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Abstract

The graph resulting from contracting edge e is denoted as G/e and graph resulting
from deleting edge e is denoted as G − e. An edge e is domination-decreasing if
γ(G/e) < γ(G), domination-increasing if γ(G− e) > γ(G) and domination essential
if it is both domination - decreasing and domination-increasing. We have to find
that does not exists a dominating essential edge in G.

We partition the edges that are non-essential edge into three categories. For any
three non-negative integers a, b, c, a graph G is said to be an (a, b, c)-graph, if there
are exactly ‘a’ edges of type(i), ‘b’ edges of type(ii) and ‘c’ edges of type(iii). Hence
a triple (a, b, c) is said to be realizable, it there exists an (a, b, c)-graph.

In this paper we have considered the realizability of triples of integers which rep-

resent the domination non-essential edges.

Keywords: Dominition Number; Dominition Contraction Numbe; Domi-
nation Essential Edge

1. Introduction

Let G be a connected graph with vertex set V (G) and edge set E(G) with
respective cardinality p and q. A subset D of V (G) is said to be a dominating
set, if in G every vertex belonging to V −D is adjacent to at least one vertex
in D. The smallest cardinality of a dominating set in G is denoted by γ(G)
and is called the domination number of G. The concept of domination is a well
studied topic in graph theory ever since it was introduced by Berge [1] in 1958.
The literature on domination has been surveyed in detail in two monographs
by Haynes et al. [6] [7]. Today we find various versions of domination parame-
ters independent domination set, total domination, connected domination set,
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connected total domination, global domination etc., [3] [11] [17] [14], to name
few.

It is a well known fact that different graph operations influence graph param-
eters in a drastic way and domination is no exception. Major graph operations
that have been studied are edge removal, edge addition, edge contraction, edge
move, edge slide, vertex removal, vertex addition, etc. The changing and un-
changing parameter study was initiated by Harary [4]. In the monograph by
Haynes et al. [6] a chapter dedicated to these notions speaks volumes about
the importance of the graph operations impacting the domination number of
a graph. A brief survey also cites different notions by Yamuna et al. [18].

Edge contraction is a peculiar operation on a graph that reduces the order
by one and size by at least one. The effect of edge contraction on different
graph parameters is a well studied concept. Walikar et al. [12] [13] have dealt
with the changes in radius and diameter of a graph after an edge contraction.
Pertaining to domination (total) contraction number. Similarly, Okatavia et
al. [9] have given domination (total) contraction number for some special
class of graphs. M. I. Huilgol et al. [8] have considered domination essential
edges in a graph with respect to both contraction and deletion of edges. In
the above paper [8] we have given a study of the effect of an edge deletion
and contraction on the domination number of a graph. In [13] Walikar et
al. studied the non-essential edges in a graph for radius and diameter of a
graph. This study considered in a general set up the edges that do not change
a given parameter after an edge deletion and an edge contraction. Formally,
we cite these definitions here and in particular consider the parameter to be
domination number of a graph.

Let the property P being the domination invariance in connection with dele-
tion and contraction of an edge in G. Now, we can redefine the deletability and
contractibility of an edge with respect to the domination number as follows.
(A) An edge ‘e’ is said to be deletable, if γ(G− e) = γ(G).
(B) An edge ‘e’ is said to be contractible, if γ(G/e) = γ(G).
(C) An edge ‘e’ is said to be domination essential edge, if γ(G − e) > γ(G)
and γ(G/e) < γ(G).

In view of the above definitions, we classify the non-essential edges of a
graph G, into the following categories:
Type(i): Edges which are deletable but not contractible,

i. e. γ(G− e) = γ(G) and γ(G/e) < γ(G).
Type(ii): Edges which are contractible but not deletable,

i. e. γ(G− e) > γ(G) and γ(G/e) = γ(G).
Type(iii): Edges which are both deletable and contractible,

i. e. γ(G− e) = γ(G) and γ(G/e) = γ(G).
Hence, in a graph G there are domination essential and non-essential edges.
That is, there are domination essential edges, edges of type (i), (ii) and (iii).
In this paper, we consider and classify these edges.
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2. Results

Theorem 2.1. There do not exist dominating essential edges in any graph.

Proof. Let e = uv be an arbitrary edge in any graph G and D be a minimum
dominating set in G. We prove that any domination increasing edge e is not
a domination decreasing edge and vise-versa. We consider both the cases.

Case(i): Let ‘e = uv’ be a domination increasing edge. This implies γ(G−
e) > γ(G). Then it is clear that either u ∈ D or v ∈ D, otherwis, if u, v ∈ D
or V − D, then γ(G − e) = γ(G). Without loss of generality, let u ∈ D
and v ∈ V − D. Now, if v is pendant then clearly γ(G − e) > γ(G). But
γ(G/e) = γ(G).

If v is non pendant, then v has at least one neighbor in D, since D is a
minimum dominating set. That makes the deletion of e not to increase the
domination number, a contradiction to the choice of ‘e’. This implies that any
domination increasing edge is not a domination decreasing edge.

