cgt — Cth, te Jl.

Similarly, we get

s o S R
u(t) = / o s)ds—i—Z/ o (s)ds+2/ Ty s

(t —tg)(t; — \ds (38— B)(t —t;)2(t; —s)*— A1 \ds
+Z/ —) (s)d +Z/ = y(s)d
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kL i - — —t:)(t; — g)e—B—1 k—1
by [ TP =BG = T s 4 3 (0 - 100Quu(0)
=1

i=1 St 7 (a - p)
+ Xk; /t: I3 - 6)2(%1;)(26(;1;;)“7&1 y(s)ds + Xk; Li(u(t;)) + izk;(t — 1) Qi (u(ts)
+ I:Zj %wh(u(ti)) n 1:221 G 5)(ttl%:ﬁtz‘)(t =) ;)
+ iﬁl %WMU(%)) —c1— et —cst?, tE S k=1,2,--,m, (2.8)

t _ _
u'(t) :/t (t = ) s)ds-i—Z/ tl 3) (s)ds +Z W%(u(tz))

[(a 2t;
ti T(3—B)(t —tr)(t; —s)* B~ (3 — B)( %)
/t -1 - 'Bl‘k —-B) y(s)d +27Ji(u(ti))
k=1 .4 _ a—p-1
i T3 =Btk — ti)(ts — s) ) s 2
+;/tm 27T (a - B) u(s) ds*;Q 2 — 2est, (2.9)
and
oty [T S
) bi F(a_ﬁ) ( i=1 Yti-1 F(Oz—ﬁ) i=1
2t2-F

B tEJ,k:l)Z’...ﬂn‘
F(3_6)3 k (2.10)

Use the boundary condition u(0) = —u(T'),t € Ji, k =1,2,--- ,m, we have

el bl _nil/ ’ s)ds + Z / e
DA at_lf)“ ST e =
/:1 — 2 g(r( tﬁ))(ti — oyds + i[i(u(t ))
+ i /tt (3 - m%ﬁl (—tig) D s+ zl(tm 1) Qi (u(t))
+ i:(T — ) Qi(u(t:)) + mg_j Gl 5><tn;2j;i)<T ~tw) J (ut)
+ m:: rE - [;Z?(ze,g — ) 1 (e) 4 i Q- éaz?(Tﬂ ) 1 i),



288 Jie Yang, Guoping Chen, Jingli Xie and Yuanshuang Peng

by the condition u'(0) = —u/(T"), we have

m—+1 - . g
2co +203T = Z / d8+ Z / 27n51—‘:' )(t ﬁ) ) y(s)ds
m t; I‘(g ﬁ)( m)(tz _ s)a B—1 |
' Z/ , 2T (a— §) y(s)ds + ;qu(m)

+ZF %2 6 ti)Ji(u(ti))+ZF(3’6)ET*tm)Ji(u(ti)). (2.12)

2-p
=1 i=1 2?51

Combining (2.10),(2.11) and (2.12) with the condition © D?u(0) = —¢ DPu(T),
we find that

m+1

INGENG) t—s)a51
= Z/ 2TAT (0 — ) d”Z‘]

e z—
_”il/ lTﬁr (3 Qrﬁat_—ms)a s +Z 4t2 5 ~tw) 1 )
-7l Z e ft U= (),
i

and

a1 =t§/ﬁjil < 2r() s)ds + Z / 5T atz__lf)a_Zy(S)ds — /: (Z;(_aszal_;y(s)ds
DA i?zé:;” 2y<s>ds+§; = O
+i§(tm;t> +ZF3 f) 3T_gj§ 5 1 )Jl<u<ti))
+m‘: I'(3-B)(t ;nt;ﬁi)(T—t +7"er 4t2 : 7ti)2Ji(u(t,;))

g

g i=1



Existence of solutions for fractional impulsive anti-periodic BVP 289

m _ _ _ 312
+§_:TF(:% 5)(22};1)(1“ o) pue)) + 5 3 i),

Substituting the value of ¢;(i = 1,2,3) in (2.7), (2.8) and letting C; =
—c1,Cy = —c9,C1 = —c3, we obtain (2.6). Conversely, assume that u is a
solution of (2.6), then by a direct computation, it follows that the solution

given by (2.6) satisfies (2.5). The proof is complete. [J

3 Main results
Define an operator T': PC(J,R) — PC(J,R) as

_ t(t_s)a71 —(t_tk (ti )72 s,u(s),u'(s))ds
Tum,/ £(s,uls), o )ds+z/ e f (e u(s), 1 (3)d

