
International Journal of Mathematical Analysis
Vol. 12, 2018, no. 4, 199 - 207

HIKARI Ltd, www.m-hikari.com
https://doi.org/10.12988/ijma.2018.8216

On Orthogonal Double Cover of Extended Complete

and Extended Complete Bipartite Graphs

R. El-Shanawany1, A. El-Mesady1 and S. M. Shaaban2,3

1 Faculty of Electronic Engineering
Department of Physics and Engineering Mathematics

Menoufia University, Menouf, Egypt
Corresponding author: R. El-Shanawany

2 Department of Electrical Engineering
Northern Border University, Arar 1321, Saudi Arabia

3 Department of Engineering Basic Sciences
Menoufia University, Shebin El-Kom, 32511, Egypt

Copyright c© 2018 R. El-Shanawany, A. El-Mesady and S. M. Shaaban. This article is

distributed under the Creative Commons Attribution License, which permits unrestricted

use, distribution, and reproduction in any medium, provided the original work is properly

cited.

Abstract

In this paper, we present the orthogonal double covers for the ex-
tended complete and complete bipartite graphs.
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1 Introduction

Graphs serve as mathematical models to solve several real world problems.
Many problems in communication science, computer technology, physics, ge-
netics, chemistry, and sociology are considered problems in the graph theory.
Also, many areas of mathematics, such as a matrix theory, a group theory, a
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topology, and probability, have strong relations with the graph theory.There
are many types of decomposition problems, such as, clique decomposition [1, 2],
claw decomposition [3, 4] and so on. Some of them, are used for construc-
tion schemes of design experiments in statistics. The graph decomposition
was introduced by Steiner in the mid-19th century, who defined the Steiner
triple systems [5], from this time, there are several papers concerned with
the graph decomposition, and the researchers partially solved the problem
with new results. Wilson mentioned the necessary conditions for the complete
graph decomposition in the fundamental theorem of this subject, see [6]. For
the decompositions of the complete graphs by specific graphs ( trees, complete
graphs, caterpillars, paths, and cycles), a large number of research papers was
indeed devoted. For a survey on the topic see e.g. [7, 8], see also [9, 10] which
introduced some results for the orthogonal double covers of complete bipartite
graphs by different graph classes.

2 Orthogonal Double Cover and The Extended

Complete Bipartite Graphs

The previous results motivated us to the following. If we have two graphs
H and Kn,n. Then the extended complete bipartite graph denoted by Kn,n(H)
is defined as the graph obtained by replacing each edge in Kn,n by an isomor-
phic graph to H where |E(Kn,n(H))| = n2 |E((H)|. In this paper, we study
the extended complete and complete bipartite graphs decomposition, which is
the case where Kn,n(H) may contain multiple edges. The multigraphs decom-
position problem is hard in general and the definition introduced for Kn,n(H) a
helping tool for finding the decomposition of the multigraphs.

Let the vertices of normal Kn,n be labeled by the elements of
Zn× Z2, where Zn = {0, 1, ..., n− 1} is an additive group of order n, such that
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{ui, wi} 6∈ E(Kn,n) for u,w ∈ Zn and fixed i ∈ Z2 ( i.e., Zn×{0} and Zn×{1}
are two independent sets of vertices). In Kn,n(H), there are three independent
classes of vertices, B, C, and D where

I. B = {Bi : (i, r, 0) = ir0 ∈ Bi, i ∈ Zn, r ∈ Zk},

II. C = {Cj : (j, s, 1) = js1 ∈ Cj, j ∈ Zn, s ∈ Zm}, and

III. D = {Di,j : di,j ∈ Di,j, d ∈ Zl, i, j ∈ Zn},

where ir0 , jr1 , and di,j are the vertices in the setsBi, Cj, andDi,j respectively.
The labeling of the sets Bi and Cj is governed by f(Bi) = i × {0}, g(Cj) =
j × {1}; i, j ∈ Zn. The extended complete bipartite graph Kn,n(H) contains
a set of n2 links A = {Ai,j : i, j ∈ Zn}, where Ai,j refers to the link between
the two sets Bi and Cj, and each link Ai,j in Kn,n(H) corresponding to one
edge in the normal Kn,n this means that there is ψ : A → H defined by
ψ(Ai,j) = HBi,Cj

, where ψ is a bijective mapping and H = {HBi,Cj
: i, j ∈ Zn}

is a collection of n2 isomorphic graphs. Each graph HBi,Cj
has two independent

sets of vertices, Bi, Cj and the third set Di,j. See Figure 1 for more illustration
to HBi,Cj

and Figure 2 to know the difference between K2,2 and K2,2(C4). Also,
see K2,2(P3(C4)) in Figure 3, K2,2(K4) in Figure 4 and the 3 −multigraph in
Figure 5, where the n −multigraph is graph obtained by replacing each edge
in Kn,n by n egdes connecting the two vertices which are connected by a one
edge in Kn,n.

For the definition of orthogonal double cover (ODC) of the extended com-
plete bipartite graph Kn,n(H), let the graph Kn,n(H) be the graph obtained
from Kn,n by replacing each edge in it by the graph H (called link). A col-
lection G ={Gγ : γ ∈ Zn × Z2} of 2n subgraphs -called pages- of Kn,n(H) is
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called an orthogonal double cover of Kn,n(H) if there exists a bijective map-
ping φ : Zn × Z2 → G such that: (i) Double cover property means that every
link of Kn,n(H) is contained in exactly two pages of the collection, (ii) Or-
thogonality property means that for every choice of different sets P,Q whose
labeling belongs to Zn × Z2,

|E(φ(P )) ∩ E(φ(Q))| =
{
|E(H)| if P,Q are adjacent,

0 otherwise,
where P,Q are adjacent (there is, a graph H between them). If any two pages
of G are isomorphic, i.e. Gγ

∼= G for all γ ∈ Zn × Z2, then G is an ODC of
the extended complete bipartite graph Kn,n(H) by G. Also, (for the extended
complete bipartite graph) the double cover property forces the graph G to
contain exactly n |E(H)| edges.

