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Abstract

In this paper, we firstly investigate further properties for the fuzzy-
valued integral introduced by Zhou in [19] and then, we obtain Vitali
type convergence theorem for this kind of integral.
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1 Introduction

The topic of fuzzy-valued measures and integrals has received much attention
because of their usefulness in several applied fields like mathematical economics
and optimal control. Significant contributions in this area were made by Sto-
jaković [10], Xue, Ha and Wu [12], Park [7] and Zhou [18], etc.

In above literatures, the most often proposed fuzzy sets are fuzzy num-
bers. It is well known that the term “fuzzy numbers” are often applied instead
of “fuzzy intervals”, especially if the core of fuzzy interval is a point (like;
triangular fuzzy number). But such fuzzy numbers generalize intervals, not
numbers. Furthermore, fuzzy arithmetics inherit algebraic properties of in-
terval arithmetic, not of numbers. Hence the name “fuzzy number”, used by
many authors is debatable. To avoid this confusion, the authors [4] introduced
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a new concept in fuzzy set theory as “gradual numbers”. A gradual number
in general can not be considered as a fuzzy set of real numbers because the
mapping from the unit interval to the real line is not necessarily one to one.
However gradual numbers are equipped with the same algebraic structures as
numbers (addition is a group, etc.). In the brief time since their introduction,
gradual numbers have been employed as tools for computations on fuzzy inter-
vals, with applications to combinatorial fuzzy optimization (see, e.g., [5,6,9]),
and others (see, e.g., [1–4,8,11]). In particular, Zhou [19] recently introduced a
new fuzzy-valued integral with respect to a fuzzy-valued additive measure [16].
This paper is a continuity of [19]. In this paper, we investigate further proper-
ties for this kind of integral. we prove that the fuzzy-valued integral is a new
fuzzy-valued additive measure and obtain Vitali type convergence theorem for
this kind of integral.

The organization of the paper is as follows. In Section 2, we state some
basic results about gradual numbers, fuzzy numbers, gradual number-valued
measures, gradual number-valued integrals and fuzzy-valued measures. In Sec-
tion 3, we firstly investigate further properties for the fuzzy-valued integral.
And then, we obtain Vitali type convergence theorem for this kind of integral.

2 Preliminaries

In this section, we state some basic concepts about gradual numbers, fuzzy
numbers, gradual number-valued measures, gradual number-valued integrals
and fuzzy-valued measures.

Definition 2.1. [4] A gradual number r̃ is defined by an assignment function

Ar̃ : (0, 1]→ R.

Naturally a nonnegative gradual number is defined by its assignment function
from (0, 1] to [0,+∞).

In the sequel, r̃(α) may be substituted for Ar̃(α). The set of all grad-
ual numbers (resp. nonnegative gradual numbers) is denoted by R(I) (resp.
R∗(I)). A crisp element b ∈ R has its own assignment function b̃ : (0, 1] → R
defined by b̃(α) = b for each α ∈ (0, 1]. We call such elements in R(I) constant
gradual numbers. In particular, 0̃ (resp. 1̃) denotes constant gradual number
defined by 0̃(α) = 0 (resp. 1̃(α) = 1) for all α ∈ (0, 1].

Definition 2.2. [4] Let r̃, s̃ ∈ R(I). The arithmetic operations of r̃ and s̃
are defined as follows:

(1) (r̃ + s̃)(α) = r̃(α) + s̃(α), ∀α ∈ (0, 1];
(2) (r̃ − s̃)(α) = r̃(α)− s̃(α), ∀α ∈ (0, 1];
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(3) (r̃ · s̃)(α) = r̃(α) · s̃(α), ∀α ∈ (0, 1];

(4)
(
r̃
s̃

)
(α) =

r̃(α)
s̃(α)

, if s̃(α) 6= 0,∀α ∈ (0, 1].

In the following, we describe some basic results for fuzzy numbers. A fuzzy
number is a normal, convex, upper semicontinuous and compactly supported
fuzzy set on R. In the sequel, let Fc(R) denote the family of all fuzzy numbers.
According to Fortin and Dubois and Fargier [4], a fuzzy number Ã can be
viewed as a particular gradual interval Ã = [ã−, ã+], where ã− and ã+ are
defined by

ã−(α) = inf{x : Ã(x) ≥ α} and ã+(α) = sup{x : Ã(x) ≥ α}

for each α ∈ (0, 1], respectively. A crisp interval A = [a−, a+] can be regarded
as a degenerate fuzzy number bounded by two constant gradual numbers and
a gradual number r̃ as a degenerate fuzzy number {r̃}. We call that Ã is a
nonnegative fuzzy number if ã−(α) ≥ 0 for each α ∈ (0, 1]. Let F ∗

c (R) denote
the set of all nonnegative fuzzy numbers.

