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This article is distributed under the Creative Commons by-nc-nd Attribution License.

Copyright c© 2019 Hikari Ltd.

Abstract

This paper is devoted on numerical study of obtacle position in
Navier Stokes flows. In fact, topological optimization tools are used
to derive an asymptotic expansion of a shape functional. The topologi-
cal derivative obtained allows us to build an algorithm in order to locate
best place for inserting an obtacle to a Navier Stokes flows.
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1 Introduction

This paper deal with an obstacle position in stationary Navier-Stokes with an
incompressible fluid and natural Dirichlet boundary condition, using topolog-
ical optimization tools.

Shape optimization problem is a minimization problem where the unknown
variable run over a class of domains; then every shape optimization problem
can be written in the form

min{j(Ω) : Ω ∈ A}

where A is a class of admissible domains and j the cost functional.
In classical shape optimization, it is the boundary of the initial domain (or

a part of the boundary) which move for reaching the optimal shape. Thus the
optimal shape has the same topology as the initial one (for example, if the
initial domain is simply connected, the optimal one will be also connected).
Unlike the case of classical shape optimization, the topology of the design may
change during the optimization process, as for example the inclusion of holes.

The physical meaning of holes depend to the nature of the design. In the
case of structural optimization, the insertion of a hole means simply removing
some material (see [22], for example). In the case of fluid dynamics, creating a
hole means inserting a small obstacle (see [23], for example). The objective is
to find an optimal shape without any a priori assumption about the topology.

Topological sensitivity analysis aims at providing an asymptotic expansion
of a shape functional acting on the neighborhood of a small hole created inside
the domain. The underlying principe is the following see also [16]: For a
criterion j(Ω) = JΩ(uΩ), Ω ⊂ Rn and uΩ is the solution of a boundary value
problem defined over Ω (generally a PDE), the asymptotic expansion of the
cost function j(Ω) can be generally written in the form:

j(Ω\x0 + εω)− j(Ω) = ρ(ε)g(x0) + o(ρ(ε)).

lim
ε−→0

ρ(ε) = 0, ρ(ε) > 0

g(x0) is called topological derivative (or topological sensibility) and provides
an information for creating a small holes located at x0. Hence, the function g
can be used like a descent direction in optimization process.

In this paper, an asymptotic expansion of a shape functional is obtained and
analyzed. The topological derivative obtained allows us to build a numerical
method to study an obstacle position in a incompressible Navier Stokes fluid.
For numerical simulation, the Navier Stokes is discretized using projection
mehtod see [19] for details.

The rest of the work is organized as follows. Section 2 deals with prelimi-
naries results. In this section, we present some classical results of incomprssi-
ble Navier Stokes problem and general framework of topological optimization
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tools. Section 3 deals with general adjoint method wich allows us to get the
main result of the paper wich is proven in section 4. In section 5, we present
some numerical simulations obtained. Section 6 presente some concluding re-
marks and possible extensions.

2 Preliminaries results

2.1 Stationary Incompressible Navier-Stokes equations.

Let Ω be a bounded domain of Rn (n = 2 or 3) with a lipschitz continuous
boundary (∂Ω = Γ), f ∈ (L2(Ω))n a vector function. Let uΩ = (u1, ..., un)
and pΩ an scalar function representing the velocity and the pressure of an in-
compressible fluid. The ”velocity-pressure” stationary Navier-Stokes equations
writes: 

−ν∆uΩ + (uΩ.∇)uΩ +∇pΩ = f on Ω
div uΩ = 0 on Ω
uΩ = U in Γ

(1)

where U ∈ H 1
2 (Γ) and satisfies ∫

Γ

U.nds = 0.