Case(ii): Let e = uv be a domination decreasing edge, implies γ(G/e) <

γ(G). Here two cases arise.
Case(a): u, v ∈ D, but in this case γ(G− e) ≯ γ(G).

Case(b): u ∈ D , v ∈ V −D. By the choice, ‘e’ cannot be pendant. Since
D is a minimum dominating set, v has at least one neighbor in D. But the
deletion of such an edge does not increase the domination number. Hence no
domination decreasing edge is domination increasing.

Considering both the cases we conclude that there is no domination essential
edge in a graph G.

�

Referring to the above results we can see that all the edges in a graph are
domination non-essential. Now we can classify and check how many of each
type of non-essential edges exist in any given graph. The interesting case is
to check the other way round for realizability of triples of integers a, b, c which
represent each type of non-essential edges in any graph. We now formally
define these and check for the realizability of the graphs for a given triple of
integers.

We recall some of the definition from M. I. Huilgol and S. Kiran [8].

Definition 2.1. In a graph G, σcγ(G) is defined as the domination essential
number of G, as the number of domination essential edges in G with respect to
contraction of edges. That is, σcγ(G) = |{e ∈ E(G)/γ(G/e) < γ(G)}|. Hence
q = σcγ(G) + |Ene(G)|.

Definition 2.2. In a graph G, σdγ(G) is defined as the domination essential
number of G as the number of domination essential edges in G, with respect
to deletion of edges. That is, σdγ(G) = |{e ∈ E(G)/γ(G− e) > γ(G)}|. Hence

q = σdγ(G) + |Ene(G)|.
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Definition 2.3. For any three non-negative integers a, b, c, a graph G is said
to be an (a, b, c)-graph, if there are exactly ‘a’ edges of type(i), ‘b’ edges of
type(ii) and ‘c’ edges of type(iii).

Hence a triple (a, b, c) is said to be realizable, it there exists an (a, b, c)-graph.
By Theorem 2.1., it is clear that (0, 0, 0)-graphs are totally disconnected

graph. Here we make some observations.
Observation 1: If σdγ(G) = 0, then no edge is domination increasing. All
edges are deletable, whether or not they are contractible. Hence, if G is an
(a, b, c)-graph then a+ c = q.
Observation 2: If σdγ(G) = q, then all edges are domination increasing no
matter whether they are contractible or not. Hence, a = c = 0 and b = q.
Observation 3: If σcγ(G) = 0, then no edge is domination decreasing. All
edges are contractible, whether or not they are deletable. Hence, if G is an
(a, b, c)-graph then b+ c = q.
Observation 4:If σdγ(G) = q, then all edges are domination decreasing no
matter whether they are deletable or not. Hence, b = c = 0 and a = q.
Next, we answer the realizability question.

Lemma 2.1. The triple (1, 0, 0) is not realizable.

Proof. On the contrary assume that (1, 0, 0) is realizable. Then there exists a
graph G, containing only one non-essential edge of type (i). Hence, G is either
K2 or a self loop. In both cases we can contract the edge without altering the
domination number. �

Lemma 2.2. The triple (2, 0, 0) is not realizable.

Proof. On the contrary assume that (2, 0, 0) is realizable. Then there exists a
graph G, containing only two non−essential edge of type (i). Then G is P3 or
2K2 or 2 self loops or self-loop and a K2. In all cases both the edges can be
contracted too without altering the domination number of G, a contradiction
to the fact that b = c = 0. Hence the result. �

Lemma 2.3. The triple (a, 0, 0) is realizable except for a = 1, 2.

Proof. We know that (1, 0, 0) and (2, 0, 0) are not realizable, by the above
lemmas. Consider G = K1 + K̄m + K1, m ≥ 2 will give even number edges
greater than and equal to 4, which are of type (i). For odd values of ‘a’
consider, K2 of one vertex joining n copies of K2, for n ≥ 1. Clearly no edge
of G is of type (ii) and type (iii). Hence (a, 0, 0) is realizable.

�
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Figure 1

Note: In the Figure 1, g1, g2, ..., ga and e1, e2, ..., ea are edges of type (i).

Lemma 2.4. The triple (0, b, 0) is realizable for all values of b ≥ 0.

Proof. Consider a star K1,b. Clearly, this graph serves the purpose, since no
edge in G is of type (i) and type (iii), but contains exactly ‘b’ edges of type
(ii). Hence the result. �

Lemma 2.5. The triple (1, b, 0) is realizable for all values of b ≥ 4.

Proof. Consider a graph G = K̄m +K1 +K1 + K̄n for m ≥ 2 , n ≥ 2 such that
b = m+ n. In G, there is only one edge of type (i), and all others are of type
(ii). Hence the result. �

Lemma 2.6. The triple (2, b, 0) is realizable for all values of b ≥ 2.

Proof. Consider a graph G = K1 + K1 + K1 + K̄b. Since only two edges in G
are of type (i) and no edge in G is of type (iii), but contain exactly ‘b’ edges
of type (ii). Hence the result.

�

Lemma 2.7. The triple (a, b, 0) is realizable for all values of b ≥ 2 and except
a = 1, 2.