Note that the boundaries of fuzzy numbers are real numbers, the boundaries
of fuzzy numbers are gradual numbers. Thus, in the same way as defining crisp
interval, we can define relation, sum and scalar multiplication on the space of
fuzzy numbers as follows: Let Ã = [ã−, ã+] and B̃ = [b̃−, b̃+] be in Fc(R) and
γ ∈ R. Define

(1) Ã = B̃ if and only if ã− = b̃− and ã+ = b̃+;
(2) Ã � B̃ if and only if ã− � b̃− and ã+ � b̃+.
(3) Ã⊕ B̃ = [ã− + b̃−, ã+ + b̃+];
(4) γÃ = [γã−, γã+] if γ ≥ 0 and γÃ = [γã+, γã−] if γ < 0.

Definition 2.3. [14] Let Ã = [ã−, ã+] and B̃ = [b̃−, b̃+] be in Fc(R). Define

d̃H(Ã, B̃) = max
{
|ã− − b̃−|, |ã+ − b̃+|

}
.

We call d̃H gradual Hausdorff metric on Fc(R). In particular, we define ‖Ã‖ =
d̃H(Ã, 0̂) = max{|ã−|, |ã+|}, where 0̂ is the fuzzy number {0̃}.

Definition 2.4. [14] Let {Ãn}n∈N ⊆ Fc(R) and Ã ∈ Fc(R). We call that
{Ãn}n∈N converges to Ã with respect to the gradual Hausdorff metric d̃H if
and only if

lim
n→∞

d̃H(Ãn, Ã) = 0̃.

We denote it by limn→∞ Ãn = Ã or Ãn
d̃H−−→ Ã.

Theorem 2.5. [14] Let {Ãn}n∈N ⊆ Fc(R). {Ãn}n∈N converges to fuzzy
number Ã with respect to d̃H if and only if ã−n converges to ã− and ã+n converges
to ã+ simultaneously.
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Definition 2.6. [13] Let (X,A ) be a measurable space. A mapping m̃ :
A → R∗(I) is called a gradual number-valued measure if it satisfies the fol-
lowing two conditions:

(1) m̃(∅) = 0̃;
(2) if A1, A2, . . . are in A , with Ai ∩ Aj = ∅ for i 6= j, then

m̃

(
∞⋃
i=1

Ai

)
=
∞∑
i=1

m̃(Ai).

The second condition is called countable additivity of the gradual number-
valued measure m̃. We say that (X,A , m̃) is a gradual number-valued measure
space.

Definition 2.7. [16] Let (X,A ) be a measurable space. A mapping M̃ :
A → F ∗

c (R) is called a fuzzy-valued additive measure if it satisfies the follow-
ing two conditions:

(1) M̃(∅) = 0̂;
(2) M̃ (

⋃∞
n=1An) =

⊕∞
n=1 M̃(An) exists for any sequence {An}n∈N of dis-

joint measurable sets.
The second condition is called countable additivity of the fuzzy-valued

measure M̃. We say that (X,A ,M̃) is a fuzzy-valued measure space.

Theorem 2.8. [16] Let (X,A ) be a measurable space and M̃ : A →
F ∗
c (R) a mapping. M̃ is a fuzzy-valued measure if and only if M̃−,M̃+ :

A → R∗(I) defined by

M̃−(A) =
(
M̃(A)

)−
and M̃+(A) =

(
M̃(A)

)+
are two gradual number-valued measures.

Definition 2.9. [17] Let (X,A , m̃) be a gradual number-valued measure
space, f : X → R(I) a gradual number-valued measurable function and A ∈
A . The gradual number-valued integral

∫̃
A
f dm̃ : (0, 1] → R(I) of f with

respect to m̃ on A is defined as follows:(∫̃
A

f dm̃

)
(α) =

∫
A

fα dm̃α, ∀α ∈ (0, 1].

Definition 2.10. [19] Let (X,A ,M̃) be a fuzzy-valued measure space, f :
X → R(I) a gradual number-valued measurable function and A ∈ A . We call

that f is integrable with respect to M̃ on A if there exists
∫̃
A
f dM̃ ∈ Fc(R)

such that ∫̃
A

f dM̃ =

[∫̃
A

f dM̃−,

∫̃
A

f dM̃+

]
.
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For more details on gradual numbers, fuzzy numbers, gradual number-
valued measures, gradual number-valued integrals and fuzzy-valued measures,
we refer the reader to [3, 4, 6, 9, 13, 14,16,17].