Here ν denotres the kinematic viscosity, (uΩ.∇)uΩ =
∑n

i=1(uΩ)iDiuΩ.
The variational form associated to (1) reads: given f ∈ L2(Ω), the addresed

question is to find uΩ ∈ V0 ∩ L∞(Ω) such that:

a(uΩ, v) + b(uΩ, uΩ, v) = (f, v) , for all v ∈ V (2)

Where the trilinear, the bilinear and the linear forms are defined by:

b(u, v, w) =
n∑

i,j=1

∫
Ω

uiDivjwidx, a(u, v) =

∫
Ω

∇u.∇vdx, dx (3)

and the functional space V0 is defined by:

V = {u ∈ H1(Ω), div(uΩ) = 0}

If uΩ is a solution of the variational problem (2), then (uΩ, pΩ) is a solution of
the problem (1). The converse is also true as stated next.

The following lemmas give useful properties of b, there proofs can be found
in [11, 24].

Lemma 2.1 The trilinear form b is defined and continuous on
H1

0 (Ω)n ×H1
0 (Ω)n × (H1

0 (Ω)n ∩ Ln(Ω)), Ω bounded or unbounded, for any di-
mension of Rn.
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Lemma 2.2 Let u ∈ V and let v and w ∈ H1
0 (Ω)n ∩ L∞(Ω)n; then

b(u, v, v) = 0 (4)

b(u, v, w) = −b(u,w, v) (5)

And the following estimations holds:∣∣∣∣∫
Ω

ui(Divj)widx

∣∣∣∣ ≤ |ui|L 2n
n−2 (Ω)

|Divj|L2(Ω)|wj|Ln(Ω) (6)

‖ui‖
L

2n
n−2 (Ω)

≤ C(Ω)‖u‖H1
0 (Ω)n

‖Divj‖L2(Ω) ≤ ‖vj‖H1
0 (Ω)

‖wi‖Ln(Ω) ≤ ‖wi‖H1
0 (Ω)∩Ln(Ω)

It follows from (6) and the above estimations that:

|b(u, v, w)|L3(Ω) ≤ C(Ω)‖u‖H1
0 (Ω)‖vj‖H1

0 (Ω)n‖w‖H1
0 (Ω) (7)

with

C(Ω) =

{
2
3
|Ω|1/6, if n = 3
|Ω|1/2

2
, if n = 2

The following theorem gives the existence and uniqueness (in two dimension)
of a solution to (2):

Theorem 2.3 In two space dimensions, the pure Dirichlet problem (2) pos-
sesses a unique solution on any time interval [0, T ], which is also a classical
solution if the data of the problem are smooth enough. For small viscosity, ν
i.e., large Reynolds number, this solution may be unstable.
In three dimensions, the existence of solutions is known only for sufficiently
small data, e.g., ‖u0‖ ≈ ν, or on sufficiently short intervals of time, 0 ≤ t ≤ T
with T ≈ ν (‖u0‖ is the initial velocity).

For the proof, we refer for example, [11] Chapter II page 167, Theorem 1.3.

2.2 Topological Optimization.

Topological derivative of a shape functional can be considered as the singular
limit of shape derivative, so it is a generalization of the classical tool of shape
optimization. In order to fixe the idea, let us present the principe:
The goal of the topological optimization problem is to find an optimal design
with an a priori poor information on the optimal shape of the structure. The
topological optimization problem consists in minimizing a functional j(Ω) =
J(Ω, uΩ) where the function uΩ is defined, for example, on a variable open and
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bounded subset Ω of Rn. For ε > 0, let Ωε = Ω\(x0 + εω), be the set obtained
by removing a small part (or inseting a small obtacle) x0 + εω from Ω, where
x0 ∈ Ω and ω ⊂ Rn is a fixed open and bounded subset containing the origin.
Then, using general adjoint method, an asymptotic expansion of the function
can be obtained in the following form:

j(Ωε) = j(Ω) + ρ(ε)g(x0) + o(ρ(ε))

lim
ε→0

ρ(ε) = 0, ρ(ε) > 0

The function g(x0) is called topological sensitivity (or topological derivative)
and provides information when creating a small hole located at x0. Hence the
function g can be used as descent direction in the optimization process.

