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Abstract

We apply an elementary result of Γ−convergence to show the conti-
nuity (stability), with respect to uniform variations of p(·), of the first
eigenvalue of a class of eigenvalue problems involving second order vari-
able exponent Sobolev spaces.
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1 Introduction and main result

Let Ω be a bounded set of RN , N ≥ 2. The eigenvalue problem associated
with the p(x)−Biharmonic operator is given by{

div(|∆u|p(x)−2∆u) = λ|u|p(x)−2u in Ω ;
u = ∆u = 0 on ∂Ω ,

(1)

where p(·) ∈ P log(Ω) which is defined by

P log(Ω) := {p(·) ∈ P(Ω) : p(·) is log−Hölder continuous},

with

P(Ω) = {p(·) ∈ C(Ω) : 1 < p− := min
x∈Ω

p(x) ≤ p(x) ≤ max
x∈Ω

p(x) =: p+ < N for all x ∈ Ω }

Recall that p(·) is log−Hölder continuous if

|p(x)− p(y)| ≤ − L

log(|x− y|)

for some L > 0 and for all x, y ∈ Ω, with 0 < |x− y| ≤ 1
2
.

A pair (u, λ) ∈ W 1,p(x)
0 (Ω) ∩W 2,p(x)(Ω)× R is a weak solution of (1) provided

that ∫
Ω

|∆u|p(x)−2∆u∆v dx = λ

∫
Ω

|u|p(x)−2uv dx, (2)

∀v ∈ X := W
1,p(x)
0 (Ω) ∩W 2,p(x)(Ω)

Notice that if u 6= 0, then u is called an eigenfunction associated to the eigen-
value λ.
(2) is the Euler-Lagrange equation associated to the minimization of the Rayleigh
ratio

R(u) :=

∫
Ω
|∆u|p(x) dx∫

Ω
|u|p(x) dx

.

For the existence result, Ayoujil and El Amrouss showed in [1] the existence
of an infinitely many solutions of problem (1) {(±un,p(.), λn,p(.))} where

λn,p(.) = inf
K∈Σn,p(.)

sup
u∈K

∫
Ω

|∆un,p(x)|p(x) dx n = 1, 2, ...,

where Σn,p(.) denotes the set of symmetric and compact subsets of {u ∈ X :∫
Ω
|u|p(x) dx = 1} such that i(K) ≥ m where i denotes the Krasnoselskii’s
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genus1.
For n = 1 the first eigenvalue (denoted by λp(.)) is defined by

λp(.) := inf
u∈N

∫
Ω

|∆u|p(x) dx,

where the set

N := {u ∈ X/
∫

Ω

|u|p(x) dx = 1}

is a closed manifold of class C1. Here we index the eigenvalue by p(.) to indicate
the dependence on the exponent p. Throughout this paper, the notion of the
stability means exactly the continuity with respect the exponent p(x).
In the constant exponent case Parini [13] showed the stability with respect to
p of the mth variational eigenvalue of the p-Laplacian problem in a sufficiently
regular domain. More precisely the author requires the domain to be bounded
with Lipschitz boundary.
A few years later, Degiovanni and Marzocchi [7] extend this result to any
bounded domain in RN .
For other articles studying the stability , the reader can refer to [8],[4],[12] and
the references therein.
When seeking for papers treating the stability of eigenvalues for fourth order
partial differential equations, we found just the paper of Benedikt [2], where
the author dealt with the p−Biharmonic problem in the one dimensional case
and showed the continue dependency on p of the eigenvalues; our result comes
as a generalization of this work in the sense that we show the continuity with
respect to p(.) of the first eigenvalue of the p(x)−biharmonic problem in an
open set Ω ⊂ RN .

Our main goal in this work is to show that the first eigenvalue associated
to the p(x)−biharmonic problem λp(·) is continuous with respect to p(·), i.e.,
for all h ∈ N

λph(·) −→ λp(·) as ph(·) −→
h→∞

p(·) uniformly.

