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Abstract

This project deals with the problem of building a surface family from
a known geodesic curve in Euclidean 3-space E3. In addition, we use
the Serret–Frenet frame of the curve, to present the surface tangent
plane that coincides with the curve rectifying plane, and analyze the
necessary and sufficient condition that curve being geodesic. Moreover,
the extended study to ruled surfaces and developable ones in certain are
outlined. Finally,some interesting surfaces about subject are provided.
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1 Introduction

The classical theory of geodesic curves on surfaces is one of the most important
research topics in Differential Geometry ([4], [6] and [13]). The geodesic be-
tween two points on a surface is defined as the curve embedded in the surface



434 Rashad A. Abdel-Baky and Nadia Alluhaibi

that connects the points with minimal distance. Additionally, the necessary
and sufficient condition that a curve on a surface be a geodesic is that the os-
culating planes of a geodesic curve contain the surface normal [14]. From this
definition we can easily see that the geodesic between two points on a sphere
is a great circle. But there are two arcs of a great circle between two of their
points, and only one of them provides the shortest distance, except that the
two points are the end points of a diameter. This example indicates that there
may exist more than one geodesic between two points. There exists a vast lit-
erature on the subject including several monographs, for example ([6], [7],[8],
and [12]). However, Wang et al. [15] provided a method for designing a surface
pencil with the given curve as a common geodesic, among which each surface
can be a candidate for fashion designing. The basic idea is to regard the wanted
surface as an extension from the given characteristic curve, and represent it
as a linear combination of the marching-scale functions u(s, t), v(s, t), w(s, t)
and the three vector functions t(s), n(s), b(s), which are the unit tangent,
the principal normal and the binormal vector of the curve respectively. With
the given characteristic curve and isoparametric constraints, they derived the
necessary and sufficient conditions for the correct parametric representation of
the surface pencil. Based on this representation of the surface, Zhao and Wang
[16] proposed a new method for designing a developable surface by construct-
ing a surface pencil passing through a given curve as geodesic. Li, Wang and
Zhu [9] discuss the developable surface which contains a given 3D Bézier curve
as geodesic and prove the corresponding conclusions in detail. This principal
has been used treated extensively in the works (see for example ([3], [5], [10],
and [11]).

However, the relevant work on surfaces through geodesic curve is rare. It
is an important and interesting problem in practical applications. Therefore,
research on designing a surface from a given curve is attractive. In this paper,
we offer an alternative approach for designing surfaces from a given geodesic
curve. We not only construct a surface possessing a given curve as a geodesic
curve, but also give a concrete expression of the surface. Moreover, the exten-
sion to the ruled and developable surfaces is also outlined which is important
in real applications. Also, some representative curves are chosen to construct
the corresponding surfaces which possessing these curves as geodesic curves.

2 Preliminaries

In this section we list some notions, formulas and conclusions for space curves,
and ruled surfaces in Euclidean 3-space E3 which can be found in the textbooks
on differential geometry [See for instance Refs. ([4], [6], and [13], )].

A curve is regular if it admits a tangent line at each point of the curve.
In the following discussions, all curves are assumed to be regular. Given a
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spatial curve α : s → α(s), which is parameterized by arc length parameter
s. We assume

..
α(s) 6= 0 for all s ∈ [0, L], since this would give us a straight

line. In this paper,
.
α(s) and α

′
(r) denote the derivatives of α with respect to

arc-length parameter s and arbitrary parameter r, respectively. For each point
of α(s), the set {t(s), n(s), b(s)} is called the Serret–Frenet Frame along α(s),
where t(s) =

.
α(s), n(s) =

..
α(s)/ ‖ ..α(s)‖ and b(s) = t(s) × n(s) are the unit

tangent, principal normal, and binormal vectors of the curve at the point α(s),
respectively. The arc-length derivative of the Serret–Frenet frame is governed
by the relations:

.

t(s)
.
n(s)
.

b(s)

 =

 0 κ(s) 0
−κ(s) 0 τ(s)

0 −τ(s) 0

t(s)
n(s)
b(s)

