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Abstract

The purpose of this paper is to prove several preservation proper-

ties of stochastic comparisons based on the discrete Laplace transform

ordering of residual life d-LTRL under the reliability operations of con-

volutions, mixtures. Finally we introduce a discrete renewal process

application.
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1 Introduction

Several concepts of the stochastic comparisons between random variables

have been defined and studied in the literature, since they are useful tools in

many different areas of the applied probability and statistics (see Shaked and

Shanthikumar, 2007). On the other hand, discrete lifetimes usually arise in

various common situations where either the measurements of time are often

slotted or occurred events are recorded by fixed length intervals or measured

discretely, such as inserting or joining products. They may also be found nat-

ural choice where failure may occur only due to incoming shocks. In other
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reliability testing, often times the tested units cannot be monitored continu-

ously, but instead be inspected at constant periods, so their failure times can

also be treated as discrete random variables. Parametric models for discrete

life distributions may be found in Bain (1991), Adams and Watson (1989) and

Xekalaki (1983). Nonparametric families of discrete life distributions has been

considered in the reliability literature mainly in connection with shock models

leading to various continuous-time ageing families see Barlow and Proschan,

(1975), Among others, have studied interrelations and closure properties of

some nonparametric ageing families of distributions having a finite support.

Related partial orders have been considered by Abouammoh (1990).

Let X be a non-negative random variable with probability mass function

(pmf) given by:

f(x) = P (X = x), x ∈ N = {0, 1, ...},

the cumulative distribution function

F (x) = P (X ≤ x) =
∑∞

i=0
f(i) for all x ∈ N,

and the survival function

F (x) =
∑∞

i=x+1
f(i) for all x ∈ N

In particular, if f(0) = P (X = 0) = 0, or a counting random variable

X has a support on N+ = {1, 2, ...}, we say that the discrete distribution

is zero- truncated. There is an abundance of literature on continuous life

distributions used in modeling failure data. However, very little has appeared

in the literature for discrete failure models. Discrete failure data arise in

various common situations. Consider the following examples: (i) A device can

be monitored only once per time period and the observation are taken as the

number of time periods successfully completed prior to the failure of the device;

(ii) A piece of equipment operates in cycles. In this case the random variable

of interest is the successful number of cycles before the failure. For instance,

the number of flashes in a car flasher prior to failure of the device, and (iii)

In some situations the experimenter groups or finite precision measurement of

continuous time phenomena.

Shaked et al. (1994, 1995) state that discrete failure rates arise in several

common situations in reliability theory where clock time is not the best scale

on which to describe lifetime. For example, in weapons reliability, the number

of rounds fixed until failure is more important than age in failure. They also
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showed the usefulness of these functions for modeling imperfect repair and for

characterizing ageing in the discrete setting. For more applications of discrete

models in reliability and survival analysis, see Padgett and Spurrier (1985) and

Ebrahimi (1986) and Salvia and Bollinger (1982).

The study of the preservation properties among stochastic orderings be-

comes a focus in recent years. Much work has been focused on study the

stochastic compression between the continuous life distributions. There has

been relatively less work done among discrete life distribution. In this arti-

cle, we focus on the preservation properties of the discrete Laplace transform

ordering of residual lives. Section 2, contains definitions, notation and basic

properties used through the paper. In Section 3, we will present some preser-

vation results under the operations of convergence in distributions, convolution

and mixtures. In that section we will also describe some simple examples of

applications in recognizing situations where the random variables are compa-

rable according to the discrete Laplace transform of residual life order. We

conclude the article with a brief discussion in Section 4.

2 Preliminaries

In this section we present definitions, notation, and basic facts used through-

out the paper. We use ”increasing” in place of ”non-decreasing” and ”decreas-

ing” in place of ”non-increasing”. Laplace transform as an useful notion in

applied mathematics and engineering, is also important in many areas of the

probability and statistics. Rolski and Stoyan (1976) defined the Laplace trans-

form order based on the Laplace transform. Then Klefsjo (1983) obtained an

useful ageing property of it and Alzaid et al. (1991) presented general preser-

vation properties and applications of this order. Shaked and Wong (1997)

introduced stochastic orders based on the ratios of the Laplace transforms.

Belzunce et al. (1999) introduced Laplace transform ordering of residual lives.

