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Abstract

In this paper we introduce the class of skew n-binormal operators
acting on an Hilbert space . An operator T ∈ B(H) is skew n-binormal
operator if it satisfies the condition (T ∗TnTnT ∗)T = T (TnT ∗T ∗Tn).
We investigate some basic properties of those operators.
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1 Introduction

Throughout this paper H is a Hilbert space and B(H) is the algebra of all
bounded linear operators acting on H. The operator T ∈ B(H) is said to
be normal if T ∗T = TT ∗ , T is said to be n-normal if T ∗T n = T nT ∗, and,
it is said to be quasi normal if T (T ∗T ) = (TT ∗)T . An operator T ∈ B(H)
is said to be n-quasi normal and quasi n-normal if it satisfies the following
conditions T n(T ∗T ) = (TT ∗)T n and T (T nT ∗) = (T ∗T n)T respectively. The
binormal operator T with (T ∗T )(TT ∗) = (TT ∗)(T ∗T ) is skew binormal oper-
ator if (T ∗TTT ∗)T = T (TT ∗T ∗T ) and is said to be n-binormal operator if it
satisfy T ∗T nT nT ∗ = T nT ∗T ∗T n.

2 Main Results

We will start the results be giving an formal definition of skew n-binormal
operator.
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Definition 2.1 Let T ∈ B(H). T is skew n-binormal if [T ∗T nT nT ∗]T =
T [T nT ∗T ∗T n]. We denote this class with [snBN ].

Example 2.2. The class [snBN ], include self- adjoint operators. The proof
is omitted, because is trivial.

Remark 2.3. For n = 1, then the class of skew 1-binormal operators is
class of skew binormal operators.

Theorem 2.4. Let T ∈ [snBN ]. Then:
(i) The operator is skew n-binormal for every real scalar α.
(ii) If S is unitary equivalent to T then S is skew n-binormal operator.

Proof:
(i) The operator T ∈ [snBN ], it means [T ∗T nT nT ∗]T = T [T nT ∗T ∗T n],

and:
[(αT )∗(αT )n(αT )n(αT )∗](αT ) = [αT ∗αnT nαnT nαT ∗]αT =

= ααnαnαα[T ∗T nT nT ∗]T == ααnαnααT [T ∗T nT nT ∗] =

= ααnαααnT [T ∗T nT nT ∗] = (αT )[(αT )n(αT )∗(αT )∗(αT )n]

(ii) Let T ∈ [snBN ] and S unitary equivalent with T , then exist U , unitary
operator, such as S = U∗TU . Taking adjoint on both sides of least relation
we have S∗ = U∗T ∗U . For Sn we have:

Sn = (U∗TU)n = U∗TUU∗TU...U∗TU︸ ︷︷ ︸
n−times

= U∗ TT...T︸ ︷︷ ︸
n−times

U = U∗T nU

Using the above taken results, we have:

[S∗SnSnS∗]S = [U∗T ∗UU∗T nUU∗T nUU∗T ∗U ]U∗TU =

= [U∗T ∗T nT nT ∗U ]U∗TU = U∗T ∗T nT nT ∗TU =

= U∗(T ∗T nT nT ∗)TU = U∗T (T nT ∗T ∗T n)U

S[SnS∗S∗Sn] = U∗TU [U∗T nUU∗T ∗UU∗T ∗UU∗T nU ] =

= U∗TU [U∗T nT ∗T ∗T nU ] = U∗TT nT ∗T ∗T nU =

= U∗T (T nT ∗T ∗T n)U

then: [S∗SnSnS∗]S = S[SnS∗S∗Sn], from which we conclude that S is skew
n-binormal operator, the result that has to be proved.
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Theorem 2.5. Every normal operator is skew n- binormal operator.
Proof Let T be a normal operator, from the definition of it, we have T ∗T =
TT ∗. Is easy to prove that T is also an n-normal operator. Now, we have:

[T ∗T nT nT ∗]T = T ∗T nT nT ∗T (n− normality of T )
= T nT ∗T ∗T nT
= T ∗T nT nT ∗T
= T nT ∗T ∗TT n (using normality of T, twise)
= TT nT ∗T ∗T n

= T [T nT ∗T ∗T n]
So, T is skew n-binormal operator.

Is important to emphasize that class of n-binormal operators and skew n-
binormal operators are independent. We will illustrate that by the following
example.