. _g)a— 2 — )™ 1
+z/ (ts —t:)(t: ) F(s,u(s), v’ (s) dS+Z/ #f(&u(s),u/(s))ds

M'(a—1)

k
+ZF(3 A)( t’; EZ ) g e +Z<tk—t)Q (u(t) + 3t — 1) Qs (u(t:))

i=1

_ — —g)x—B-1 a
+Z / —e- At Zk)étk ity = o) F(su(s),u'(s))ds + D Tiu(t:))
Z F(a ) 1=1

Sl SRR (R KGR L @A) —1)?
+;/ti—1 26751—‘(6!*5) Foyuls), w'(s))ds +Z—Jl(u(t2))

w i (u(t SVE L@ =Bt —t:)?(t: —s)* P! s u(s). u'(s))ds
+;:1 27 i (tz))+;/t_ 1 27T ) f(s,u(s),u'(s))d

+p1+pat+p3t?, t€ T k=12, ,m, (3.1)

where p; = Cy, py = Cy, p3 = C3. By the Lemma 2.3 with y(¢) = f(t, u(t),u/(t)),
problem (1.1) has a solution if and only if the operator T" has a fixed point.

Theorem 3.1. Lethr% t”“)—OhIr(l) ()—Ohm Qe () —Ohm /A

u 0 U 50 U 4

then problem (1.1) has at least one solution.

Proof. Firstly, we construction that the operator T': PC(J,R) — PC(J,R)

is completely continuous and that 7' is continuous under the continuity of

[y I(u), Qr(u) and Ji(u).
Let 2 C PC(J,R) be bounded and that there exist positive constant L; >
0(i = 1,2,3,4), such that | f(t,u,u’)| < Ly, Li(u(t;)) < Lo, Qr(u(ty)) < Lz and
Je(u(t )) < L. Thus, Vu € 2, we have

m—+1

t—sal t ti_sa72 ,
s Z/ 2F(<)1 (s, s))lds + Z/ m'fl_l)) [ (s, u(s), ' ())|ds

ti—1 ti—1
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m 173 ‘T _ 2tm‘(ti _ S)a72 , (T )
+ Z/ AT (o — 1) £ (s, u(s), u'(s))|ds — / W\f(s su(s), u'(s))|ds

tm

nl ot — — — ¢t (4 — g)e—B—1

L(3 = BT — tm — tilltm — ti|(t; — s) )

’ ; /tH 42 Pr(a - B) (5, u(s), w'(s))lds
Tt — 2 _ L a—B-1

_,’_Z/ (3 B)ltm Tt'm'(tz 3)

= 2tm|
=1/t 427PT (o — B) [ (s, u(s)u'(s |d5+z |Qi (u(t:))]

i=1

(27 - DTPrE - 8) TN [t apm lom—
aT(a— 5) Z/m_l(“‘s) PTG us) () WHZ Qi (u(t))

=1
2 m—1 _ _ _
+ Z wmwm»u 3o DB AT ;ﬁmﬁ 2illtm = 1)) e
i=1
23 e 5”?;;‘”” gt )|+ZT”’ e
i=1
T3 & [t —t
+—Z|Ji \+Z (uts)
ey rn O TL R TIB - B)L N T3 — B)Ls
*er ;2F(a)+;4f‘(a)+;2F(a—5+1)+;4f(o¢—ﬁ+l)
sy T3(2T71) (3-B)L1 . L1  (m—1)Ly (2m—1)LsT (m—1)T2T(3—B)L4
; Ta—p11) et 2 T 1 + 2
m(T'(3—B) +4)T3Ly
8
D S A R e iGN St R TPy
TS S (a—1) i=1 i=1 4'5?76 o
B)ltm — til (ks — 5)2=F 1 (3= B)IT — tu ,
+ Z/ % |£(s,u(s), u'(s))]ds +; )
(3 - B ‘T_tm|(tz_5) —A-1 ’ 2 — (u(ts
+Z/ 2P0 5) s o) (s + 72 31 ()
fas TAT(3 = B)(t; — s)*—A~1 /
Y / - S | (s, us)u () ]ds
(m+1)L1  mIB-pB)TPL1 mIB—-B)TL1  mLy (m—1I'E3—p)TLy
2l () Tla—B+1) (e — B+1) 2 4
mI'(3 - BTLs oy
and
m+1 _ m
3 ﬂ t _S) ot /
ey [ 7 (s, u(s), () lds + 3 [ u(u(t:)
Z tio1 21% Pl (o = B) ;
+ 1D)TP 2T (3 - B)L
S( ) (3—PB)Ly mLs.
2l (e — B +1)
Therefore,