 , (2.1)

where the curvature κ(s) and torsion τ(s) of the curve α(s) are defined by

κ(s) = ‖ ..α(s)‖ , τ(s) =
det(

.
α(s),

..
α(s),

...
α(s))

‖ ..α(s)‖2
. (2.2)

In the majority of practical cases, the parameter of the curve is usually not
in arc-length representation. Given the parametric curve

α(r) = (α1(r), α2(r), α3(r)), 0 ≤ r ≤ H,

where the parameter r is not the arc length. The components of the Serret–
Frenet frame are defined by ([4], [6], and [13], ):

t(r) =
α

′
(r)

‖α′(r)‖
, b(r) =

α
′
(r)× α

′′
(r)∥∥α′(r)× α′′
(r)
∥∥ , n(r) = b(r)× t(r), (2.3)

and the corresponding Serret-Frenet frame is given by

t
′
(r)

n
′
(r)

b
′
(r)

 =

 0 κ(r)
∥∥α′

(r)
∥∥ 0

−κ(r)
∥∥α′

(r)
∥∥ 0 τ(r)

∥∥α′
(r)
∥∥

0 −τ(r)
∥∥α′

(r)
∥∥ 0

t(r)
n(r)
b(r)

 (2.4)

3 A surface family with a common geodesic

curve

In the 3-dimensional Euclidean space E3, there are a number of papers which
deal with the problem of constructing a family of surfaces from a given geodesic
curve ([8], [7], and [12]). Here we adopt a different approach. Consider the
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construction of a surface from a unit speed space curve α = α(s), 0 ≤ s ≤ L,
such that the surface tangent plane is coincident with the curve rectifying
plane. Expressing the surface in terms of Serret–Frenet frame {t(s), n(s),
b(s)} along α(s) as:

M : P(s, t) = α(s) + u(s, t)t(s)+v(s, t)b(s); 0 ≤ t ≤ T, (3.1)

where u(s, t), and v(s, t) are all C1 functions. If the parameter t is seen as the
time, the functions u(s, t), and v(s, t) can then be viewed as directed marching
distances of a point unit in the time t in the direction t; and b, respectively,
and the position vector α(s) is seen as the initial location of this point. It is
easily checked that the two tangent vectors of M are given by:

Ps = (1 + us)t + (uκ− vτ)n + vsb,
Pt = utt+vtb.

}
(3.2)

The lowercase subscript letters s, and t denote partial derivatives correspond-
ing to the indicated variable, e.g., Ps = ∂P

∂s
, Pt = ∂P

∂t
. Thus, the normal vector

of the surface is given by

N(s, t) := Ps ×Pt = η1(s, t)t(s) + η2(s, t)n(s) + η3(s, t)b(s), (3.3)

where
η1(s, t) = (uκ− vτ)vt,
η2(s, t) = vsut − vt(1 + us),
η3(s, t) = ut(uκ− vτ).

 (3.4)

Also, since the curve α(s) is an isoparametric on the surface, there exists a
parameter t = t0 ∈ [0, T ] such that P(s, t0) = α(s); that is,

u(s, t0) = v(s, t0) = 0,
us(s, t0) = vs(s, t0) = 0.

}
(3.5)

Thus when t = t0—i.e., along the curve α(s)—the surface normal is

N(s, t0) = −vt(s, t0)n(s), (3.6)

Coincidence of the rectifying plane of α(s) with the tangent plane of the surface
P(s, t) identifies the curve as a geodesic curve.

Hence, we can state the following theorem:
Theorem 3.1. The given spatial curve α(s) is a geodesic curve on the surface
P(s, t) if and only if

u(s, t0) = v(s, t0) = 0,
us(s, t0) = vs(s, t0) = 0,
vt(s, t0) 6= 0, 0 ≤ t0 ≤ T, 0 ≤ s ≤ L.

 (3.7)
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Obviously, Eqs. (3.7) is more elegant and convenient for applications (Com-
pare with [10], eqs. (2.4)). Moreover, in order to analyze the conditions in
Theorem 3.1 simply, the marching-scale functions u(s, t), and v(s, t) can be
decomposed into two factors:

u(s, t) = l(s)U(t),
v(s, t) = m(s)V (t).