Remark 2.4 The function ρ(ε) depends on the space dimension and boundary
conditions on ∂ωε and is equal to ρ(ε) = − 1

ln ε
in 2d Diriclet, ρ(ε) = ε in 3d

Dirichlet, ρ(ε) = ε2 in 2d Neumann and ρ(ε) = ε3 in 3d Neumann (see [12]
for more details).

3 Generalized adjoint method

In order to get the asymptotic expansion of the shape functional, we shall use
the generalized adjoint method. This method is introduced in [4] which extend
the adjoint method to topological shape optimization.

The adjoint method helps to provid an asymptotic expansion of a functional
J(Ω, uΩ) which depends of a parameter uΩ, using a adjoint state vΩ which does
not depend on the parameter. This implies the need to solve a certain system
of equations in order to obtain an approximation of the topological gradient
g(x0), ∀x0 ∈ Ω.
Let V be a fixed Hilbert space and L(V) (resp L2(V), and L3(V)) denotes the
spaces of linear (resp bilinear and trilinear) forms on V . We are able to state
with the following hypotheses:

• H-1: Assume that there exists a real function ρ(ε) > 0, a trilinear and
continuous form δb ∈ L3(V), a bilinear, symetric and continuous form
δa ∈ L2(V) and a linear and continuous form δl ∈ L(V) such that:

lim
ε−→0+

ρ(ε) = 0; (8)

‖bε − b0 − ρ(ε)δb‖L3(V) = o(ρ(ε)), (9)

‖aε − a0 − ρ(ε)δa‖L2(V) = o(ρ(ε)), (10)

‖lε − l0 − ρ(ε)δl‖L(V) = o(ρ(ε)). (11)
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It is not abious the case where bε − b, aε − a and lε − l have different
behaviors in o(ρ1(ε)), o(ρ2(ε)), and o(ρ3(ε)), in wich case, ρ is choosen
the ”slowest” between ρ1, ρ2 and ρ3.

Lemma 3.1 For ε ≥ 0, let uΩε be the solition to the following problem:
Find uΩε ∈ V such that

aε(uΩε , v) + bε(uΩε , uΩε , v) = lε(v), ∀ v ∈ V . (12)

Under hypothesis H-1 (8)-(11), the problem (12) has a unique solution
uΩε . Morever the following estimate holds.

‖uΩε − uΩ‖V = o(ρ(ε)).

Proof. For the proof, see for example [10].

• H-2: Let j(ε) = JΩ(uΩε), be the cost funtional defined on V for ε ≥ 0
and J0 = JΩ is differentiable with respect uΩ, its derivative being denoted
DJΩ(uΩ). Moreover suppose that there exists a function δJ defined on
V such that:

JΩε(v)−JΩ(uΩ) = DJΩ(uΩ)(v−uΩ)+ρ(ε)δJΩ
(uΩ)+o(‖uΩ−v‖V +ρ(ε)).

(13)

The Lagrangian of the problem L is defined by,

L(u, v) = b(u, u, v) + a(u, v)− l(v) + J(u) ∀u v ∈ V ,

and its variation is given, for all ε ≥ 0,

Lε(u, v) = bε(u, u, v) + aε(u, v)− lε(v) + Jε(u) ∀u v ∈ V ,

The next theorem gives an asymptotic expansion for j(ε).

Theorem 3.2 Under hypotheses (H-1) and (H-2), the cost functional j(ε) has
the following asymptotic expansion:

j(ε)− j(0) = f(ε)δL(uΩ, v0) + o(ρ(ε)), (14)

where uΩ is the solution of (2) and v0 is the solution to the adjoint problem:
find v0 ∈ V such that:

b(uΩ, uΩ, v0) + a0(uΩ, v0) = −DJΩ(uΩ)w ∀w ∈ V , (15)

and
δL(uΩ, v) = δb(uΩ, uΩ, v) + δa(uΩ, v)− δl(v) + δJΩ

(uΩ). (16)
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4 Formulation of the problem and the main

result

4.1 Problem position and main result.

For ε > 0, let Ωε be the domain obtained by inserting a small obtacle in the
domain Ω and the paire (uΩε , pΩε) be the solution of the Navier-Stokes equation
in the perturbed domain:

−ν∆uΩε + (uΩε .∇)uΩε +∇pΩε = 0 on Ωε

div uΩε = 0 on Ωε

uΩε = 0 on ωε
uΩε = U in Γ

(17)

and ∫
Γ

Uvds = 0

Let

J(uΩε) =

∫
Ωε

‖uΩε − u0‖2dx. (18)

For ε = 0, the pair (uΩ, pΩ) is the solution of (1).
The variational form associated to (17) is: Find uΩε ∈ Vε such that:

νaε(uΩε , v) + bε(uΩε , uΩε , v) = (f, v), ∀v ∈ Vε. (19)

where the trilinear and the bilinear term are respectively defined by bε and aε:

bε(uΩε , uΩε , v) =
n∑

i,j=1

∫
Ωε

uΩε,iDjuΩε,jvdx, v ∈ H1
0 (Ωε)

aε(uΩε , v) =

∫
Ωε

∇uΩε∇vdx ∀ v ∈ H1
0 (Ωε)

Vε = {u ∈ H1(Ωε), div(u) = 0, and u|ωε = 0}

Remark 4.1 • Here the embedding for Vε into V0 is the extension by zero
in ωε. We recall that the extension zero of a function uΩ will be also
denoted by uΩ;

• The pressure does not appear in the week formulation. It can be deduced
afterward from the velocity up to a constant;

• Existence and uniqueness (in 2d) of solution of (19) follows from theorem
2.3.
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Theorem 4.2 (main result) Let j(ε) = JΩε(uΩε) be the objective function
defined by (18) with uΩε solution of the direct state (17). Then j has the
following asymptotic expansion.

j(ε)− j(0) =
1

ln ε
(4πuΩ(0)vΩ(0)) + o(− 1

ln ε
) (20)

where vΩ is the solution of the adjoint problem. Find vΩ ∈ V0
0 such that∫

Ω

[ν∇vΩ∇w + (∇vΩ.uΩ +∇uTΩ)w]dx = −DJ(uΩ)ϕ, ∀w ∈ V0
0 (21)

Remark 4.3 • The corresponding strong formulation of the adjoint state
is: find a paire (vΩ, qΩ) ∈ H1(Ω× L2(Ω) such that

−ν∆vΩ +∇vΩ.uΩ +∇uTΩ.vΩ +∇qΩ = −DJ(uΩ) on Ω
div vΩ = 0 on Ω
vΩ = 0 in Γ

(22)

• The existence and uniqness of solution of (22) is guanranted by the fact
‖∇uΩ‖L∞(Ω)d

2 < ν, d denoting the diameter of Ω (see [1] for example).

4.2 Proof of the main result.

In order to derive the asymptotic expansion of the shape functional, we have
to proove the trilinear, the bilinear, the linear forms satisfy hypothesis (H-1)
and the cost functional satisfies (H-2). So, we shall evaluate the lagrangian of
the problem.

j(ε)− j(0) = Lε(uΩε , v)− L(uΩ, v)

= bε(uΩε , uΩε , v) + νaε(uΩε , v) + Jε(uΩε)− (b(uΩ, uΩ, v) + νa(uΩ, v) + J(uΩ))

= (bε(uΩε , uΩε , v)− b(uΩ, uΩ, v)) + ν(aε(uΩε , v)− a(uΩ, v) + (Jε(uΩε)− J(uΩ))

4.2.1 Variation of the trilinear form.

Proposition 4.4 Let bε and b the trilinear forms defined as above. Then,
there exists, a trilinear and continuous form δb and a real function ρ satisfying
(8) such that

‖bε − b− ρ1(ε)δb‖L3(Ω) = o(ρ1(ε)) (23)

Proof.

bε(uΩε , uΩε , v)−b(uΩ, uΩ, v) = bε(uΩε , uΩε , v)−bε(uΩ, uΩε , v)+bε(uΩ, uΩε , v)−b(uΩ, uΩ, v)