3 Main Results

One of the important properties of integrals is that the indefinite integral of
an integrable function is a new measure. We would like to extend the result
to the fuzzy-valued integral as follows.

Theorem 3.1. Let (X,A ,M̃) be a fuzzy-valued measure space, f : X →
R(I) a non-negative gradual number-valued measurable function and f be in-
tegrable with respect to M̃. Then M̃′ : A → Fc(R) defined by

M̃′(A) =

∫̃
A

f dM̃, ∀A ∈ A

is a new fuzzy-valued additive measure.

Proof. Since f is integral with respect to M̃, according to Definition 2.10,

there exists M̃′(A) =
∫̃
A
f dM̃ ∈ Fc(R) such that

M̃′(A) =

∫̃
A

f dM̃ =

[∫̃
A

f dM̃−,

∫̃
A

f dM̃+

]
.

Also, since f is non-negative and M̃− ∈ R∗(I) ,
∫̃
A
f dM̃− ∈ R∗(I). It follows

that M̃′(A) =
∫̃
A
f dM̃ ∈ F ∗

c (R).

To end this proof, we use Theorem 2.8 to prove that

M̃′−(A) =

∫̃
A

f dM̃− and M̃′+(A) =

∫̃
A

f dM̃+

are two new gradual number-valued measure respectively. Firstly, since M̃ is
a fuzzy-valued additive measure, M̃− and M̃+ are two gradual number-valued
measures. It follows that M̃−(∅) = 0̃ and M̃+(∅) = 0̃ respectively. Therefore,
according to Theorem 3.3 [17], we have

M̃′−(∅) =

∫̃
∅
f dM̃− = 0̃ and M̃′+(∅) =

∫̃
∅
f dM̃+ = 0̃.

If A1, A2, . . . are in A , with Ai ∩Aj = ∅ for i 6= j, then for each α ∈ (0, 1], we
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have

M̃′−
α

(
∞⋃
i=1

Ai

)
=

∫̃
∞⋃
i=1

Ai

fα dM̃−
α

=
∞∑
i=1

∫
Ai

fα dM̃−
α

=
∞∑
i=1

[(∫
Ai

f dM̃−
)

(α)

]
=

∞∑
i=1

M̃′−
α (Ai).

It follows from Theorem 3.5 [13] that M̃′− is a new gradual number-valued
measure. Use the same manner as above, we can show that M̃′+ is also a
new gradual number-valued measure. Hence, by Theorem 2.8, we prove that
M̃′ : A → Fc(R) is a new fuzzy-valued additive measure. This completes the
proof.

Definition 3.2. Let M̃ : A → Fc(R) be a fuzzy-valued measure.
(1) We say that M̃ is µ-continuous if for arbitrary A ∈ A , µ(A) = 0, then

M̃(A) = 0̂.
(2) For A ∈ A we define

|M̃|(A) = sup
n∑
i=1

‖M̃(Ai)‖,

where the supremum is taken over all finite measurable partitions {A1, . . . , An}
of A. |M̃| is called the total variation of M̃. If |M̃|(X) < ∞, then we say
that M̃ is of bounded variation.

Theorem 3.3. Let M̃ : A → Fc(R) be a fuzzy-valued measure. Then M̃
is µ-continuous if and only if M̃− and M̃+ are µ-continuous simultaneously.

Proof. Necessity. Suppose that M̃ is µ-continuous. For arbitrary A ∈ A ,
if µ(A) = 0, then M̃(A) = 0̂, which implies that M̃−(A) = 0̃ and M̃+(A) = 0̃.
This follows that M̃− and M̃+ are µ-continuous simultaneously.

On the contrary, we prove the sufficiency. Suppose that M̃− and M̃+

are µ-continuous simultaneously. For arbitrary A ∈ A , if µ(A) = 0, then
M̃−(A) = 0̃ and M̃+(A) = 0̃, which implies that M̃(A) = 0̂. Therefore, M̃ is
µ-continuous. This completes the proof.

Theorem 3.4. Let (X,A ,M̃) be a fuzzy-valued measure space. Then the
total variation |M̃|(A) = sup

∑n
i=1 ‖M̃(Ai)‖ of M̃ is a gradual number-valued

measure.
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Proof. Let α ∈ (0, 1], A ∈ A and {A1, . . . , An} is a finite measurable
partition of A. Then for each α ∈ (0, 1], we have

|M̃|α(A) =

(
sup

n∑
i=1

‖M̃(Ai)‖

)
(α)

= sup
n∑
i=1

(
‖M̃(Ai)‖(α)

)
= sup

n∑
i=1

max
{
|M̃−(Ai)(α)|, |M̃+(Ai)(α)|

}
= sup

n∑
i=1

max
{
|M̃−

α (Ai)|, |M̃+
α (Ai)|

}
.

