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Abstract

A continuous linear operator T : E → F is called strictly singular if it cannot
be invertible on any infinite dimensional closed subspace of its domain. In this note
we discuss sufficient conditions and consequences of the phenomenon LB(E,F ) =

Ls(E,F ), which means that every continuous linear bounded operator defined on E

into F is strictly singular.
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1. Introduction and first results

A continuous linear operator mapping a locally convex space (lcs) E into a
lcs F is said to be bounded if it maps a neighborhood of the origin of E into
a bounded subset of F . If E or F is a normed space, then every continuous
linear operator between E and F is bounded. A continuous linear operator
T : E → F is called strictly singular if it fails to be invertible on any infinite
dimensional closed subspace of E. On the class of Banach spaces, Kato [13]
introduced strictly singular operators in connection with perturbation theory of
Fredholm operators. A compact operator is strictly singular, while the converse
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is not true in general. In terms of lcs’s, van Dulst first [26], [27] studied strictly
singular operators on Ptak (or B-complete) spaces and generalized Hilbert
spaces. Wrobel [28] characterized strictly singular operators on lcs’s for the
class of Br-complete spaces. Ls(X, Y ) is an operator ideal, if the pair (X, Y )
belongs to the class of Banach spaces. As proved in [5], this is not the case
when it belongs to the class of general lcs’s. However, each of the classes
of bounded strictly singular operators LBs(E,F ) and of compact operators
Lc(E,F ) forms an operator ideal in lcs’s. By [22], for Fréchet spaces E and
F , LBs(E,F ) = Ls(E,F ) if F has the property (y). If E contains `1 as a
quotient, then LBs(E,F ) 6= Ls(E,F ).

Lemma 1. Let E and F be lcs’s where E is Br-complete. Then, Ls(E,F )
forms an operator ideal.

Proof. Suppose that T : E → F and S : E → F are strictly singular operators.
Then, for any M ≤ E, by [28, Theorem 1-IV], find N ≤ M such that T |N
is precompact. Then find P ≤ N such that S|P is precompact. The ideal
property of precompact operators on lcs’s yields the result. �

We give the following proposition as an application of operator ideal property
of strictly singular operators on Br-complete lcs’s. It is a generalization of [1,
Problem 4.5.2], and in particular, it is also true when re-stated for bounded
strictly singular operators acting on general lcs’s.

Proposition 1. Let E :=
⊕nEi and F :=

⊕m Fj be lcs’s where E is Br-
complete. Then, T : E → F is strictly singular iff each of Tij : Ei → Fj is
strictly singular for each i = 1, 2, . . . , n and for each j = 1, 2, . . . ,m.

Proof. Assume that each Tji is strictly singular. Let πi : E → Ei be the
canonical projection and define ρj : Fj → F by ρyj = 0⊕0⊕· · ·⊕0⊕yj⊕0⊕· · ·⊕
0, for which yj is the j-th summand. Consider E πi−→ Ei

Tji−→ Fj
ρj−→ F , and write

Sji := ρj◦Tji◦πi. Then Sji(x1⊕x2⊕· · ·⊕xn) = 0⊕0⊕· · ·⊕0⊕Tjixi⊕0⊕· · ·⊕0,
where Tji is the j-th summand. By Lemma 1 and rewriting T =

∑n
i=1

∑m
j=1 Sji,

T is strictly singular. For the converse, let T ∈ Ls(E,F ), and suppose that
the operator Tji is not strictly singular for some i, j, and forM ≤ E, r ∈ I and
s ∈ J , Nrs(T |M) := sup{qs(Tx) : pr(x) ≤ 1, x ∈ M}. Then by [20, Theorem
2.1], for any M ≤ Ei and for some s ∈ J , Nrs(T |N) > ε, for all r ∈ I. If we
write M̂ := {0} ⊕ {0} ⊕ · · · ⊕M ⊕ {0} ⊕ · · · ⊕ {0} where M places in the i-th
summand, M̂ is a vector subspace of X. Nrs(τM̂) > ε, for all r ∈ I. But, that
contradicts the assumption T is strictly singular. �

Every compact operator is clearly bounded. If we replace compactness with
strict singularity, the results in [22], [29] and [25] show that a strictly singu-
lar operator T : E → F between lcs’s cannot be unbounded, since such an
assumption leads to a contradiction with the well-known result of Bessaga,
Pelczynski, and Rolewicz [2]. In Section 2 we survey the additional hypotheses
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under which a bounded operator between two lcs’s is automatically strictly
singular.