Proof. Consider the graph G = K1 + K̄m + K1 for m ≥ 2 and join b pendent
edges at the pendant vertex to set (2m = a, b, 0)-graph.For K2 of one vertex
joining n copies of K2, for n ≥ 1 and join b pendent edges at the pendant
vertex to set (2n+ 1 = a, b, 0)-graph. Hence the result. �

Note: In Figure 2, g1, g2, ..., ga, e1, e2, ..., ea are edges of type (i) and f1, f2, ..., fb,
m1,m2, ...,mb are edges of type (ii).

Lemma 2.8. The triple (0, 0, 1) is not realizable.

Proof. On the contrary assume that (0, 0, 1) is realizable and G is realizing
graph. Then G is either K2 or a self-loop. In K2 the edge is not deletable and
since we are not considering self-loops, (0, 0, 1) is not realizable. �

Lemma 2.9. The triple (0, 0, 2) is not realizable.
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Figure 2

Proof. On the contrary assume that (0, 0, 2) is realizable and G is realizing
graph. So in G is either P3 or 2K2. In both cases, two edges are but not
deletable. Hence the result. �

Lemma 2.10. The triple (0, 0, 4) is not realizable.

Proof. On the contrary assume that (0, 0, 4) is realizable and G is realizing
graph. So in G, ‘e’ are four edges such that γ(G − e) = γ(G) and γ(G/e) =
γ(G). Then G is either C4 or 4K2 or K2 +K1 +K1 or K1,4 or P5 or K̄2 +K1 +
K1 +K1 or C3 ∪K2 or P3 ∪ P3 or P4 ∪K2 or (K̄2 +K1 +K1) ∪K1. From the
list it is not realizable. Hence the result. �

Lemma 2.11. The triple (0, 0, c) is realizable for all values except c = 1, 2, 4.

Proof. We know that (0, 0, 1), (0, 0, 2) and (0, 0, 4) are not realizable from the
above lemmas. For a = 0, the realizability of (a, 0, 0) follows from Theorem
2.1. For c = 3, consider C3. In C3, all edges are deletable and contractible.
Therefore (0, 0, 3) is realizable.

For c ≥ 5, consider G ∼= C3k or G ∼= C3k+2 for k = 1, 2, 3, .... Clearly no
edge of type (i) and type (ii) exits in G and all edges are of type (iii). For
G ∼= C3k+1 for k = 1, 2, ..., has all edges of type (i).

Consider G = K̄n + K̄2 + (K2 − F ) for n = 1, 2, ..., where F is a 1-factor.
Clearly no edge of type (i) and type (ii). It covers all odd number of edges
except 3. So, the result is prove, for odd values.
Next, consider for a even, two components of cycles 2C3k and 2C3k+2. These
exhaust the remaining values. Hence the results. �

Note: In the Figure 3, h1, h2, ..., hc are edges of type (iii).

Lemma 2.12. The triple (0, 1, c) is realizable for all c ≥ 3.

Proof. The (0, 1, 3) - realizable graph is K2 ∪ C3. The (0, 1, 4) - realizable
graph is K4 − e. The (0, 1, c) - realizable graph, for odd values of c is K2 ∪
K̄n + K̄2 + (K2 − F ), where F is a 1- factor and even values of c is K2∪(2C3k)
or K2 ∪ (2C3k+2). �

Lemma 2.13. The triple (0, 2, c) is realizable for all c ≥ 3.
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Figure 3

Proof. The (0, 2, 3) - realizable graph is P3∪C3. The (0, 2, 4) - realizable graph
is G = K1 +K1 + K̄2 +K1 +K1. The (0, 2, c) - realizable graph, for odd values
of c is P3 ∪ K̄n + K̄2 + (K2 − F ), where F is a 1- factor and even values of c
is P3 ∪ (2C3k) or P3 ∪ (2C3k+2). �

Lemma 2.14. The triple (0, b, c) is realizable for all b ≥ 3 and c ≥ 0.

Proof. Consider a (0, 0, c) graph constructed in above lemma 2.11. Join b
pendent edges at C3 of the Figure 4. Clearly, these b edges are of type (ii),
and there are no edges of type (i). For c = 1, the graph of Figure 4 below is
the realizing graph as labeled below:

Figure 4

Clearly, the edge u1u2 is the only edge of type (iii) and rest all are of type
(ii). Hence, the graph is (0, b, 1) graph. So for all values of b ≥ 0 and c ≥ 0,
the triple (0, b, c) is realizable. �

Note: In the Figure 4, f1, f2, ..., fb are edges of type (ii), h1, h2, ..., hc are
edges of type (iii).

Theorem 2.2. The triple (a, b, c) is realizable for all A, b, c ≥ 0, except for
a = 1, 2 and b = 1.

Proof. Proof follows from the above [2.1 to 2.14]. �
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Figure 5

Note: In the Figure 8, g1, g2, ..., ga , e1, e2, ..., ea are edges of type (i), f1, f2, ..., fb
are edges of type (ii), h1, h2, ..., hc are edge of type (iii).
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