To achieve this goal we apply an elementary result of [5] related to the conver-
gence of minimum values of a family of functionals Fh to the minimum value
of a limit F .
Since it has been introduced in 1985 by De Giorgi, De Giorgi’s Γ−convergence
covers almost all other variational convergence in term of applications as it

1Let E be a real Banach space and Σ(E) the set of all closed subsets of E which do
not contain 0 and are symmetric with respect to 0. The Krasnoselkii’s genus i(A) of a non
empty set A ∈ Σ(A) is defined to be the smallest integer m ∈ N for which there exists an
odd mapping g ∈ C(A,Rm \ {0}). If no such mapping exists we write i(A) = +∞.
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plays a central role for its compactness properties and for the large number of
results concerning Γ−limits of integral functionals.
Plan of the paper. In Section 2, we collect various preliminaries necessary
to apprehend the next section. In section 3, we will prove the main result,
that is, the first eigenvalue of the p(x)−biharmonic is continuous with respect
to uniform variations of p(·).

2 Preliminaries

2.1 Lebesgue and Sobolev spaces with variable expo-
nents

We refer to the monograph [6] for basics of the spaces Lp(·) and W k,p(·). Let us
first remind some definitions and important properties.
We define the variable exponent Lebesgue space Lp(·)(Ω) to consist of all mea-
surable functions u : Ω→ R for which the modular

ρp(·)(u) =

∫
Ω

|u(x)|p(x) dx

is finite. We define the Luxembourg norm on this space by

‖u‖p(·) = inf{λ > 0 : ρp(·)(
u

λ
) ≤ 1}.

For any positive integer k we define the variable exponent Sobolev space
W k,p(·)(Ω) by

W k,p(x)(Ω) := {u ∈ Lp(x)(Ω) : Dαu ∈ Lp(x)(Ω), |α| ≤ k}.

Under the norm
‖u‖k,p(.) :=

∑
|α|≤k

|Dαu|p(x)

W k,p(·)(Ω) is a Banach space.In fact, variable exponent Sobolev spaces are
topological similar to classical Sobolev spaces: they are Banach spaces and
they are reflexive and separable if and only if 1 < p− ≤ p+ <∞.
We endow X with norm ‖.‖X defined by

‖u‖X = inf

{
µ > 0 :

∫
Ω

(∣∣∣∣u(x)

µ

∣∣∣∣p(x)

+

∣∣∣∣∆u(x)

µ

∣∣∣∣p(x)
)

dx ≤ 1

}

Note that this norm is equivalent to ‖.‖2,p(.). Endowed with this norm, X is a
separable reflexive and Banach space.
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We require p(·) to be in addition in P log(Ω) to define W
1,p(x)
0 (Ω) as the closure

of C∞0 (Ω) (the space of indefinitely derivable functions with compact support)
in W 1,p(x)(Ω) (see [6], Corollary 11.2.4).

Proposition 2.1 1. If q(·) ∈ P(Ω) and q(x) ≤ p∗N(x) := Np(x)
N−p(x)

for any

x ∈ Ω, then the embedding W 1,p(x) ↪→↪→ Lq(x)(Ω) is compact and contin-
uous.

2. If r(.) ∈ P(Ω) such that r(x) < p∗2(x) then X is continuously and com-
pactly embedded in Lr(x)(Ω).

3. (Poincaré’s inequality.) There is a positive constant C > 0 such that

‖u‖p(x) ≤ C‖∇u‖p(x), ∀u ∈ W 1,p(x)
0 (Ω).

This implies that the both norms ‖∇u‖p(x) and ‖u‖1,p(x) are equivalent

on W
1,p(x)
0 (Ω).

2.2 Γ−convergence

We recall from [5] basic definitions concerning Γ−convergence.

Definition 2.2 Let X be a metric space. A sequence Fh of functionals
(Fh) : X → R is said to be Γ-convergent to F : X → R and we write Γ(X)−
lim
h→∞

Fh = F if the following hold

i/ (liminf inequality) For every u ∈ Xand (uh) ⊂ X such that uh → u in
X we have

F (u) ≤ lim inf
h→∞

Fh(uh).

ii/ (limsup inequality) For every u ∈ X there exists a sequence (uh) ⊂ X
(called recovery sequence) such that uh → u in X and

F (u) ≥ lim sup
h→∞

Fh(uh).

The condition ii/ is characterized by the following (see [11]).

Proposition 2.3 Let X be a topological space that satisfies the 1st axiom of
countability2 and assume that (uh) is a sequence such that uh → u in X as
h → ∞, lim sup

h→∞
F (uh) ≤ F (u) and such that for every m ∈ N there exists

a sequence {um,h}h, um,h → um as h → ∞ with lim sup
h→∞

Fh(um,h) ≤ F (um),

then there exists a recovering sequence of u in the sense of ii/ of the preceding
definition.