(3.8)

Here l(s), m(s), U(t) and v(t) are C1 functions are not identically zero. Hence,
we can give the following corollary.
Corollary 3.1. The necessary and sufficient condition of the curve α(s) being
an isogeodesic curve on the surface P(s, t) is

U(t0) = V (t0) = 0, l(s) = const. 6= 0, m(s) = const. 6= 0,
dV (t0)
dt

= const. 6= 0, 0 ≤ t0 ≤ T, 0 ≤ s ≤ L.

}
(3.9)

Note that to obtain a surface family, with a common geodesic curve, we can
first design the marching-scale functions in Eq. (3.9), and then apply them to
Eq. (3.1) to derive the final parameterization. For convenience in practice, the
marching-scale functions can be further constrained to be in more restricted
forms and still possess enough degrees of freedom to define a large class of
surface family with a common geodesic curve. Specifically, let us suppose that
u(s, t), and v(s, t) can be chosen in two different forms:
(1) If we choose 

u(s, t) =
p∑

k=1

a1kl(s)
kU(t)k,

v(s, t) =
p∑

k=1

a2km(s)kV (t)k.
(3.10)

Thus, we can simply express the sufficient condition for which the curve α(s)
being a geodesic curve on the surface P(s, t) as:{

U(t0) = V (t0) = 0,

a21 6= 0, m(s) 6= 0, and dV (t0)
dt
6= 0,

(3.11)

where l(s), m(s), U(t), and V (t) are C1 functions, aij ∈ R (i = 1, 2; j =
1, 2, ..., p) and l(s), and m(s) are not identically zero.
(2) If we choose 

u(s, t) = f(
p∑

k=1

a1kl(s)
kU(t)k),

v(s, t) = g(
p∑

k=1

a2km(s)kV (t)k),
(3.12)

then we can rewrite the condition (3.9), for which the curve α= α(s) being a
geodesic curve on the surface P(s, t), as:{

U(t0) = V (t0) = v(t0) = f(0) = g(0) = 0,

a21 6= 0, dV (t0)
dt

= const 6= 0, m(s) 6= 0, g
′
(0) 6= 0,

(3.13)
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where l(s), m(s), U(t), V (t), f , and g are C1 functions. The factor-decomposition
form possesses an evident advantage: any set of functions l(s), and m(s) would
satisfy (311) or (3.13) thus the designer can select different sets of functions
l(s), and m(s) to adjust the shape of the surface until they are gratified with
the design, and the resulting surface is guaranteed to belong to the iso-geodesic
surface family with the curve α(s) as the common geodesic.

3.1 Simple surfaces with a common geodesic curve

Now, we are going to deal with and construct some representative examples
to verify the method. They also serve to verify the correctness of the formulae
derived above.

Example 3.1 If p0 = (0, 0, 0), p1 = (0, 1, 1), and p2 = (1, 2, 0) are the points
in the Euclidean 3-space E3, then the quadratic Bézier curve can be expressed
as:

α(r) = r(1− r)2p0 + 2r(1− r)p1 + r2p2, 0 ≤ r ≤ 1.

After simple computation, we get:

t(r) =
(
r,1,−2r+1

l(r)

)
,

n(r) =
(

2(1−r),2−5r,−(2+r)√
6l(r)

)
,

b(r) =
(
− 2√

6
, 1√

6
,− 1√

6

)
,


where l(r) =

√
5r2 − 4r + 2. It is easy to show that

κ(r) =
1

2

√
6

5r2 − 4r + 2
, τ(r) = 0.

Choosing u(r, t) = βt, and w(r, t) = γt, γ 6= 0, and t ∈ [0, T ]. Obviously, Eq.
(3.9) is satisfied, and the parametric surface defined by Eq. (3.1) is:

P(r, t; β; γ) = (r2, 2r, 2r − 2r2) + t(β, 0, γ)


r
l(r)

1
l(r)

−2r+1
l(r)

2(1−r)√
6l(r)

2−5r√
6l(r)

−(2+r)√
6l(r)

− 2√
6

1√
6

− 1√
6

 ,

where −4 ≤ t ≤ 4, t0 = 0, and 0 ≤ r ≤ 1. The parameters β and γ can control
the shape of the surface. For β = γ = −1 the corresponding surface is shown
in Figure 1. Figure 2 shows the surface with β = −4r, and γ = −1.
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Figure 1: P(r, t;−4t;−t). Figure 2: P(r, t;−4rt;−t).