= bε(uΩε − uΩ, uΩε , v) + bε(uΩ, uΩε , v)− b(uΩ, uΩ, v)
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= bε(uΩε−uΩ, uΩε , v)+bε(uΩ, uΩε , v)−bε(uΩ, uΩ, v)+bε(uΩ, uΩ, v)−b(uΩ, uΩ, v)

= bε(uΩε − uΩ, uΩε , v) + bε(uΩ, uΩε − uΩ, v) + bε(uΩ, uΩ, v)− b(uΩ, uΩ, v)

= bε(uΩε − uΩ, uΩε , v) + bε(uΩ, uΩε − uΩ, v) + bε(uΩ, uΩ, v)− b(uΩ, uΩ, v)

= bε(uΩε − uΩ, uΩε , v) + bε(uΩ, uΩε − uΩ, v) + (bε − b)(uΩ, uΩ, v)

From the estimations in Lemma 2.2, there exists some conctants C1 and C2

such that

‖bε(uΩε − uΩ, uΩε , v)‖L3(Ω) ≤ C1‖uΩε − uΩ‖H1
0 (Ω)‖uΩε‖H1

0 (Ω)‖v‖H1
0 (Ω) = o(ρ1(ε))

‖bε(uΩ, uΩε − uΩ, v)‖L3(Ω) ≤ C2‖uΩε − uΩ‖H1
0 (Ω)‖uΩ‖H1

0 (Ω)‖v‖H1
0 (Ω) = o(ρ1(ε))

Using Lemma 3.1, we deduce:

‖bε(uΩε − uΩ, uΩε , v)‖L3(Ω) = o(ρ1(ε))

‖bε(uΩ, uΩε − uΩ, v)‖L3(Ω) = o(ρ1(ε))

We set,

ρ1(ε)δb = bε(uΩ, uΩ, v)− b(uΩ, uΩ, v) = (bε − b)(uΩ, uΩ, v)

It follows that

‖bε(uΩε , uΩε , v)− b(uΩ, uΩ, v)‖L3(Ω) = ρ1(ε)δb + o(ρ1(ε)).

wich gives the desired rusult.

4.2.2 Variation of the bilinear form.

Proposition 4.5 Let aε and a the bilinear forms defined as above. Then,
there exists a bilinear and continuous form δa and a real function ρ2 such that:

‖νaε − νa− ρ2(ε)δa‖L2(Ω) = o(ρ2(ε)) (24)

Proof.

νaε(uΩε , uΩε)− νa(uΩ, uΩ) = ν

∫
Ωε

|∇uΩε|2dx− ν
∫

Ω

|∇uΩ|2dx

= ν

∫
Ωε

(|∇uΩε|2 − |∇uΩ|2)dx− ν
∫
ωε

|∇uΩ|2dx

= ν

∫
Ωε

∇(uΩε − uΩ)∇(uΩε + uΩ)dx− ν
∫
ωε

|∇uΩ|2dx



338 Aliou Seck, Alassane Sy and Diaraf Seck

∣∣∣∣∫
Ωε

∇(uΩε − uΩ)∇(uΩε + uΩ)dx

∣∣∣∣ ≤ ∫
Ω

||∇(uΩε−uΩ)||L2(Ω)||∇(uΩε +uΩ)||L2(Ω)

≤ m(Ω)||∇(uΩε − uΩ)||L2(Ω)||∇(uΩε + uΩ)||L2(Ω)

From Poincaré Inegality, there exists a constante C3 such that:

||∇(uΩε − uΩ)||L2(Ω) ≤ C3||uΩε − uΩ||H1
0 (Ω)

||∇(uΩε + uΩ)||L2(Ω) ≤ C4||uΩε + uΩ||H1
0 (Ω)

So there exists a constant C such that:

||∇(uΩε − uΩ)||L2(Ω)||∇(uΩε + uΩ)||L2(Ω) ≤ C||uΩε − uΩ||H1
0 (Ω)||uΩε + uΩ||H1

0 (Ω)

It follows that∣∣∣∣∫
Ωε

∇(uΩε − uΩ)∇(uΩε + uΩ)dx

∣∣∣∣ ≤ C||uΩε − uΩ||H1
0 (Ω)||uΩε + uΩ||H1

0 (Ω)

From Lemma 3.1, we have∣∣∣∣∫
Ωε

∇(uΩε − uΩ)∇(uΩε + uΩ)dx

∣∣∣∣ = o(ρ2(ε)).