_ —5)« 2
rut) < [ LD oo o |ds+2/t e s (.o st
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Gt TG Bt — tullt — il (f: — 5)° B! , ST
[ T o) (s + 30wt
k t; a—2
it =t (ti — 8) PG —BAlte —tillt —tel
+g/ O |ds+Z o= (k)]
[ DB = Bl — it — )P , 1O (s
+ ; /t,-,l 27— f) [f(s,u(s),w'(s))|ds + Z te — ]| Qs (u(ts))]
Bt T3 = B)|t— |2 (t; — s)@ A1 Bt — ti|? '
+2:j/ g e s + Z —| Ji(u(t)
k .
bt —8)*
+;/ti,1 W\f(s su(s),u'(s)) \d8+;lt—tklle(U(t i)l
+Z wu (u(t)] + |pa| + 2l + [pa| T
(2m +3)L1  (m+1)L;  (13m—4)TLy 9mT?T(3—B)L1  3(m+1)TPT(3 - B)L1
= AT (o + 1) AT (o) AT (o) AT(a— B+1) AT(a— B+ 1)
mzﬁzr_(aﬁ;ﬂ))h 3m2L2 - (3m— 1)TLs + (11m — 5)Ti1"(3 — B)L4
NGRS R REY (3.2
which implies that
(Tu <@mAEDLL | DIy (13m — OTLy 9mT20(3 — B)L1  3(m + 1)TPT(3 — B)Ly
S AT(a+1) AT (a) 4T (o) AT(a—B+1) AT(a—B+1)
mTPHIT(3 -~ B)L1  3mLo (11m — 5)T2I'(3 — B)La
T gry T3 TEm-DTLs+ -
n (m — 1)T3(1"(83 —B+4Ls _
Next, for any t € Ji,0 < k < m, we get
/ ¢ (t—s)"
o< L "1 (e )'d”z/tl 1 \f(s a(s), ' (s))|ds
[t TG = B)(tk — ti)(ti — s)* P! : SN
0 o [Fsvuls). ' ())lds + Z Qi (u(t:)
[t DB =B — ) (i —9)° P! )(t = 1) |
+ ;/ - (s, u(s), o (5))lds + Z i u(ts))|
k—1 ‘
+ Z W‘Jz(u(tz)” + |p2| + 2|p3|T
i=1 i
3(m+1)L1  (5m —2)TLy N mTPT(3—B)L1  (m+1)TP 1L,
2T () 4T () Ma—-pB+1) Ma—-B+1)
3mzL3 4 Bm= 3)T24F(3 =B L Ly + mT? Ly = L.

Therefore, for t1,ty € J, with t; < 15,0 < k < m, we have

(Tu)(t2) — (Tu)(®)] < [ (7w (9)]ds < Lt~ 1)

t1
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This means that 7" is equicontinuous on all subintervals Ji(k = 0,1,2,--- ,m).

Hence, by Arzela-Ascoli Theorem, it obtained that 7" is completely continuous.

Now, because of lim £&%%) = 0 lim 28 = 0, lim 2™ = 0 and lim 2% =
u—0 w u—0 ¢ u—0 ¥ w

u—0
0, there exists a constant z > 0 such that |f(t,u,u’)| < pilul, |1x(u)]

polul, |Qr(u)| < pslu| and |Jp(u)| < pslu| for 0 < |u| < z, where p; > 0(i
1,2,3,4) satisfy

I IA

@m+3)p1  (m+Dpy . (13m—4Tpy _ 9mT?TE - B)pr _ 3(m+ HTTE - Bpy

AT (o + 1) 4T (a) 4T (a) AT(a— B +1) 4T (a— B+ 1)
mTPHT(3 — B)pr  3mps (11m — 5)T2T(3 — B)p4
T(a-F+1) 5 T Bm=DTps+ 4
n (m — 1)T3(F;3 —B)+4)ps <1

(3.3)

Define Q@ = {u € PC(J,R)|||u| < r} and take u € PC(J,R) such that
|u|| = z so that u € 092. Then, we have

[Tu(t)| <{ (2m+3)pr | (m+1Dp1 | (13m—4)Tp1  IMTT (B —B)pr | 3(m+ 1)TPT(3 — B)p1
= 4l (a+ 1) 4T (r) 4T () Al(a—B+1) AT(a — B+ 1)
mTBHIT(3 - B)p1  3mp2 (11m — 5)T2T(3 — B)pa4

3m — 1)T
AT(a—B+1) 5 T Em-LTps+ 4

(m ~ DTHIE ~ ) + s
¥ : bl

(3.4)
which implies that || Tu|| < ||u||,u € 09.