In all the following two examples we consider u(s, t) = (1 + sin(t)) +
4∑

k=2

a1k(1 + sin(t))k, v(s, t) = cos(t) +
4∑

k=2

a2k cosk(t), t0 = 0, t0 = 3π/2, a1k,

a2k ∈ R, and t ∈ [0, 2π], then Eqs. (3.11) are satisfied.

Example 3.2 In this example, we construct a geodesic surface family in which
all the surfaces share a geodesic circular helix represented as:

α(r) = (a cos r, a sin r, br) , a > 0, b 6= 0, 0 ≤ r ≤ 2π.

It is easy to show that

t(r) = 1√
a2+b2

(−a sin r, a cos r, b),

n(r) = (− cos r,− sin r, 0),
b(r) = 1√

a2+b2
(b sin r,−b cos r, a),

κ = a
a2+b2

, τ = b
a2+b2

.


The parametric surface defined by Eq. (3.1) is

P(r, t) = (a cos r, a sin r, br)+
1√

a2 + b2
(u(r, t), 0, v(r, t))

 −a sin r a cos r b
− cos r − sin r 0
b sin r −b cos r a

 ,

If we choose a = 2, b = 1, a1k = 0.1, and a2k = 0.7, then we obtain a
member in the family as shown in in Figure 3. By choosing a = 2, b = 1, and
a1k = a2k = 0, we obtain another member of surfaces family as shown in Fig.
4.

Example 3.3 . Given the circle:

α(r) = (cos s, sin s, 0), a > 0, 0 ≤ s ≤ 2π.
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Then, it is easy to show that:

t(s) = (− sin s, cos s, 0),
n(s) = (− cos s,− sin s, 0),
b(s) = (0, 0, 1),


Thus, the surface family is given by

P(s, t) =


cos s−

(
(1 + sin(t) +

4∑
k=2

a1k(1 + sin(t))k
)

sin s

sin s−
(

(1 + sin(t) +
4∑

k=2

a1k(1 + sin(t))k
)

cos s

cos t+
4∑

k=2

a2k cosk(t).

 .

For a1k = 0.1, and a2k = 0.7 the surface is shown in Figure 5. Figure 6 shows
the surface with a1k = a2k = 0.

Figure 3 Figure 4

Figure 5 Figure 6
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Note that we could continue this series of surfaces, by choosing yet another
combination of characteristic curve, or number of curves to interpolate.

4 Ruled surfaces with a common geodesic curve

A ruled surface is defined by one parameter family of straight lines moving
along a curve. The curve is called the directrix and the straight lines are
called rulings or generators. In this section, we will discuss the construction
of ruled surface with a directrix as a geodesic is considered. For the ease of
discussion, let us assume that α = α(s) be a unit speed curve in the Euclidean
3-space E3, where s is the arc length parameter.

Suppose P(s, t) is a ruled surface with the directrix α(s) and α(s) is also an
isoparametric curve of P(s, t), then there exists t0 such that P(s, t0) = α(s).
This follows that the surface can be expressed as

M : P(s, t) = P(s, t0) + (t− t0)d(s), 0 ≤ s ≤ L, with t, t0 ∈ [0, T ],

where d(s) denotes the direction of the rulings. According to the Eq. (3.11),
we have

(t− t0)d(s) = u(s, t)t(s)+v(s, t)b(s), 0 ≤ s ≤ L, with t, t0 ∈ [0, T ], (4.1)

which is a system of two equations with two unknown functions u(s, t), and
v(s, t). The solutions of the above system can be deduced as

u(s, t) = (t− t0) < d(s), t(s) >= det(d(s),n(s),b(s))
v(s, t) = (t− t0) < d(s),b(s) >= det(d(s), t(s),n(s)).