Since M̃−
α and M̃+

α are two classical measures, |M̃|α is a classical measure
for each α ∈ (0, 1]. It follows from Theorem 3.5 [13] that |M̃| is a gradual
number-valued measure. This completes the proof.

Theorem 3.5. Let M̃ : A → F ∗
c (R) be a fuzzy-valued measure and let f

and g be integrable with respect to M̃. Then we have

d̃H

(∫̃
X

f dM̃,

∫̃
X

g dM̃

)
�
∫̃

X

|f − g| d|M̃|.

Proof. Since f and g are integrable with respect to M̃, then we have∫̃
X

f dM̃ =

[∫̃
X

f dM̃−,

∫̃
X

f dM̃+

]
and ∫̃

X

g dM̃ =

[∫̃
X

g dM̃−,

∫̃
X

g dM̃+

]
.

It follows that ∣∣∣∣∣
∫̃

X

f dM̃− −
∫̃

X

g dM̃−

∣∣∣∣∣ �
∫̃

X

|f − g| dM̃−

�
∫̃

X

|f − g| d|M̃|

and ∣∣∣∣∣
∫̃

X

f dM̃+ −
∫̃

X

g dM̃+

∣∣∣∣∣ �
∫̃

X

|f − g| dM̃+

�
∫̃

X

|f − g| d|M̃|.
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Therefore we have

d̃H

(∫̃
X

f dM̃,

∫̃
X

g(ω) dM̃

)

= max

{∣∣∣∣∣
∫̃

X

f dM̃− −
∫̃

X

g dM̃−

∣∣∣∣∣ ,
∣∣∣∣∣
∫̃

X

f dM̃+ −
∫̃

X

g dM̃+

∣∣∣∣∣
}

�
∫̃

X

|f − g| d|M̃|.

This completes the proof.

Definition 3.6. Let m̃ be a gradual number-valued measure and {fn}n∈N
a sequence of gradual number-valued measurable functions.

(1) {fn}n∈N is uniformly integrable with respect to m̃ if and only if {(fn)α}n∈N
is uniformly integrable with respect to m̃α for each α ∈ (0, 1].

(2) limn→∞ fn = f m̃-almost everywhere if and only if limn→∞(fn)α = fα
m̃α-almost everywhere for each α ∈ (0, 1].

In the following, we give the Vitali type convergence theorem for the fuzzy-
valued integral.

Theorem 3.7. Let M̃ : A → F ∗
c (R) be a fuzzy-valued measure. f, fn, n ∈

N, are integrable with respect to |M̃| such that {fn}n∈N is uniformly integrable
with respect to |M̃| and limn→∞ fn = f |M̃|-almost everywhere. Then

lim
n→∞

d̃H

(∫̃
X

fn dM̃(ω),

∫̃
X

f dM̃

)
= 0̃

Proof. By Definition 3.1 [15], for each α ∈ (0, 1], fα and (fn)α are classical
measurable functions. Since f, fn, n ∈ N, are integrable with respect to |M̃|
such that {fn}n∈N is uniformly integrable with respect to |M̃| and limn→∞ fn =
f |M̃|-almost everywhere, we have fα, (fn)α, n ∈ N, are integrable with respect
to |M̃|α such that {(fn)α}n∈N is uniformly integrable with respect to |M̃|α
and limn→∞(fn)α = fα |M̃|α-almost everywhere for each α ∈ (0, 1]. Then,
by the classical Vitali type convergence theorem, for each α ∈ (0, 1], we have∫
X
|fn − f |α d|M̃α| → 0 as n→ +∞. It follows that∫̃

X

|fn − f | d|M̃| → 0̃

as n→ +∞. Therefore,
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d̃H

(∫̃
X

fn dM̃(ω),

∫̃
X

f dM̃

)
�
∫̃

X

|fn − f | d|M̃| → 0̃,

which implies that

lim
n→∞

d̃H

(∫̃
X

fn dM̃(ω),

∫̃
X

f dM̃

)
= 0̃

This completes the proof.

Conclusion. In the present paper we investigate further properties for inte-
grals of gradual number-valued functions with respect to a fuzzy-valued ad-
ditive measure. In all applications which involve measure and integral, when
measurement or data are fuzzy-valued, the structure defined in [19] and prop-
erties in this paper can be applied. There are some directions for further
investigation connected with this topic, such as integral inequalities for this
kind of integral, application in economy.
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