2A topological space satisfies the first axiom of countability if the defining system of
neighbourhoods of every point has a countable base.
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Definition 2.4 We say that a sequence (Fh) is equicoercive (on X) if for
every t ∈ R there exists a closed countably compact subset Kt of X such that
{Fh ≤ t} ⊆ Kt for all h ∈ N.

Proposition 2.5 ([5], Proposition 7.7) The sequence (Fh) is equicoercive
if and only if there exists a lower semi-continuous coercive function ψ : X → R
such that Fh ≥ ψ on X, for all h ∈ N.

Theorem 2.6 ([5], Theorem 7.8) Suppose that (Fh) is equicoercive on
X, then the Γ− lim sup

h→∞
Fh︸ ︷︷ ︸

F ′

and Γ− lim inf
h→∞

Fh︸ ︷︷ ︸
F ′′

are coercive and

min
x∈X

F ′(x) = lim inf
h→∞

inf
x∈X

Fh(x)

If in addition (Fh) Γ−converges to a function F in X then F is coercive and

min
x∈X

F (x) = lim
h→∞

inf
x∈X

Fh(x).

3 Main results

Define

M = {u ∈ X /

∫
Ω

|u|p(x) dx = 1}

and

Mh = {u ∈ Xh := W
1,ph(x)
0 (Ω) ∩W 2,ph(x)(Ω) /

∫
Ω

|u|ph(x) dx = 1}

Let F : M → [0,+∞] defined by:

F (u) =

{ ∫
Ω
|∆u|p(x) dx if u ∈ X;

+∞ otherwise.
(3)

and Fh : Mh → [0,+∞] defined by:

Fh(u) =

{ ∫
Ω
|∆u|ph(x) dx if u ∈ Xh;

+∞ otherwise.
(4)

To show the stability of the first eigenvalue we have to prove the following
convergence

inf
u∈Mh

∫
Ω

|∆u|ph(x) dx −→ inf
u∈M

∫
Ω

|∆u|p(x) dx, (5)

as ph(·)→ p(·) uniformly.
In view of Theorem 2.6, the convergence (5) will be attained if we show that
the family Fh Γ− converges to F , as h→∞ and Fh is equicoercive.
Our main concern in this section is to prove the following theorem.
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Theorem 3.1 Let Ω ⊆ RN be an open and bounded set and let (ph) ⊂
P log(Ω) and p ∈ P log(Ω) such that ph → p uniformly in Ω.Then

1. The family of functions (Fh) is equicoercive.

2.
Γ(Lp(·))(Ω)− lim

h→∞
Fh = F.

Proof.

1. For all u ∈ X such that ‖u‖X ≥ 1 we have F (u)
‖u‖X

≥ ‖u‖p−−1
X . This implies

⇒ lim
‖u‖X→∞

F (u)

‖u‖X
=∞.

So F is coercive.

2. liminf inequality

Let uh → u in Lp(·)(Ω), if lim inf
h→∞

Fh(uh) = +∞ there is nothing to prove.

Thus, we may assume without loss of generality, that uh ∈ X.
Since ph → p uniformly, ∀ε > 0 ∃Nε ∈ N ∀h ≥ Nε: |ph − p| < ε. Thus

.p(x)− ε < ph(x) ∀x ∈ Ω ∀h ≥ Nε. (6)

Therefore for all h ≥ Nε, Xh ⊂ W 2,ph(.)(Ω) ⊂ W 2,p(.)−ε(Ω). Now by the
embedding theorem we deduce that

‖uh‖2,p(.)−ε ≤ C‖uh‖X ≤ C1 (7)

where C1 is a constant not depending on ε.
Then (uh) is a bounded sequence in W 2,p(·)−ε(Ω) which is reflexive. Hence
there exists a subsequence (uh) such that uh ⇀ u weakly in W 2,p(·)−ε(Ω)
with u ∈ W 2,p(·)−ε(Ω) for all ε > 0 sufficiently small.
We shall next show that the limit u ∈ X.
We have u ∈ W 2,p(.)−ε ⇒ u ∈ W 1,p(.)−ε(Ω).
By the lower semicontinuity of the modular∫

Ω

|∇u|p(x)−ε dx ≤ lim inf
h→∞

∫
Ω

|∇uh|p(x)−ε dx.

On the other hands, by (6) W
1,ph(.)
0 (Ω) ⊂ W

1,p(.)−ε
0 (Ω) and then

‖∇uh‖p(.)−ε ≤ (1 + |Ω|)‖∇uh‖ph(.) ≤ C2.