Setting

ρ2(ε)δa = ν

∫
ωε

|∇uΩ|2dx,

the desired result holds.

4.2.3 Variation of the cost function.

Proposition 4.6 Let JΩ(uΩ) be the cost functional defined by (18), then, there
exists a linear and continuous form denoted DJΩ(uΩ), a functional δJ and a
real function ρ3 > 0 such that:

JΩε(uΩε)− JΩ(uΩ) = DJΩ(uΩ)(uΩε − uΩ) + ρ3(ε)δJ(uΩ) + o(ρ3(ε)). (25)

Proof.

JΩε(uΩε)− JΩ(uΩ) =

∫
Ωε

‖uΩε − u0‖2dx−
∫

Ω

‖uΩ − u0‖2dx

=

∫
Ωε

(‖uΩε − u0‖2 − ‖uΩ − u0‖2)dx−
∫
ωε

‖uΩ − u0‖2dx

=

∫
Ωε

(uΩε + uΩ − 2u0)(uΩε − uΩ)dx−
∫
ωε

‖uΩ − u0‖2dx
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=

∫
Ωε

(uΩε + uΩ)(uΩε − uΩ)dx︸ ︷︷ ︸
I

− 2

∫
Ωε

u0(uΩε − uΩ)dx︸ ︷︷ ︸
DJ(uΩ)(uΩε−uΩ)

−
∫
ωε

‖uΩ − u0‖2dx︸ ︷︷ ︸
ρ3(ε)δJ

In order to get the result, we shall estimate I.∣∣∣∣∫
Ωε

(uΩε + uΩ)(uΩε − uΩ)dx

∣∣∣∣ ≤ ∫
Ωε

|(uΩε+uΩ||uΩε−uΩ|dx ≤
∫

Ω

|(uΩε+uΩ||uΩε−uΩ|dx

≤ meas(Ω)‖uΩε + uΩ‖H1
0 (Ω)‖uΩε − uΩ‖H1

0 (Ω) = o(ρ3(ε)) ( from Lemma 3.1).

Wich prove (25).

4.2.4 Approximation of the perturbed solution.

Without lost the generality, we suppose that ω = B(0, 1), the unit ball of R2.
It is well know (see also [6] for potentiel theory and fundamental solutions)
that the fundamental solution of the Stokes problem in two dimensions is

E(x) =
1

4πν
(− ln r + ere

T
r ), and Π(x) =

x

2πr2
.

Here, the matrix E(x) does not tend to zero at infinity.
W split (uΩε , pΩε) = (uΩ, pΩ) + (hΩε , p

′
Ωε

) + (rΩε , p
′′
Ωε

) with{
hΩε = −1

ln ε
(H −HΩε

p′Ωε
= −1

ln ε
(P − PΩε

(26){
H(x) = −4πνE(x)uΩ(0)
P (x) = −4πνΠ(x)uΩ(0),

(27)
−ν∆HΩε + ∇HΩε(uΩ − 1

ln ε
H) + (∇uΩ − 1

ln ε
∇H).HΩε + 1

ln ε
∇HΩε .HΩε +∇PΩε

= ∇uΩ.H +∇H.uΩ − 1
ln ε
∇H.H in Ω

div HΩε = 0 in Ω
HΩε = H on Γ.

