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Abstract
This paper combines two parameters; monophonic number and

chromatic number of a connected graph. This combination of
parameters realizes a new parameter called monophonic chromatic
number. Its properties are characterized here. A set C ⊆ V (G) is
called chromatic set if C contains all k vertices of different colors in G.
A set C of vertices of G is monophonic chromatic set if C is both a
monophonic set and a chromatic set. The minimum cardinality among
all monophonic chromatic sets is called monophonic chromatic number
and is denoted by χm(G). This leads to the concept "chordless coloring
in graph ". Here, monophonic chromatic number of certain graphs are
identified. For two integers 2 ≤ s ≤ t there is a connected graph G
such that χ(G) = s and χm(G) = t. Also, there is a connected graph G
with m(G) = s and χ(G) = χm(G) = t .
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1 Introduction

A graph G is an ordered triplet (V (G), E(G), φG) consisting of a non empty
set V (G) of vertices, a set E(G) disjoint from vertices called edges, and an
incident function φG that associates with each edge of G an unordered pair of
vertices of G [3]. We consider only undirected connected simple graphs. For
basic graph theoretic notation and terminology refer Buckley and Harary [4 ].

A vertex coloring or a proper vertex coloring or simply coloring of a
graph G is a function c : V (G) → N satisfying
c(u) = c(v) ⇒ {u, v} /∈ φ(E(G)) for all u, v ∈ V (G); that is u and v are not
adjacent in G. For k ∈ N, a k-vertex coloring or a proper k-vertex coloring of
G is a proper vertex coloring c : V (G) → {1, 2, ..., k}. G is said to be
k-colorable if G has a proper k- vertex coloring. The least k ∈ N such that G
is k-vertex colorable is called the chromatic number of G and is denoted by
χ(G). If χ(G) = k, then G is called a k-chromatic graph [6].

A clique in a graph G is a complete subgraph of G. The order of the
largest clique in a graph G is called clique number and is denoted by ω(G). A
set S ⊆ V (G) is called independent set if no two vertices of S are adjacent.
A maximum independent set is an independent set of G with maximum
cardinality and is denoted by β(G) [5].

For vertices u and v in G, the distance d(u,v) is the length of the shortest
u− v path in G. u− v path of length d(u, v) is called u-v geodesic. Define the
chord in a path P : u1, u2, ..., un as an edge uiuj with j ≥ i + 2. A chordless
path is called monophonic path. A monophonic set of G is a set M ⊆ V (G)
such that every vertex of G is contained in a monophonic path of some pair
of vertices of M .The monophonic number of a graph G is the cardinality of
a minimum monophonic set of G. Detailed studies of monophonic numbers
are available in [1,2,7].

The number of edges incident on a vertex v is called the degree of the
vertex and is denoted by deg(v). The maximum degree of G is the maximum
degree among all the vertices of G and is denoted by ∆(G). The
neighbourhood of a vertex v is the set N(v) consisting of all vertices which
are adjacent with v. A vertex v is an extreme vertex if the subgraph induced
by its neighbourhood is complete. A vertex v in a connected graph G is a
cut − vertex of G, if G − v is disconnected. A vertex v in a connected graph
G is said to be semi- extreme vertex of G if ∆(< N(v) >) = |N(v) − 1|. A
graph G is said to be semi-extreme graph if every vertex of G is a semi
extreme vertex [8,9,10].
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2 Chromatic Set and Monophonic Chromatic
Number

Definition 2.1

Let G be a k-chromatic graph and V (G) the vertex set of G. A set C ⊆ V (G)
is called chromatic set if C contains all k vertices of different colors in G.

Remark 2.1

In view of the Definition 2.1 , chromatic number of G is the minimum
cardinality among all the chromatic sets of G. That is χ(G) = min{Ci, Ci is
a chromatic set of G}

Example 2.1

Consider the graph G given in Figure 1.

Figure 1: Graph G with chromatic number 2.

Here G is a 2-chromatic graph. The set C1 = {v1, v2} is a minimum
chromatic set. By definition, C2 = {v1, v2, v3} is also a chromatic set but not
minimum. The set of non adjacent vertices C3 = {v1, v3, v5} is not a
chromatic set. The following theorems are restated based on the definition of
chromatic set.

Theorem 2.1 [3] If every chromatic sets of a graph G contain k vertices, then
G has k vertices of degree at least k-1.