(4.2)

The above equations are just the necessary and sufficient conditions for which
P(s, t) is a ruled surface with a directrix α(s).

Next, we need to check if the curve α(s) is also geodesic on the surface
P(s, t) by using the conditions given in Theorem 3.1. It is evident that in this
case, these conditions become

det(d(s), t(s),n(s)) 6= 0. (4.3)

It follows that at any point on the curve α(s), the ruling direction d(s) must
be in the rectifying plane. Moreover, the ruling direction d(s), and the vector
t(s) must not be parallel. This implies

d(s) = β(s)t(s) + γ(s)b(s), γ(s) 6= 0, 0 ≤ s ≤ L, (4.4)

for some real functions β(s), and γ(s). Substituting it into the expressions in
Eq. (4.2), we get:

β(s)t = u(s, t), γ(s)t = v(s, t), γ(s) 6= 0, 0 ≤ s ≤ L. (4.5)
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Hence, the isoparametric ruled surface family with the common geodesic α(s)
can be expressed as

M : P(s, t; β; γ) = α(s)+t(β(s)t(s)+γ(s)b(s)), 0 ≤ s ≤ L, 0 ≤ t ≤ T, (4.6)

where the functions β(s), and γ(s) 6= 0 can control the shape of the surface
pencil. However, the normal vector to the ruled surface P(s, t; β; γ) is

N(s, t) = tγτ(βκ− γτ)t + [tβ
.
γ − γ(1 + t

.

β)]n− t(βκ− γτ)βb, (4.7)

and thus when t = 0 — i.e., along the curve α(s)— the surface normal is

N(s, 0) = −γ(s)n(s). (4.8)

Coincidence of the rectifying plane of α(s) with the tangent plane of P(s, t; β; γ)
identifies the curve as a geodesic curve of the surface.

Then the following theorem can be derived.

Theorem 4.1 The necessary and sufficient condition for P(s, t) being a ruled
surface with α(s) as a geodesic is that there exist a parameter t0 ∈ [0, T ], and
the functions β(s), and γ(s), so that P(s, t) can be represented by Eq. (4.6).

It should be pointed out that in this model, there exist two geodesic curves
passing through every point on the curve α(s): one is α(s) itself and the other is
a straight line in the direction d(s) as given in Eq. (4.4). Every member of the
isoparametric ruled surface family with the common geodesic α(s) is decided
by two family parameters β(s), and γ(s), i.e., by the direction vector function
d(s). In Example 3.2: For β = γ = r, with t ∈ [−3, 3], and a = 2, b = 1
the corresponding ruled surface is shown in Fig. 7. Figure 8 shows the surface
with β = sin r, and γ = 1/

√
5.

Figure 7: P(r, t; r; r) Figure 8: P(r, t; sin r; 1√
5
)
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4.1 Developable surfaces

A developable surface is a ruled surface with zero Gaussian curvature [see ([4],
[6], and [13], )]. If the rulings all pass through one point which called apex, the
surface is a conical surface. If the rulings of a developable surface are parallel
to the same straight line, the surface is a cylindrical surface. In the remaining
cases the developable surface is the tangential surface which is defined by the
tangents to a certain space curve. We also call it the tangential surface of the
space curve. The space curve is called cuspidal edge of the tangential surface.

In the light of above statements, P(s, t; β; γ) is developable if and only if

det(
.
α(s),d(s) ×

.

d(s)) = 0, for 0 ≤ s ≤ L. For simplicity, we omit variable s.
By direct computation, we have

βκ− γτ = 0. (4.9)

Hence, to design a developable surface, we have to solve Eq. (4.9). We can
first specify γ(s), and then compute β(s) from

β(s) =
(γτ
κ

)
(s). (4.10)

Then the developable surface is expressed as

M : P(s, t) = α(s) + tγ(s)d(s),
d(s) =

(
τ
κ
t + b

)
,

}
where κ 6= 0, 0 ≤ s ≤ L, 0 ≤ t ≤ T. The expression in brackets is paral-
lel to the Darboux vector τt + κb, which characterizes the ruling vector for
developable surfaces, see [16]. In what follows, we will provide the criteria to
classify the developable surface according to the various forms of τ(s), and
κ(s).