2. Strict singularity of bounded operators

In this part, the additional hypotheses for strict singularity of a bounded
operator will be introduced. Our starting point will be the class of Banach
spaces. Applications of [7, Lemma 2] shall yield that some of these results are
meaningful on the class of lcs’s. In a particular case, to obtain a characteriza-
tion (Theorem 3) is possible. The most commonly known non-trivial example
for L(X, Y ) = Ls(X, Y ) in Banach spaces is when X = `p and Y = `q such
that 1 ≤ p < q < ∞. This phenomenon was essential in the isomorphic clas-
sification of Cartesian products of power series spaces [7], and in the problem
whether the sum of two complemented subspaces is also complemented [15] (if
X and Y be complemented subspaces of E then, X + Y is a complemented
subspace of E if LB(X, Y ) = Ls(X, Y )). A Banach space X is said to possess
the Schur property (SP) if every weakly convergent sequence in X converges in
norm. X is called almost reflexive, if every bounded sequence is weakly Cauchy.
X is called weakly sequentially complete (wsc) if every weakly Cauchy sequence
in X is weakly convergent. X is said to have the Dieudonné property (DP)
if operators on X mapping weakly Cauchy sequences into weakly convergent
sequences are weakly compact.

A pair of Banach spaces (X, Y ) is called totally incomparable if there exists
no Banach space Z which is isomorphic to a subspace of X and to a subspace
of Y . A property P on a Banach space X is called hereditary if it is enjoyed
by every M ≤ X. X is said to have nowhere P if it has no subspace having
the property P . By Lw and Lv we denote the classes of weakly compact and
completely continuous (or fully complete) operators, respectively. A Banach
space X is said to have the Dunford-Pettis property (DPP) if Lw(X, Y ) ⊆
Lv(X, Y ), for any Banach space Y . X is said to have the reciprocal Dunford-
Pettis property (rDPP), if Lv(X, Y ) ⊆ Lw(X, Y ).

Lemma 2. Let X and Y be Banach spaces.

1. Let X be almost reflexive. Then, for any wsc Banach space Y , L(X, Y ) =
Ls(X, Y ).

2. Let X have DP, and let Y be wsc. Then, L(X, Y ) = Lw(X, Y ).
3. Let Y be almost reflexive. Then L(X, Y ) = Lv(X, Y ) implies L(X, Y ) =
Ls(X, Y ).

4. Let X be a Banach space with SP. Then, for every M ≤ X, `1 ↪→M .

Proof. 1. Since X is almost reflexive, if (xn) is a bounded sequence in X, then
(Txn) has a weakly Cauchy sequence in Y . But Y is wsc, that is, every
weakly Cauchy sequence converges weakly in Y . Therefore, T is weakly
compact.
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2. Let (xn) ∈ X be weakly Cauchy, and let T ∈ L(X, Y ). Then (Txn) is weakly
Cauchy in Y . Since Y is assumed to be wsc, (Txn) converges weakly. But
X has DP, so T ∈ Lw(X, Y ).

3. See [16, Theorem 1.7].
4. Let X have the SP and suppose there exists M ≤ X not containing `1.

Then, any bounded sequence (xn) in M , has a weakly Cauchy subsequence
since M is equivalently almost reflexive. However, M inherits SP. Then the
weakly Cauchy subsequence of (xk) converges in X. Therefore, M is finite
dimensional. Contradiction.

�

Theorem 1. Let X and Y be Banach spaces. Each of the following implies
L(X, Y ) = Ls(X, Y ).
1. X and Y are totally incomparable.
2. X is nowhere reflexive, Y is reflexive.
3. X is nowhere reflexive, Y is quasi-reflexive.
4. X is almost reflexive and nowhere reflexive, Y is wsc (see Example 1).
5. Y has hereditary P , X has nowhere P .
6. Y is almost reflexive, X is hereditarily-`1.
7. X has SP, Y is almost reflexive.
8. X is reflexive, Y has SP.
9. X has the hereditary DPP, Y is reflexive.
10. L(X, Y ) = Lw(X, Y ) and X has DPP.
11. L(X, Y ) = Lv(X, Y ) and X has rDPP.
12. X is a Grothendieck space with DPP, Y is separable.
13. X has both DP and DPP, Y is wsc (see Example 1).

Proof. 1. Suppose T : X → Y is a non-strictly singular operator. So find
M ≤ X on whichM ' T (M) ≤ Y . SinceX and Y are totally incomparable,
this is impossible.