Theorem 2.2 [3,5] Every minimum chromatic set of a graph G contains at
most ∆(G) + 1 vertices.
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Theorem 2.3 (Brooks’s theorem) [5] If the graph G is neither an odd
cycle nor a complete graph, then every minimum chromatic set contains at
most ∆(G) vertices.

Theorem 2.4 [3] If G = Kt, complete graph of t vertices, then V (G) is the
unique chromatic set of G.

Theorem 2.5 [ 5] A graph G is a non empty bipartite graph if and only if
every minimum chromatic sets of G contains exactly 2 vertices.

In particular, if G = Pt, path graph of t vertices, then every minimum
chromatic set contains exactly 2 vertices.

Theorem 2.6 [ 5] If H is a subgraph of G, then every chromatic sets of H
belong to some chromatic set of G.

Theorem 2.7 [ 6] If a simple graph G has k blocks B1, B2...Bk with each block
having a minimum chromatic set C1, C2...Ck then the minimum chromatic set
of G contains max{Ci, 1 ≤ i ≤ k}, elements.

Theorem 2.8 [ 6] For a connected simple graph G of two or more vertices,
the following are equivalent:
1. Every minimum chromatic set of G contains 2 vertices.
2. G is a bipartite graph.
3. G has no cycles of odd length.

Definition 2.2

A set C ⊆ V (G) is called monophonic chromatic set if C is both a
monophonic set and a chromatic set. The minimum cardinality among all
monophonic chromatic sets is called monophonic chromatic number and is
denoted by χm(G).

Example 2.2

Consider the graph G given in Figure 2.
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Figure 2: Graph G with monophonic chromatic number 5.

Here G is a connected graph with chromatic number 4. The set C1 =
{v2, v3, v4, v6} is a minimum chromatic set. But it is not a monophonic set. The
set C2 = {v1, v3, v5} is a minimum monophonic set, but it is not a chromatic
set. Here C3 = {v1, v2, v3, v5, v6} is a minimum monophonic chromatic set.
Therefore χm(G) = 5.

Theorem 2.9 Let G be a connected graph of t ≥ 2 vertices. Then 2 ≤ χ(G) ≤
χm(G) ≤ t.

Proof: Since G is not a null graph, every chromatic set of G contains at least
two vertices. That is χ(G) ≥ 2. Every monophonic chromatic set is also a
chromatic set. Therefore χ(G) ≤ χm(G). Since G is connected, V (G) is a
monophonic chromatic set. Therefore t ≥ χm(G).

Theorem 2.10 Let G be a connected graph of t ≥ 2 vertices. Then 2 ≤
m(G) ≤ χm(G) ≤ t.

Proof: Every monophonic set contains at least two vertices. Also every
monophonic set is a monophonic chromatic set. From Theorem 2.9,
χm(G) ≤ t. Since every monophonic set of a connected graph G belongs to
some monophonic chromatic set of G, the following results are trivial.

Theorem 2.11 Each extreme vertex belongs to every monophonic chromatic
set.

Theorem 2.12 Let v be a cut-vertex of G and C a monophonic chromatic set
of G. Then every component of G-v contains an element of C.
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Remark 2.2

There are certain graphs whose monophonic numbers are less than or equal to
or greater than their chromatic number. For C5, cycle graph of five vertices,
m(C5) = 2, χ(C5) = 3. For path graph P5 , m(P5) = χ(P5) = 2. Consider the
graph G in given Figure 3. Here m(G) = 6, χ(G) = 2.

Figure 3: Graph G with m(G) = 6, χ(G) = 2.

The classification of graphs whose monophonic numbers are less than or
equal to or greater than its chromatic number is an open problem.

3 MCN of Some Standard Graphs

Theorem 3.1 Let G = Kt be the complete graph with t vertices. Then
χm(Kt) = t

Proof: Since monophonic number of every complete graph is the number
of its vertices m(Kt) = t. Again, every monophonic chromatic set is also a
monophonic set, the result follows.

Remark 3.1

If G is complete, by Theorem 2.4 its vertex set is the minimum chromatic set.
Thus for complete graph G with t vertices, m(G) = χ(G) = χm(G) = t.

Theorem 3.2 Let G = Pt, the path graph with t vertices. Then

χm(Pt) =

{
2, if t is even

3, if t is odd.
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Proof: Let P : v1, v2, ..., vt be the path graph with extreme vertices v1 and vt.
If t is even, then v1 and vt are different colors and the set C = {v1, vt} is a
minimum chromatic set by Theorem 2.5. Also C is a minimum monophonic
set since the vertices in C are extreme vertices (see Theorem 2.10). Hence C
is a monophonic chromatic set. Therefore χm(G) = 2. If t is odd, the vertices
in C are of same color. Thus C ∪ {v2} is a minimum monophonic chromatic
set. That is χm(G) = 3.