So we obtain∫
Ω
|∇u|p(x)−ε dx ≤ lim inf

h→∞
max{‖∇uh‖p

+−ε
p(.)−ε, ‖∇uh‖

p−−ε
p(.)−ε}

≤ max{Cp+−ε
2 , Cp−−ε

2 } < +∞.
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Thus we get

sup
ε>0

∫
Ω

|∇u|p(x)−ε dx < +∞.

Now by Fatou’s lemma

|∇u|p(x) = lim inf
ε→0

|∇u|p(x)−ε ∈ L1(Ω)

it follows that u ∈ W 1,p(.)
0 (Ω).

Still to show that u ∈ W 2,p(.)(Ω).
We have u ∈ W 2,p(.)−ε(Ω), by the l.s.c. of the modular and inequality (7)∫

Ω
|∆|p(x)−ε dx ≤ lim inf

h→∞

∫
Ω
|∆uh|p(x)−ε dx

≤ lim inf
h→∞

∫
Ω

(
|∆uh|p(x)−ε + |uh|p(x)−ε) dx

≤ lim inf
h→∞

max{‖uh‖p
+−ε

2,p(.) , ‖uh‖
p−−ε
2,p(.)}

≤ lim inf
h→∞

max{(C‖uh‖X)p
+−ε, (C‖uh‖X)p

−−ε}

≤ max
{
Cp+−ε

1 , Cp−−ε
1

}
< +∞.

Thus

sup
ε>0

∫
Ω

|∆u|p(.)−ε dx ≤ +∞

and by Fatou’s lemma |∆u|p(x)−ε = lim inf
ε→0

|∆u|p(x)−ε ∈ L1(Ω).

Then we conclude that u ∈ W 2,p(.)(Ω). Which gives u ∈ X.
By Young’s inequality and (5) we have∫

Ω
|∆uh|p(x)−ε dx ≤

∫
Ω
p(x)−ε
ph(x)

|∆uh|ph(x) dx+
∫

Ω
ph(x)−p(x)+ε

ph(x)

≤
∫

Ω
|∆uh|ph(x) dx+ ε

∫
Ω

1
ph(x)

dx+ 1
p−h
‖ph − p‖∞.

Since uh converges weakly to u in W 2,p(.)−ε(Ω) and ph(.) converges uni-
formly to p(.) we have:∫

Ω

|∆u|p(.)−ε dx ≤ lim inf
h→∞

∫
Ω

|∆uh|ph(x) dx+ ε
|Ω|
p−
∀ε > 0.

Passing to the limit ε → 0+ and taking into account Fatou’s lemma
again, we get ∫

Ω

|∆u|p(x) dx ≤ lim inf
h→∞

∫
Ω

|∆|uph(x) dx.

limsup inequality

Suppose that it exists u ∈ X, for all (uh) ⊂ X such that uh → u in X

F (u) < lim sup
h→∞

Fh(uh).
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Thus
∀k ∈ N ∃N ≥ k such that FN(uN) > F (u).

That is, ∫
Ω

|∆uN |pN (x) dx >

∫
Ω

|∆u|p(x) dx.

Therefore

lim inf
N→∞

∫
Ω

|∆u|pN (x) dx > lim inf
N→∞

∫
Ω

|∆u|p(x) dx.

Then

lim inf
N→∞

∫
Ω

|∆u|pN (x) dx >

∫
Ω

|∆u|p(x) dx.

This means that ∃ l ∈ N such that ∀m ∈ N if m ≤ l then∫
Ω

|∆u|pm(x) >

∫
Ω

|∆u|p(x) dx.

Which contradicts the uniform convergence of ph(.) (and then pm(.) as
a subsequence) to p(.). Finally, we conclude that for every u ∈ X there
exists a sequence (uh) ⊂ X such that uh → u in X and

F (u) ≥ lim sup
h→∞

Fh(uh).

Theorem 3.2 The first eigenvalue associated to the p(x)−Biharmonic λp(·)
is continuous with respect to the exponent p(·).

Proof.
By Theorem 3.1 the functional F defined in (4) is the Γ−limit of Fh and since
the functionals Fh are coercive for all h ∈ N by Theorem 2.6, we deduce that

inf
u∈M

Fh −→ inf
u∈M

F as h→∞.

Now define
λph(·) := inf

u∈M
F (u) and λp(·) := inf

u∈M
F (u)

we conclude that
λph(·) −→ λp(·),

when ph(·)→ p(·) uniformly.
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