They also considered some properties and relationships of these new defini-

tions to some well-known orders. Ahmed and Kayid (2004) studied some

preservation results of this order. Gandotra et al. (2014) also developed some

preservation properties of the Laplace transform ordering of residual lives and

three other orders. Given two remdom variables X and Y , let us denote

Φ∗X(x) =

∑∞

i=x
qi F (i)

qx F (x)
, for all x ∈ N.



62 Nassr Al-Maflehi and Mohammedelameen Eissa Qurashi

and

Φ∗Y (x) =

∑∞

i=x
qi G(i)

qx G(x)
, for all x ∈ N.

Definition 2.1.

The random variable X is said to have a smaller discrete mean residual

lifetime than that of Y, written X ≤d−Ltrl Y , if

Φ∗X(x) =

∑∞

i=x
qi F (i)

qx F (x)
≤

∑∞

i=x
qi G(i)

qx G(x)
= Φ∗Y (x), for all x ∈ N. (2.1)

Note that, (2.1) is equivalent to saying∑∞

i=x
qi F (i)∑∞

i=x
qi G(i)

is decreasing in x for all x ∈ N. (2.2)

Definition 2.2.

The random variable X has a smaller discrete hazard rate than that of Y ,

written X ≤d−H Y , if

F (x)

G(x)
is increasing in x for all x ∈ N.

Definition 2.3.

A probability vector α = (α1, ..., αn) with αi > 0 for i = 1, 2, ..., n is said to

be smaller than the probability vector β = (β1, ..., βn) in the sense of discrete

likelihood ratio order, denoted by α ≤dlr β, if

βi
αi
≤
βj
αj
, for all 1 ≤ i ≤ j ≤ n.

Definition 2.4.

A function g : R2 → [0,∞) is said to be log-concave if

g(x1, y1)g(x2, y2)− g(x1, y2)g(x2, y1) ≥ 0, for x1 < x2, y1 < y2.

3 Main Results

Useful properties of the stochastic order are their closure with respect to

typical reliability operations like convolution or mixtuer (Barlow and Proschan,
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1981). In this section we present some preservation results for the discrete

Laplace transform ordering of residual lives (d-Lt- rl). We begin by showing

that the (d-Lt rl) order is preserved under weak limit in distributions.

Theorem 2.1.

The discrete Laplace transform order of residual lives (d-Ltrl) preserves the

weak convergence property.

Proof.

Suppose {Fn} and {Gn} converge weakly to F and G as n→∞ and that

Fn ≤d−Ltrl Gn. Then if x is a continuity point of bouth F and G, it follows

that Φ∗F (x) ≤ Φ∗G(x). Thus, Φ∗F (x) > Φ∗G(x) is possible only if x is discontinuity

point of either F or G. Such discontinuity points are at most countable, so there

exist continuity points xn of F or G for which xn → x as n→∞. Consequently,

appealing to the right-continuity property of distribution functions

Φ∗F (x) = Lim∗n→∞ Φ∗F (xn) ≤ Limn→∞Φ∗G(xn) = Φ∗G(x),

whence a contradiction. Hence the result follows. ||
The following result shows that the (d-Ltrl) order is preserved under con-

volutions, when appropriate assumptions are satisfied.

Theorem 2.2.

Let X1, X2 and Y be three non-negative random variables, where Y is

independent of both X1 and X2, and let Y have a probability mass function

g. If X1 ≤d−Ltrl X2 and g is log-concave then X1 + Y ≤d−Ltrl X2 + Y.

Proof.

Because of (2.2), it is enough to show that for all 0 ≤ s ≤ t∣∣∣∣∣∣∣∣
∑∞

u=0

∑∞

x=0
qxg(t− u)P [X1 ≥ x+ u]

∑∞

u=0

∑∞

x=0
qxg(s− u)P [X1 ≥ x+ u]

∑∞

u=0

∑∞

x=0
qxg(t− u)P [X2 ≥ x+ u]

∑∞

u=0

∑∞

x=0
qxg(s− u)P [X2 ≥ x+ u]

∣∣∣∣∣∣∣∣ ≥ 0.