2. See [10, Theorem b]. This result is generalized in part 5.
3. Suppose there exists a non-strictly singular operator T ∈ L(X, Y ). Then,
T is an isomorphism when restricted to M ≤ X, so M is quasi-reflexive.
However, by [12, Lemma 2] there exists a reflexive N ≤M . This contradicts
the assumption X is nowhere reflexive.

4. By part 1 of Lemma 2, L(X, Y ) = Lw(X, Y ). Now let T : X → Y which
has a bounded inverse onM ≤ X. If (xn) is a bounded sequence inM , then
there exists (Txkn) a weakly convergent subsequence of (Txn) in Y . Hence
(xkn) is weakly convergent in M , since T has a bounded inverse on M .
Thus, every bounded sequence in M has a weakly convergent subsequence
in M . So M is reflexive. Contradiction.

5. For some M ≤ X suppose there exists T : X → Y such that M ' T (M).
But T (M) inherits P . Hence M has P . This contradicts X has nowhere P .
Now let S : Y → X be such that N ' S(N) ⊆ X for some N ≤ Y . Since
X has nowhere P , S(N) does not enjoy P . Contradiction.
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6. A particular case of part 5.
7. Any operator T with range Y maps bounded sequences into weakly Cauchy

sequences, since Y is almost reflexive. On the other hand, any such T de-
fined on X maps weakly Cauchy sequences into norm convergent sequences
by the SP. That implies L(X, Y ) = Lv(X, Y ). Hence by part 3 of Lemma 2
the result follows.

8. Let T ∈ L(X, Y ) have a bounded inverse on some M ≤ X, that is, M '
T (M). Since Y have SP, it also has the hereditary DPP [6]. Hence so does
M . ButM is reflexive. By [14, Theorem 2.1], reflexive spaces have nowhere
DPP. Contradiction.

9. Let M ≤ X on which an arbitrary operator T : X → Y has a bounded
inverse. Then, M ' T (M). So, M is reflexive. Hence M cannot have DPP.
Contradiction.

10. Since X has DPP, L(X, Y ) ∈ Lv(X, Y ). Then, by [16, Theorem 2.3], the
result follows.

11. Since X has the rDPP and L(X, Y ) = Lv(X, Y ), T ∈ Lv ∩ Lw. By [16,
Theorem 2.3], we are done.

12. By [21, Theorem 4.9], any such operator T : X → Y is weakly compact.
Since X has the DPP, T is completely continuous. By part 10, we reach the
result.

13. By part 2 of Lemma 2, L(X, Y ) = Lw(X, Y ). X possesses the DPP, so
L(X, Y ) = Lv(X, Y ). By [16, Theorem 2.3], the proof is completed.

�

Example 1. Note that the non-reflexive space c0 is almost reflexive. Suppose
there exists a reflexive subspace E of c0. Since c0 fails SP, it is not isomorphic
to any subspace of E. But this contradicts [17, Proposition 2.a.2]. The space
C(K), where K is a compact Hausdorff space enjoys both DP [11], and DPP
[14].

Corollary 1. Let X, Y,W,Z be Banach spaces. Then,

1. If X ′, Y ′, Z ′ have SP and W is almost reflexive, every operator defined on
(X⊗̂πY )′ into W ⊗̂πZ is strictly singular.

2. If X and Y are reflexive spaces one of which having the approximation
property, L(X, Y ′) = Lc(X, Y

′), W and Z have SP, then every operator
defined on X⊗̂πY into W ⊗̌εZ is strictly singular.

3. If X is almost reflexive and Y is almost reflexive and has DPP, then every
operator defined on X⊗̂πY into `1 is strictly singular.

Proof. 1. By [16, Corollary 1.6], L(W,Z ′) = Lc(W,Z
′). So by [9, Theorem

3] we deduce W ⊗̂πZ is almost reflexive. On the other hand, by [23, The-
orem 3.3(b)] we reach that L(X, Y ′) has SP. But in [24] it is proved that
L(X, Y ′) ' (X⊗̂πY )′. So (X⊗̂πY )′ has SP. Therefore, Thorem 1 part 7
yields the result.
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2. By [24, Theorem 4.21], X⊗̂πY is reflexive. By [18], SP respects injective
tensor products. So W ⊗̌εZ has SP. Then, part 8 of Theorem 1 finishes the
proof.