Corollary 4.1 The ruled surface expressed by Eq. (4.6), P(s, t) is developable
if and only if it can be represented

M : P(s, t) = α(s) + tγ(s)
(τ
κ

t + b
)
. (4.11)

From Eq. (4.11), we note that there are two possible cases, as presented in
the following. Let L(s) = γ

(
τ
κ
t + b

)
. Then P(s, t) is a cylindrical surface if

and only if L×
.

L = 0. Moreover,

.

L =

(
.
γ
τ

κ
+ γ

.(τ
κ

))
t+

.
γb, (4.12)
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which follows

L×
.

L = 0⇔
.(τ
κ

)
= 0⇔ τ

κ
= c,

where c is a non-zero constant. When the curve is planar, the Darboux vector
directed along an instantaneous axis of rotation has a constant direction: it is
directed along the binormal b perpendicular to the plane of the curve, because
τ = 0. Hence, in the class of smooth developable surfaces, a geodesic curve is
encountered as a plane curve only when it is an orthogonal trajectory of the
family of generators of a cylinder.

Corollary 4.2 Planar curves and generalized helices are isoageodesic to cylin-
drical surfaces.

By similar argument, we can also have the following:

L×
.

L 6= 0.

This implies that M is a non-cylindrical surface. Therefore, the first derivative
of the directrix is:

.
α(s) =

.

C(s) + µ(s)
.

L +
.
µ(s)L, (4.13)

where
.

C is the first derivative of the striction curve, µ(s) is a smooth function
([4], [6], and [13], ). Substituting Eq. (4.13) into Eq. (4.9) gives

< L×
.

L,
.

C >= 0. (4.14)

Similarly, there are two possible cases which satisfy Eq. (4.14), as presented in
the following: The first case is when the first derivative of the striction curve

is
.

C = 0. Geometrically this condition implies that the striction curve degen-
erates to a point, and the ruled surface becomes a conical surface; the striction
point of a conical surface is commonly referred to as the vertex. Therefore,
the surface represented by Eq. (4.11) is a conical surface if and only if there
exists a fixed point C and a function µ(s) such that:

.

C(s) =

(
1− .

µ(
τ

κ
)− µ

.(τ
κ

))
t− .

µb,

this means
.

C(s) = 0 if and only if 1− .
µ( τ

κ
)− µ d

ds
( τ
κ
) = 0, and

.
µ = 0. Hence,

we get:
τ

κ
(s) =

s

a
+
τ

κ
(0), (4.15)

where a is a non zero constant.
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Corollary 4.3 The ruled surface P(s, t) is a cone i if and only if α(s) is a
generalized helix satisfying Eq. (4.15).

The second case is when τ
κ
− τ
κ
(0) 6= s

a
, we have

.

C(s) 6= 0. Since det(
.

C,L,
.

L) =

0, <
.

C,
.

L>=0, and < L,
.

L >= 0, we can get
.

C‖L. This means the tangent
surface is composed of tangents of a spatial curve, the cuspidal edge α(s). So
the surface represented by Eq. (4.11) is a tangent surface if and only if there
exists a curve α(s) so that P(s, t) = α(s) + t

.
α(s). For specific functions γ(s)

and appropriate intervals of t in Example 3.2, we have the graphs shown in
Figures 9, 10 and 11, respectively.

Figure 9: A cylinder surface. Figure 10: A conical surface.

Figure 11: A tangent surface.

5 Conclusion

The present study develops a mathematical framework for generating a family
of surfaces with a common given geodesic curve, that is as an isoparametric



446 Rashad A. Abdel-Baky and Nadia Alluhaibi

curve. Given a regular space curve, we first answer question that ”what are
the necessary and sufficient conditions that the curve being geodesic?”. these
conditions are analyzed in case that the resulting surface is a ruled surface.
Hopefully these results will lead to a wider usage of surfaces in geometric
modeling, garment-manufacture industry, and the manufacturing of products.
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