(3.1)
By the well-known basic composition formula (Karlin 19687), the left side of

(3.1) is equal to

∑∑
u1<u2

∣∣∣∣∣∣
g(s− u1) g(s− u2)

g(t− u1) g(t− u2)

∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
∑∞

x=0
qxP [X1 ≥ x+ u1]

∑∞

x=0
qxP [X1 ≥ x+ u1]

∑∞

x=0
qxP [X2 ≥ x+ u2]

∑∞

x=0
qxP [X2 ≥ x+ u2]

∣∣∣∣∣∣∣∣ .
The conclusion now follows if we note that the first determinate is non-positive

since g is log-concave, and that the second determinant is non-positive since

X1 ≤d−Ltrl X2. This completes the proof. ||
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Corollary 2.1.

If X1 ≤d−Ltrl Y2 and X2 ≤d−Ltrl Y2 where X1 is independent of X2 and Y1
is independent of Y2, then the following statements hold:

(i) If X1 and Y2 have log-concave densities, then X1 +X2 ≤d−Ltrl Y1 + Y2.

(ii) If X2 and Y1 have log-concave densities, then X1 +X2 ≤d−Ltrl Y1 + Y2.

Proof.

The following chain of inequalities, which establish (i), follows by Theorem

3:

X1 +X2 ≤d−Ltrl X1 + Y2 ≤d−Ltrl Y1 + Y2.

The proof of (ii) is similar. ||
Let X(θ) be a non-negative discrete random variable having distribution

function Fθ and let θi be a random variable having distribution Gi (i = 1, 2)

and support R+. The following result shows that the d-Ltrl ordering is pre-

served under mixtures. The following result gives conditions under which X

and Y are comparable with respect to the d-Ltrl order. Actually, this is a

closure under mixture property of the discrete Laplace transform of resiual

lives order.

Theorem 2.3.

Let {X(θ), θ ∈ R+} be a family of random variables independent of Θ1

and Θ2. If Θ1 ≤lr Θ2 and if X(Θ1) ≤d−Ltrl X(Θ2) whenever θ1 ≤ θ2, then

X(θ1) ≤d−Ltrl X(θ2).

Proof.

Let Fi be the distribution function of X(Θi) with i = 1, 2. We have

F i(x) =

∫ ∞
0

qxF θ(x)dGi(θ).

In view of (2.2) we need to prove that

Φ(i, k) =
∑k

u=0
quFi(k − u),

is TP2 in (i,k). We have

Φ(i, k) =
∑k

u=0
quFi(k − u)

∫ ∞
0

F θ(k − u)dGi(θ)

=

∫ ∞
0

gi(θ)
∑k

u=0
quFi(k − u)dθ

=

∫ ∞
0

gi(θ) Ψ(θ, k).
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By assumption X(Θ1) ≤d−Ltrl X(Θ2) whenever θ1 ≤ θ2 we have Ψθ, k) is TP2

in (θ, k), while the assumption Θ1 ≤lr Θ2 implise that gi(θ) is TP2. Thus the

assertion follows from the basic composition formula (see, Karlin, 1968). ||

Theorem 2.4.

If X1, X2, ... and Y1, Y2, ... are sequences of independent random variables

with Xi ≤d−Ltrl Yi and Xi, Yi have log-concave densities for all i, then∑n

i=1
Xi ≤d−Ltrl

∑n

i=1
Yi , (n = 1, 2, ...).

Proof.

We shall prove the theorem by induction. Clearly, the result is true for

n = 1. Assume that the result is true for p = n− 1, i.e.,∑n−1

i=1
Xi ≤d−Ltrl

∑n−1

i=1
Yi. (3.2)

Note that each of the two sides of (3.2) has a log-concave density (see, e.g.,

Karlin, 1968, page128). Appealing to Corollary 1, the result follows.

Let Xi, i = 1, ..., n be a collection of independent random variables. Sup-

pose that Fi and F i are the distributions and survivals functions ofXi,respectively.

Let α = (α1, ..., αn) and β = (β1, ..., βn) be two probability vectors. Let now

X and Y be two random variables having the respective survival functions

Fand G defined by

F (x) =
∑n

i=1
αiF i(x) and G(x) =

∑n

i=1
βiF i(x). (3.3)

Theorem 2.5.