Hence, by the Theorem (2.1), the operator T" has at least one fixed point
and the problem (1.1) has at least one solution u € Q. [J

Theorem 3.2. Assume that

(Hy) there exist positive constants G;(i = 1,2,3,4) such that

() — f(t0,0)] < Grllu— vl + [ —']), | Ta(w) — (o)) < Galu— o],
|Qk(w) = Qr(v)] < Gslu— v, [Jp(w) = Jp(v)| < Galu =],

wheret € Jue R k=1,2,--- ,m.

Then problem (1.1) has a unique solution if

2m+3)G;  (m+1)Gy  (13m—-4)TG,  ImT?T(3—-B)Gy  3(m+1)TPT(3 - B)Gy

T 4f(a+1) AT (o) AT () AT (o —B+1) AT (o — B+ 1)
m B+1 — 1 mrg m — 2 - 4
Zr(ar—(?)ﬁ +51))G 3 2G + (3m—1)TC + (11 5)T4F(3 8)G

L (m— 1)T3(I‘(83 —B)+ 4G _ | (3.5)

Proof. For u,v € C(J, R), we have

Tu)(t) — (T)(t)] < ! Tt o=l ! /(s))|d
[(Tu)(t) — (Tw)( )I_@/tm( = 8)* T f(s,u(s),u'(s) — f(s,v(s),v(s))|ds
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%) > / (t: — $)2 1| f (s, u(5), 0/ () — £(5,0(s), 0/ ())|ds
(o — 1)
MNa—1)

(t_tm) a— /
Hay (6 ) ) = S 006 ()

MS

+

"t = 927 f (s, uls), ' (5)) — £(5,0(s), v/ (5))lds

1 ti—1

.
Il

+
NgE

Il
=

[
1

3
I

(tm - ti)

a1y J,, (b= ) sl (9) = S v(s), (5Dl

+
i

TG -BE—t)? [t s : ,

+ Y e [ 6 ) (5) 1G5,/ ) s
G (T — th) b a— !

DI / () 8) — o), ()l
m—1 F(3 _ 6) t; . a1 , ,

+Y s / (0T (6) — S0 6

n mi LB —B)(t —tm)(tm — ts)
i=1

t;
i — 8) TP £s, u(s), v/ (5)) — f(s,v(s),v(s))|ds
D T ANCET e YOOI ORI

U F(3_6)(t$n_Ttm) ti __Sa—ﬁ—l s.ul(s u/s — s, V(s ’U/S S
+; T p) /tiil(tl ) [f(s,u(s),u’(s)) — f(s,v(s),v"(s))ld

1 T a— ’ /
+ m/ (T = 5)*2[f (s, u(s),u' (s)) = f(s,0(s),v"(5))|ds

T3 - B)(t—t5)?
+; 227°r(a - B)
m—+41

b a 1
*an 2, T ) = sl D

t;
/t_ (ti = 5)* P f (s, uls), u'(5)) = f(s,0(s), 0 (s))|ds

TB+1F(3 8) m+1 o ,
“3a B Z/ T(ti — ) P71 f(s,u(s), ' (s)) — f(s,v(s),v'(s))|ds

m—1

w " i — 8) P Fs, u(s)u (5)) — f(s,v(s), v (s S
+; 22 T (a— ) t,,lT(tl ) |f(s,u(s)u'(s)) — f(s,v(s),v"(s))ld

Tﬁrs 5) mi:l ti

e R ORI R OO RO

T m+1

e DY ST =7 s ), 9) = 0,000, )

mw " i — 8)* P £ (s, u(s), u! (s)) — f(s,v(s),v'(s))|ds
+; t?iBF( 5 lT(tz ) |f(ssu(s),u'(s)) — f(s,v(s),v'(s))|d

(2T — 1)TPT(3 — B) "X
+ Z/t

=) I f (s, u(s), u'(5)) = f(s,0(s), 0 (5))ds

(o B)

m—1
p 3 sty t>+2 =2 Quute) vt |+Z|I ()]
=1

m—1
£ 30 28 g e — o)) + LG Bltm — 0% )~ it

1 i=1 4

(3 —B)(t —t;)?
2128

.
Il

() — ol \+ZF(3 O (ults) - vit)]

n
\"M»