The following definition introduces the translation meaning for the edges
in G. The translation is a helping tool for finding the ODC of the extended
complete bipartite graphs.

Definition 1 Let G be a subgraph of Kn,n(H) with n |E(H)| edges, α ∈
Zn. Then the graph Gα= G+α is called the α-translate of G. Translation
method for any page in the ODC of Kn,n(H) is defined in Table 1, where
i, j, p, q, x, y, α ∈ Zn, a, b ∈ Zl, β ∈ Zk and γ ∈ Zm. The union of the graph
G and its translates give a decomposition for Kn,n(H). Two orthogonal decom-
positions for Kn,n(H) give its ODC.

Edge in G α Translate(
iβ0
, jγ1

)
∈ Bi × Cj

(
(i+ α)β0

, (j + α)γ1
)(

iβ0
, bx,y

)
∈ Bi ×Di,j

(
(i+ α)β0

, bx+α,y+α
)

(ap,q, bx,y) ∈ Di,j ×Di,j (ap+α,q+α, bx+α,y+α)(
jγ1 , bx,y

)
∈ Cj ×Di,j

(
(j + α)γ1 , bx+α,y+α

)
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Table 1.

From the definition of the extended complete bipartite graph and its ODC,
it is easily to prove the following theorem.

Theorem 2 If there is an ODC of Kn,n by a certain graph G. Then there is
an ODC of Kn,n(H) by G(H).

Corollary 3 [11] Let n be a positive integer. Then there is an ODC of Kn,n

by K1,n.

Using Corollary 3 and our notion of finding the extended graph Kn,n(H) and
its ODC, we can get the following results.

1. ODC of Kn,n(C4) by K1,n(C4), for more illustration see the ODC of
K2,2(C4) by K1,2(C4) in Figure 6.

2. ODC of Kn,n(P3(C4)) by K1,n(P3(C4)), for more illustration see the ODC
of K2,2(P3(C4)) by K1,2(P3(C4)) in Figure 7.

3. ODC of Kn,n(K4) by K1,n(K4), for more illustration see the ODC of
K2,2(K4) by K1,2(K4) in Figure 8.

4. ODC of the multigraph, for more illustration see Figure 9.

3 Orthogonal Double Cover and The Extended

Complete Graphs

Let H be a certain graph, then the extended complete graph Kn(H) has a set
of n2−n

2
links A = {Aij : Aij = Aji, i 6= j and i, j ∈ Zn} where Aij refer to the

link between the two sets i and j, also there is a bijective mapping, ψ : A → H
defined by ψ(Aij) = Hij, where H = {Hij : Hij = Hji, i 6= j and i, j ∈ Zn} is

a collection of n2−n
2

graphs, each one is isomorphic to the graph H.

In general, the extended complete graph, Kn(H) has two classes of vertices
B and D, where

I. B = {Bi : i ∈ Zn} and

II. D = {Di,j : i 6= j, i, j ∈ Zn}.
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The labeling of each Bi is governed by f(Bi) = i and each Bi contains a
set of k vertices labeled by ip where p ∈ Zk, also, each Di,j contains a set of
l vertices labeled by qi,j where q ∈ Zl. See Figure 10 for more illustration to
HBi,Bj

and Figure 11 to know the difference between K3 and K3(C4).
For the definition of ODC of the extended complete graph, Kn(H). Let

Kn(H) be the extended complete graph defined above. A collection G ={Gi :
i ∈ Zn} of n subgraphs (called pages) of Kn(H) is called an orthogonal double
cover of Kn(H) if there exists a bijective mapping φ : B → G such that:

(i) Double cover property:
Every link in Kn(H) contains in exactly two of the pages.

(ii) Orthogonality property:
For every choice of two different sets Bi, Bj ∈ B,

|E(φ(Bi)) ∩ E(φ(Bj))| =
{
|E(H)| if Bi, Bj are adjacent,

0 otherwise.
Note: Bi, Bj are adjacent, i.e., there is a graph H between them.
If all the pages of G are isomorphic (Gi

∼= G) for all i ∈ Zn, then G is an
ODC of the extended complete Graph Kn(H) by G. Also, the double cover
property forces the graph G containing exactly (n − 1) |E(H)| edges. The
following definition introduces the translation meaning for the edges in G. The
translation is a helping tool for finding the ODC of the extended complete
graphs.

Definition 4 Let G be a subgraph of Kn(H) with (n−1) |E(H)| edges and α ∈
Zn, then the graph Gα= G+α is called the α translate of G. Translation
method for any page G in the ODC of Kn(H) is defined in Table 2; i, p, q, x, y, α ∈
Zn, a, b ∈ Zl, and β ∈ Zk. The union of the graph G and its translates give
the ODC for Kn(H).

Edge in G α translate
(iβ, bx,y) ∈ Bi ×Di,j ((i+ α)β, bx+α,y+α)

(ap,q, bx,y) ∈ Di,j ×Di,j (ap+α,q+α, bx+α,y+α)

Table 2.

From the definition of the extended complete graph and its ODC, it is
easily to prove the following theorem.

Theorem 5 If there is an ODC of Kn by a certain graph G. Then there is an
ODC of Kn(H) by G(H).

For more illustration, see Figure 12 to know the difference between ODC
of K3 by S2 and ODC of K3(C4) by K1,2(C4).
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4 Conclusion

In this paper, we presented a new definition concerned with the extended
complete and complete bipartite graphs and their orthogonal double covers.
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