Let X1, ..., Xn be a collection of independent non-negative discrete random

variables with corresponding survival functions F 1, ..., F n, such that X1 ≤d−Ltrl
X2 ≤d−Ltrl ... ≤d−Ltrl Xn and let α = (α1, ..., αn) and β = (β1, ..., βn) such that

α ≤dlr β. Let X and Y have survival functions F and G defined in (3.3). Then

X ≤d−Ltrl Y.

Proof.

Again because of (2.2), we need to establish that∑∞

i=x
qi F (i)∑∞

i=x
qi G(i)

is decreasing in x for all x ∈ N.
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∑∞

x=0
qx
∑n

i=1 βi F i(x+ t)∑∞

x=0
qx
∑n

i=1 αi F i(x+ t)
≤

∑∞

y=0
qy
∑n

i=1 βi F i(y + t)∑∞

y=0
qy
∑n

i=1 αi F i(y + t)
, for all 0 < y < x.

(3.4)

Multiplying by the denominators and canceling out equal terms it can shown

that (3.4) is equivalent to∑n

i=1

∑n

j=1
i 6=j

βiαj
∑∞

u=0
quF i(u+ x)

∑∞

v=0
qvF j(v + y)

≤
∑n

i=1

∑n

j=1
i 6=j

βiαj
∑∞

u=0
quF i(u+ y)

∑∞

v=0
qvF j(v + x),

or ∑n

i=1

∑n

j=1
i<j

[
βiαj

∑∞

u=0
quF i(u+ x)

∑∞

v=0
qvF j(v + y)

+βjαi
∑∞

u=0
quF j(u+ x)

∑∞

v=0
qvF i(v + y)

]
≤
∑n

i=1

∑n

j=1
i<j

[
βiαj

∑∞

v=0
qvF i(v + y)

∑∞

u=0
quF j(u+ x)

+ βjαi
∑∞

v=0
qvF j(v + x)dv

∑∞

u=0
quF i(u+ y)

]
.

Now, for each fixed pair (i, j) with i < j we have[
βiαj

∑∞

v=0
qvF i(v + y)

∑∞

u=0
quF j(u+ x)

+βjαi
∑∞

v=0
qvF j(v + y)

∑∞

u=0
quF i(u+ y)

]
−
[
βiαj

∑∞

u=0
quF i(u+ x)

∑∞

v=0
qvF j(v + y)

+βjαi
∑∞

u=0
quF j(u+ x)du

∑∞

v=0
qvF i(v + y)

]
=
(
βiαj − βjαi

) [∑∞

v=0
qvF i(v + y)

∑∞

u=0
quF j(u+ x)

−
∑∞

u=0
quF i(u+ x)

∑∞

v=0
qvF j(v + y)

]
,

which is non-negative because both terms are non-negative by assumption.

This completes the proof. ||

To demonstrate the usefulness of the above results in recognizing (d-Ltrl)-

ordered random variables, we consider the following examples.

Example 3.1.
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Let Xp denote the convolution of n geometric distributions with parameters

p1, p2..., pn respectively. Assume without loss of generality that p1 ≥ p2 ≥ ... ≥
pn. Since geometric mass functions are log-concave, Theorem 2.5 implies that

Xp ≤d−Ltrl Yq whenever pi ≥ qi for i = 1, ..., n.

Example 3.2.

Let Xp be as described in Example (3.1). An application Theorem 2.3

immediately yields ∑∞

i=1
αiXpi ≤d−Ltrl

∑∞

i=1
βiXpi

for every two probability vector α and β such thatα ≤dlrβ .

Another application of Theorem 2.3 is contained in following example.

Example 3.3.

Let Xp and Xq be as given in Example 3.1. For 0 ≤ θ1 ≤ θ2 ≤ 1 and

θ1 + θ2 = 1, we have

θ1Xp + θ2Xq ≤d−Ltrl θ2Xp + θ1Xq0..

4 Conclusions

In this paper, we studied some preservation properties of the discrete

Laplace transform ordering of residual lives (d-Ltrl) under some reliability op-

erations. We consider some examples to demonstrate the usefulness of the

obtained results in recognizing (d-Ltrl)-ordered random variables. Closure

properties of the decreasing discrete Laplace transform of residual life class

under convolution, k-out-of- structure, and geometric compound are interest-

ing topics, and still remain as open problems.
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