(28)
−ν∆rΩε +∇rΩε(uΩ + hΩε) +∇(uΩ + hΩε).rΩε +∇rΩε .rΩε +∇p′′Ωε

= 0 in Ωε

div rΩε = 0 in Ωε

rΩε = 0 on Γ;
rΩε = −uΩ − hΩεon ∂ωε.

(29)
Let F̃ε : V0 −→ V ′0 such that

〈F̃ε(uΩε), w〉V0,V ′0 = 0 ∀w ∈ V0
0 .

By the jump relation, we have

〈F̃ε(uΩε)− F0(uΩε), vΩ〉V0,V ′0 =

∫
∂ωε

(ν∂nuΩε − pΩεn)vΩds
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∂n denote the normal derivatve ω. Denoting

E1(ε) =

∫
∂ωε

(ν∂nuΩ − pΩn)vΩds

E2(ε) =

∫
∂ωε

(ν∂nrΩε − p′′Ωε
n)vΩds

E3(ε) =

∫
∂ωε

(ν∂nhΩε − p′Ωε
n)(vΩ − vΩ(0))ds,

we have

〈F̃ε(uΩε)− F0(uΩε), vΩ〉V0,V ′0 =

∫
∂ωε

(ν∂nhΩε − p′Ωε
n)vΩ(0)ds+

3∑
i=1

Ei(ε)

=
−1

ln ε

∫
∂ωε

(ν∂nH − Pn)vΩ(0)ds+
4∑
i=1

Ei(ε)

=
−4πν

ln ε

∫
∂ωε

(ν∂nE − Πn)vΩ(0)ds+
4∑
i=1

Ei(ε)

where

E4(ε) =

∫
∂ωε

(ν∂nHΩε − PΩεn)vΩ(0)ds

Due to the fact that (E,Π) is a fundamental solution,

〈F̃ε(uΩε)− F0(uΩε), vΩ〉V0,V ′0 =
−4πν

ln ε
uΩ(0)vΩ(0) +

4∑
i=1

Ei(ε)

The result follows from the fact that |Ei(ε)| = o(−1
ln ε

) for all i = 1, ..., 4. For
the proof of this assertion see [1].
In order to end the proof of the theorem 4.2, we have to prouve that ρi(ε) =
o( −1

ln ε)
, ∀i = 1, ..., 3.

With the mean value theorem, it follows that for all i = 1, ..., 3, |ρi(ε)| = Ciε
2,

with Ci a positive constante independant of ε. Then the desired result hols.

5 Numerical results

We illustrate the use of topological derivative on some examples. It consists
in inserting some small obstacle in a chanel filled with an incompressible fluid
in order to approximate a target flox u0. u0 is the velocity of the inlet. The
boundary conditions is divided as ∂Ω = Γinl ∩ Γout ∩ Γ0. Γinl is the inlet, Γout
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is the outlet and in Γ0 we ompose Dirichlet boundaries conditions. Let uΩ be
the solution to

−ν∆uΩ + (uΩ.∇)uΩ +∇pΩ = 0 on Ω
div uΩ = 0 on Ω
uΩ = 0 in Γ0

uΩ = uinl in Γinl
uΩ = uout in Γout

(30)

The objectif functional, the topological derivative and the andjoint problem
are given respectively by (18), (20) and (22).
The topology algorithm used is the following:

5.1 Algorithm

• Initialization: choose Ω = Ω0 and set j = 0;

• Repeat until target is reachead;

1. solve the direct and the adjoint problems in Ωj;

2. compute the topological derivative g;

3. seek x∗ = argmin(g(x), x∗ ∈ Ωj;

4. set Ωj+1 = Ω \B(x∗, r0);

5. j ←− j + 1.

5.2 Numerical solutions

In this section, we presente some numerical results obtained by the algorithm
described above. THe Navier-Stokes equations are discerized by using the
numerical method presented in [19].
For the numerical results, we consider chanal ocuped by an fluid satisfying
Navier-Stokes equations, in wich, we represente the direct solution, the adjoint
solution and the topological derivative, by changing the Reynold number at
each steep. Foe initial data, u0(x, y) is taken equal to u0(x, y) = (y(1− y), 0).