<
|
—
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—1

3

[(3 = B)(3T — 2tm — 2t;)(tm — t

. i D i u(ti) — w(ee))) + 3 Li@ilulte) = (ko))
i1 Sti =1 2
m _ 2 2 ™M
+Z,1T(:7§Tg)’r|t]i(u(ti)*v(ti - Z\J ) — v(ti))]
i=1 i
m—1 X
W| s (u(ts) — vt ‘JFZ%T\JKU(Q)—U(Q))
i=1 7

m

+ T2 [ Ji(u(ts) — v(t:))] + Z |Ji(u(ti) — v(ti)) + Z(t — tm)|Qi(u(ti) — v(t:))]

-1

3

S (b — 1@ (ult) — o(ts))| + Z Muj(u(m — ()]
=1
m71 . —
oy e 5)(”’;:;’)“ ) gy(ults) — o)
=1
< { 2m+3)L1  (m+1)L1  (13m —4)TL; = 9ImT?T(3 - B)G1
S\ (et ) AT(a) AT (a) AT(a—B+1)
3(m+1DTPT(B3 - B)G1  mITPHI(3 - B)G1  3mGe
AT(a—B+1) AT(a—B+1) 5 TBm-DTGs
N (11m — 5)Tzl“(3 — B)G4 N (m— 1)T3(F(83 —B)+4)Gy }”u .
< Afju =],

where A is given by (3.5). Hence, T is a contraction mapping principle and
problem (1.1) has a unique solution. [

4 Examples

Example 4.1. Consider the following anti-periodic fractional boundary value
problem with 2 < o < 3,8 = %,T =[0,1] and

CDu(t) = (13 + u'(t))arctan?u(t) + elu(t), 0<t<l,t#1
Au(3) =1 — cosu(t), Au/(3) = sin®u(t), ACD2U( ) = In(1 + u?(t)),
w(0) = —u(1),4/(0) = —u/(1),¢ D2u(0) = =CD2u(1),

(4.1)

where we have taken m = 1.

By hm f(tu") =0, lim 2 — 0, hm Q) — 0, 1im 2 = 0, we have

u—0 Y -0 ¥ " u0
lim F((#2 + o/ (t))arctan®u(t) + etud(t)) _o, lim 1 — cosu(t) _o,
u(t)—0 u(t) ut)—0  u(t)
and
sin“u(t) 0 lim In(1 + u*(t)) _o.

u(g)nio ut) u(t)—0 u(t)
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All the assumptions of Theorem 3.1 are satisfied. Thus, the impulsive anti-
periodic impulsive fractional boundary value problem (4.1) has at least one

solution on [0, 1].

Example 4.2. At last, consider the following anti-periodic impulsive fractional

boundary value problem with a = 2,8 = %, T = 10,27 and

CD3u(t) = (t + 5)3(sinu + cosu), 0<t<Lit#4

3
Au(d) = . Au(L) = &, ACDYu(E) = &, (42)
w(0) = —u(2), ' (0) = —u/(27),¢ D2u(0) = —C D3 u(2n),

where we have taken m = 1. Let w,v,v/,v" € R, and Gy = 2—(1)0,(}2 =

1 G3: L ngﬁ Thus,

110° 707
F(tud) = (o)) < oo (u— ol + o —o]), (R~ B < 1o
T T — 200 ’ — 110’
1 1
u) — )| < —, |Ji(u)— Ji(v)| < —.
Qi) = Q) < =5, 1hi(w) = Ji(0)] < 55
By the conclusion (3.5), we have
_(2m+3)G1  (m+1)G1 | (13m —4)TG1 | ImT?T(3—B)G1  3(m+ 1)TPT(3 — B)G1
CAl(a+1) 4T () 4 (@) AN (a— B +1) Al (a—B+1)
mTBHIT(3 - B)G1  3mGa (11m — 5)T?T(3 — B)G4
AT(a—B+1) 5y TEm-DIG+ 4
(m—1)T3(T(3 - B) +4)Ga
+ 8
_ % . 2 @mxsk  (2m2xT(3) x5k (2m2 xT(3) x5 (2m)3 xT(3) x 55
ar(L)  4ar(3) 4ar(3) 4T (2) 4T (2) 4T(2)
1 2 T(3) x L
+3><2110 +47r><7710+6><(2 ) 1F(2)>< 0 g
~0.818 < 1.

Therefore, all the assumptions of Theorem 3.2 are satisfied. Thus, by the
conclusion Theorem 3.2, the anti-periodic impulsive fractional boundary value

problem (4.2) has a unique solution on [0, 27].
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