3. By [6], Y ′ has SP. Then by [16, Corollary 1.6], L(X, Y ′) = Lc(X, Y
′). Hence,

[9, Theorem 3] yields that X⊗̂πY is almost reflexive. It is clear that every
operator defined from an almost reflexive space into `1 is strictly singular.

�

Now let us turn our attention to general class of lcs’s. Let P be a class
of Banach spaces having a certain hereditary property P . Then, s(P) [4] is
defined by the set of lcs’s E with local Banach spaces EU ∈ P for which EU is
the completion of the normed space obtained by E/p−1u (0), where U ∈ U (E)
and pu its gauge functional. For instance, by s(X), we denote the class of lcs’s
such that each of their local Banach spaces are hereditarily `1. A lcs E is
called locally Rosenthal [3], if it can be written as a projective limit of Banach
spaces each of which contains no isomorpic copy of `1. A quasinormable lcs
E admitting no isomorphic copies of `1 is locally Rosenthal. By s(V), we
denote the class of lcs’s with local Banach spaces each of which having SP. A
lcs E is called infra-Schwartz (or Komura) if each of its local Banach spaces
is reflexive. An infra-Schwartz space turns out to be locally Rosenthal, as
proved in [3]. In [7], it is shown that the relation L(Xk, Ym) = Ls(Xk, Ym) for
every k,m is sufficient for L(X, Y ) = Ls(X, Y ), where X = proj limkXk and
Y = proj limm Ym.

Let λ1(A) ∈ (d2), and λp(A) ∈ (d1) as in [8]. Then, by [30], L(λ1(A), λp(A)) =
LB(λ1(A), λp(A)). For 1 ≤ p < ∞, we know that λp(A) = proj lim `p(an).
Since `p(an), 1 < p < ∞ has no subspace isomorphic to `1, L(`1, `p) =
Ls(`

1, `p). Then, by [7, Lemma 2], L(λ1(A), λp(A)) = Ls(λ1(A), λp(A)). Rest-
ing on the same argument, to obtain several sufficient conditions for L(E,F ) =
Ls(E,F ) is possible for the class of general lcs’s.

Theorem 2. Let E,F be lcs’s. Each of the following implies LB(E,F ) =
Ls(E,F ).
1. E ∈ s(X) and F is locally Rosenthal.
2. E ∈ s(V) and F is a quasinormable Fréchet space.
3. E is infra-Schwartz and F ∈ s(V)
4. E ∈ s(P¬) and F ∈ s(P)

Proof. 1. Since F is locally Rosenthal, there exists a family of Banach spaces
{Fm} each of which does not contain an isomorphic copy of `1 such that
F = proj limFm. Because E ∈ s(X), there exists a family of Banach spaces
{Ek} such that every Mk ≤ Ek contains a subspace isomorphic to `1. By
part 6 of Theorem 1, any linear operator Tmk : Ek → Fm is strictly singular.
Making use of [7, Lemma 2], we reach the result.

2. By [19, Theorem 6], F is locally Rosenthal. Since E ∈ s(V), by part 4 of
Lemma 2, E ∈ s(X). Then, by part 1, we are done.
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3. Since E is infra-Schwartz, any of its local Banach spaces Ek is reflexive.
The assumption on F completes the conditions in part 8 of Theorem 1.
Combined with [7, Lemma 2], we are done.

4. Since E ∈ s(P¬), one may rewrite E = proj limk Ek, where each Ek has no
subspace having property P . Similarly, F = proj limm Fm where each Fm
is hereditarily P . Hence, by part 5 of Theorem 1, L(Ek, Fm) = Ls(Ek, Fm)
for every k,m. Applying [7, Lemma 2], we obtain LB(E,F ) = Ls(E,F ).

�

Theorem 3. Let (E,F,G) be a triple of Fréchet spaces satisfying the following
1. Every subspace of E contains a subspace isomorphic to G.
2. F has no subspace isomorphic to G.
Then, LB(E,F ) = Ls(E,F ). Let F have continuous norm in addition. Then,
(2) is also necessary if F is a Fréchet-Montel space.

Proof. The sufficiency part is very similar to the proof of Theorem 2 part 4.
For necessity, let E be a Fréchet space and let F be an (FM)-space admitting
a continuous norm. Let any linear operator T : E → F be strictly singular.
Then, by [29, Proposition 1], it is bounded. Now let there exist N ≤ Y which
is isomorphic to G. Then I|N : N → G is bounded, hence compact. Then N
is finite dimensional. Contradiction. �
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