Theorem 3.3 Let G = Ks,t be the complete bipartite graph with particians s
and t. Then χm(Ks,t) = min{s, t}+ 1

Proof: Let X = {u1, u2, ...us} and Y = {v1, v2, ...vt} be the two particians of
G. Without loss of generality assume s ≤ t Then X is a minimum monophonic
set . Now chromatic number of a complete bipartite graph is 2 (see Theorem
2.8). Therefore X is not a chromatic set since the vertex ui are of same color.
Similarly each vertex vj are of same color. Add a vertex vi for 1 ≤ i ≤ t. Then
X ∪ {vi} is a monophonic chromatic set and is minimum. Hence χm(Ks,t) =
|X|+ 1 = s+ 1 = min{s, t}+ 1.

Theorem 3.4 Let G = Ct, the cycle graph of t vertices. Then

χm(Ct) =

{
2, if t is even

3, if t is odd.

Proof: Let v1, v2, ..., vt be the vertices of Ct. Case 1: t is even. Then the set
of vertices C = {v1, v t

2
+1} is a monophonic set. It is also a chromatic set [6].

Therefore χm(G) = 2.. Case 2: t is odd. Then every minimum chromatic
set contains three vertices[6]. Since every two non adjacent vertices in a cycle
form a monophonic set, these three vertices also form a monophonic set. Hence
χm(G) = 3.

Corollary 3.1

Let Wt be a wheel graph of t vertices. Then

χm(Wt) =

{
3, if t is odd

4, if t is even.

4 Realisation Results

Theorem 4.1 For 2 ≤ s ≤ t, there is a connected graph G such that χ(G) = s
and χm(G) = t.



918 M. Mohammed Abdul Khayyoom and P. Arul Paul Sudhahar

Proof: Consider a complete graph Ks of s vertices {v1, v2, ..., vs}. Add
t− s+ 1 pendant vertices with the vertex vs. This is the graph G (See Figure
4). Since each vertex v1, v2, ...vs is of degree at least s − 1, they belong to
every s-colorable set (Theorem 2.1). Again each vertex u1, u2, ..., ut−s+1 is a
pendant vertex so that they can color any of their non adjacent vertices.
Thus there are exactly s colors. Therefore χ(G) = s.

Figure 4: Graph G with χ(G) = s and χm(G) = t.

Next, each of the vertices u1, u2, ..., ut−s+1 is an extreme vertex and v1,
v2, ..., vs−1 are semi-extreme vertices which belong to every minimum
monophonic set. In fact, the set {u1, u2, ..., ut−s+1, v1, v2, ..., vs−1} is a
minimum monophonic chromatic set. Therefore
χm(G) = (t− s+ 1) + s− 1 = t.

Theorem 4.2 For 2 ≤ s ≤ t, there is a connected graph G such that m(G) = s
and χ(G) = χm(G) = t.

Proof: Consider a cycle graph Ct+1 of t + 1 vertices v1, v2, v3, ..., vt+1. Join
each vertex vi with all other vertices vj, j 6= i except two vertices, say v1 and
v3. Then {v1, v3} form a monophonic set of this graph. Add s pendant
vertices u1, u2..., us respectively at v1, v2..., vs(s ≤ t). This is the graph G( see
Figure 5). Each vertex ui is an extreme vertex and belongs to every
minimum monophonic set. In fact the set C1 = {u1, u2..., us} is a
monophonic set of G. Therefore m(G) = s.
The set C2 = {v1, v2, v4, ...., vt+1} of t vertices forms a minimum chromatic
set. Therefore χ(G) = t. Assign the color of vi+1 to ui for 1 ≤ i ≤ s ( is
possible since they are non adjacent), then the set of vertices



Monophonic chromatic parameter in a connected graph 919

C = {u1, u2, ...us, vs+2, vs+3..., vt, vt+1} is a minimum monophonic chromatic
set. Therefore χm(G) = t

Figure 5: Graph G with m(G) = s and χ(G) = χm(G) = t.

5 Conclusion
The concept , "chordless coloring" can be extended to find edge monophonic
chromatic number, upper edge monophonic chromatic number, detour
monophonic chromatic number and so on. In application, these results can
be used to Time Table Scheduling, Map coloring , GSM mobile phone
networks, channel assignment problem in radio, guarding an Art Gallery,
town planning etc.
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