6 Conclusion and Extension

Throught this paper, we use topological optimization tools and generalized
adjoint method, to compute topological gradient of a shape functional J(uΩε),
where uΩε solves perturbed Navier Stokes equations. We use the topological
derivative obtained as a descent direction and we propose numerical method.
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Viscous flows R = 10−6.

(a) Direct state (b) Adjointe state
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(c) Topological detivative.

Viscous flows R = 10−2.

(a) Direct state (b) Adjointe state
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(c) Topological detivative.

This method allows us to study an obstacle position problem in a cavity filled
by a fluid. Numerical results obtained allows us to conclud for the efficience of
the proposed method. Another way to study this problem is presented in [20],
where the authors use shape optimization tools to study the same problem.
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Laminar flows R = 1.

(a) Direct state (b) Adjointe state
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(c) Topological detivative.

Laminar flows R = 200.

(a) Direct state (b) Adjointe state
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(c) Topological detivative.

In forcomming work, we will intent to combine this results with the one pre-
sented in [20] to propose a new numerical method coupling shape and topolog-
ical optimization for Navier Stokes as that proposed in [22] for linear elasticity.
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Turbulent flows R = 105.

(a) Direct state (b) Adjointe state
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(c) Topological detivative.

Turbulent flows R = 106.

(a) Direct state (b) Adjointe state
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(c) Topological detivative.
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sciences et techniques, Tome II, Masson, Paris, 1987.

[7] L.C. Evans, Partial Differential Equations Volume 19, AMS, 2002.

[8] O. Foias, R. Maniley, R. Rosa and R. Temmam, Navier-Stokes Equations
and Turbulence, Cambridge University Press, 2004.
https://doi.org/10.1017/cbo9780511546754

[9] S. Friedlander, D. Serre, Handbook of Mathematical Fluid Dynamics, Vol-
ume III, Elsevier, 2004.

[10] S. Garreau, Ph. Guillaume and M. Masmoudi, The topological asymp-
totic for PDE systems: the elastic case, SIAM J. Control and Optim., 39
(6)(2001), 1756-1778. https://doi.org/10.1137/s0363012900369538

[11] V. Girault and P. A. Raviart, Finite Element Approximation of the
Navier-Stokes Equations, Lecture Notes in Mathematics, Springer-Verlag,
Berlin, Heidelberg, New York 1979. https://doi.org/10.1007/bfb0063447

[12] Ph. Guillaume and K. Sid Idris, The topological expansion for the Dirich-
let problem, SIAM J. Control and Optim., 41 (4) (2002), 1042-1072.
https://doi.org/10.1137/s0363012901384193



346 Aliou Seck, Alassane Sy and Diaraf Seck

[13] O. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible
Flow, revised English edition (translated from the Russian by Richard A.
Silverman), Gordon & Breach, New York, 1963.
https://doi.org/10.2307/3613759
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R. Acad. Sci de Paris, 309, Serie 1 (1989), 447-452.

[22] A. Sy, and Y. Renard, A fictitious domain approach for structural op-
timization with a coupling between shape and topological gradient, Far
East Journal of Mathematical Sciences, 47 (1) (2010), 33-50.

[23] A. Sy, Fictitious domain approach and level-sets method for Stokes prob-
lem, International Journal of Mathematical Archive, 2 (12) (2011), 2768-
2776.

[24] R. Temam, Navier Stokes Equations, Studies in Mathematics and its Ap-
plications, North-Holland Publishing Compagny, Amsterdam, New-York,
Oxford, 1979.



Shape functional in incompressible Navier-Stokes flows 347

[25] R. Temam, Navier Stokes Equations and Nonlinear Functional Analysis
(CBMSNSF Regional Conf. Ser. in Appl. Math. 66). SIAM, Philadelphia;
2nd ed. published in 1995. North-Holland Publishing Compagny, Amster-
dam, New-York, Oxford 1979.

Received: June 23, 2019; Published: August 21, 2019