Example 2.6

(i) The operator T =

0 0 1
1 1 0
1 −1 0

 is 1-binormal operator (binormal oper-

ator), because

T ∗TTT ∗ = TT ∗T ∗T =

2 0 0
0 4 0
0 0 2


The given operator is not skew 1-binormal (skew binormal operator), because

(T ∗TTT ∗)T =

0 0 2
4 4 0
2 −2 0

 6=
0 0 2

2 4 0
2 −4 0

 = T (TT ∗T ∗T )

(ii) The operator T =

0 1 1
0 0 1
0 0 0

 is not 2-binormal operator, because:

T ∗T 2T 2T ∗ =

0 0 0
0 0 0
0 0 0

 6=
0 0 1

0 0 0
0 0 0

 = T 2T ∗T ∗T 2

even that it is skew 2-binormal operator.

Theorem 2.7. If the operator T is n-normal and quasi n-normal operator,
then T is skew n-binormal operator.
Proof: According to the definitions:
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[T ∗T nT nT ∗]T = T ∗T nT nT ∗T

= T ∗T nT ∗T nT (n− normal)

= T ∗T nTT ∗T n (quasi n− normal)

= TT ∗T nT ∗T n (quasi n− normal)

= TT nT ∗T ∗T n (n− normal)

= T [T nT ∗T ∗T n]
So, the operator T is skew n-binormal operator.

In [4] has been proven that class [sBN ] is not closed under composition of
operators even in case when then operators are skew binormal and commutes
with each other. Also the addition and subtraction of commuting skew binor-
mal operators don’t have to be skew 1-binormal. Before giving conditions on
two skew binormal operators such as their composition being skew binormal
operator we firstly formulate the next theorem.

Theorem 2.8. If S is normal operator and T skew n-binormal operator and
if S commute with T , then ST is skew n-binormal operator.
Proof: First of all let observe that S is normal operator that commute with
operator T , S also commute with T ∗ by Fuglede Putnam theorem, that is
ST = TS and ST ∗ = T ∗S. Taking adjoints on both sides of those two rela-
tions we find that T ∗S∗ = S∗T ∗ and TS∗ = S∗T . Operator S is normal, it
is also n- normal, which means SnS∗ = S∗Sn. Is true that (ST )n = SnT n,
(ST )n = T nSn and T nS∗ = S∗T n. Now is easy to calculate:

[(ST )∗(ST )n(ST )n(ST )∗](ST ) = T ∗S∗SnT nSnT nT ∗S∗ST

= S∗T ∗SnT nT nSnT ∗S∗ST

= S∗SnT ∗T nT nT ∗SnS∗ST

= S∗SnT ∗T nT nT ∗TSnS∗S

= S∗SnTT nT ∗T ∗T nSnS∗S

= STSnT nS∗T ∗S∗T ∗SnT n

= (ST )[(ST )n(ST )∗(ST )∗(ST )n]
from which we conclude that ST is skew n-binormal operator.

Theorem 2.9. Let S, T ∈ [snBN ] and double commuting operators. Then
ST is skew n-binormal operator.
Proof: Let S, T ∈ [snBN ] and double commuting operators, than (S∗SnSnS∗)S =
S(SnS∗S∗Sn) and (T ∗T nT nT ∗)T = T (T nT ∗T ∗T n) and ST = TS, ST ∗ = T ∗S.
Taking adjoints on both sides of two last relations we get S∗T ∗ = T ∗S∗ and
S∗T = TS∗. Even more, SnT = TSn (T nS = ST n) and TnS∗ = S∗T n

(SnT ∗ = T ∗Sn). Now we have:
[(ST )∗(ST )n(ST )n(ST )∗](ST ) = T ∗S∗SnT nSnT nT ∗S∗ST
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= S∗T ∗SnT nT nSnT ∗S∗TS
= S∗SnT ∗T nT nT ∗TSnS∗S
= S∗SnTT nT ∗T ∗T nSnS∗S
= S∗SnSnS∗STT nT ∗S∗T nS
= SSnS∗S∗SnTT nT ∗T ∗T n

= STSnT nT ∗S∗T ∗S∗SnT n

= (ST )[(ST )n(ST )∗(ST )∗(ST )n]
from which we conclude that ST is skew n-binormal operator.
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