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Abstract

In this paper, we deal with linear Weingarten rotational surfaces in
a conformally flat 3-space F3 satisfying κ̃1 = mκ̃2, where κ̃1 and κ̃2 are
the principal curvatures of a rotational surface in F3 and m is a non-zero
constant. We obtain a complete classification for such surfaces in F3.
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1 Introduction

Weingarten [10] was introduced Weingarten surfaces in Euclidean space in
terms of the the principal curvatures κ1 and κ2 of a surface M . A surface in
Euclidean 3-space E3 is called a Weingarten surface if there exists a non-trivial
functional relation W (κ1, κ2) = 0. If W is linear in its variables, that is, it
satisfies a relation of type

κ1 = mκ2 + n, m 6= 0,

where m and n are constant, we say that M is a linear Weingarten surface.
Although the class of linear Weingarten surfaces is huge, it consists of nice
surfaces in Euclidean space. For example, the umbilical surfaces when (m,n) =
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(1, 0), the constant mean curvature surfaces when m = −1 and the negative
Gaussian curvature surface when (m,n) = (−a2, 0). In particular, the Hopf
surface satisfies κ1 = 5κ2 [8]. The classification of Weingarten surfaces and
linear Weingarten surfaces in the general case is almost completely open today.
Several geometers are studying Weingarten surfaces and linear Weingarten
surfaces in the ambient spaces, and many interesting results can see in [2], [3],
[4], [6], [7], [9], [11], etc.

In this paper, we study rotational surfaces in a conformally flat 3-space F3

and classify linear Weingarten rotational surfaces in F3.

2 Preliminaries

Let (R3, <,>) be a 3-dimensional real vector space equipped with the Eu-
clidean metric and (R3, <,>g) a 3-dimensional Euclidean space equipped with
a metric that is conformal to the Euclidean metric. Then there exists a positive
differentiable function F : R3 → R \ {0} such that

〈ω1, ω2〉g =
1

F 2(x)
〈ω1, ω2〉, ∀ω1, ω2 ∈ TxR3, ∀x ∈ R3.

If F is bounded then the conformal metric <,>g is a complete metric and
(R3, <,>g) is a complete Riemannian manifold. Such a manifold is called a
conformally flat 3-space. On the other hand, the components of the metric
<,>g are given by

gij(x) =
1

F 2(x)
δij, ∀x ∈ R3, 1 ≤ i, j ≤ 3. (2.1)

Theorem 2.1. ([5]) Let X : U ⊂ R2 → R3 be a regular parametrizated
surface. Consider X(U) as a surface in (R3, <,>) with the Euclidean met-
ric, let N be the unit normal vector, κi the principal curvatures, H and K
the mean curvature and the Gaussian curvature, respectively. Analogously,
consider X(U) like a surface in (R3, <,>g), with a metric conformal to the
Euclidean metric, with the conformal factor F−2, let κ̃i be the principal curva-
tures, H̃ and K̃E the mean curvature and the extrinsic curvature, respectively.
Then

κ̃i = Fκi − 〈N, gradF 〉,

H̃ =
1

2
(κ̃1 + κ̃2) = FH − 〈N, gradF 〉,

K̃E = κ̃1κ̃2 = F 2K − 2HF 〈N, gradF 〉+ 〈N, gradF 〉2,

(2.2)

where F (u, v) denotes the evaluation of F at X(u, v), (u, v) ∈ U .
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Consider a conformally flat 3-space whose the metric <,>g is given by

g := (gij) =
1

F 2
δij, (2.3)

where F (x) = e−x
2
1−x2

2 , x = (x1, x2, x3) ∈ R3. Such a space is denoted by F3 in
this paper.

On the other hand, the Killing vector field V on F3 is expressed as [1]

V = c1

(
x2

∂

∂x1
− x1

∂

∂x2

)
+ c2

∂

∂x3

for some constants c1 and c2. Therefore the Lie algebra of the isometry group
is spanned by two Killing vectors x2

∂
∂x1
− x1 ∂

∂x2
and ∂

∂x3
. The corresponding

isometry group has dimension 2 consisting of the rotation around x3-axis and
the translation along x3-axis. From this, we can define rotational surface in
the conformally flat 3-space F3.

Let γ(u) = (u, 0, f(u)), u ∈ I be a curve in x1x3-plane defined on any open
interval I of positive real numbers. Then a rotational surface in F3 is given by

X(u, v) = (u cos v, u sin v, f(u)), (2.4)

where f is a smooth function defined on I.

3 Main results

In this section, we classify linear Weingarten rotational surfaces in F3 satisfying
the condition

κ̃2 = mκ̃1 (3.1)

for some constant m.
Let M be a rotational surface defined by (2.4) in the conformally flat 3-

space F3. By a straightforward computation, the principal curvatures of M
are given by

κ̃1 =
f ′(u)e−u

2

u
√

1 + f ′2(u)
(1− 2u2),

κ̃2 =
u2e−u

2

u
√

1 + f ′2(u)

(
uf ′′(u)

u2(1 + f ′2(u))
− 2f ′(u)

)
.

Thus, (3.1) can be expressed as

u3f ′′(u)− 2u4f ′(u)
(

1 + f ′
2
(u)
)

= mu2
(
1− 2u2

)
f ′(u)

(
1 + f ′

2
(u)
)
. (3.2)
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Since u > 0, (3.2) is rewritten as the form:

f ′′(u) +
(

2mu− 2u− m

u

)
f ′

3
(u) +

(
2mu− 2u− m

u

)
f ′(u) = 0. (3.3)

If f ′(u) = 0, the surface is an open part of a plane.
Suppose f ′(u) 6= 0. Put p = f ′(u), (3.3) becomes

p′ =
(

2u+
m

u
− 2mu

)
p(p2 + 1)

and its solution is

ln
p√
p2 + 1

= m lnu+ (1−m)u+ c1

for some constant c1. From this, we can find the solution of (3.3) and it is

f(u) =

∫
em lnu+(1−m)u+c1

√
1− e2(m lnu+(1−m)u+c1

du. (3.4)

Consequently, we have

Theorem 3.1. Let M be a rotational surface in the conformally flat 3-space
F3. Then, M is a Weingarten surface satisfying κ̃2 = mκ̃1 if and only if it is
an open part of a plane or parametrized by

X(u, v) =

(
u cos v, u sin v,

∫
em lnu+(1−m)u+c1

√
1− e2(m lnu+(1−m)u+c1

du

)
,

where c1 ∈ R.

Remark. If we take m = 1 and c1 = 0 in (3.4), the integration implies

f(u) = −
√

1− u2.

Thus the rotational surface is an open part of a sphere as a totally umbilical
surface satisfying κ1 = κ2 and κ̃1 = κ̃2.

If m = −1, we have the following result.

Corollary 3.2. A minimal rotational surface in the conformally flat 3-space
F3 is parametrized by

X(u, v) =

(
u cos v, u sin v,

∫
e− lnu+2u+c1

√
1− e−2 lnu+4u+c1

du

)
.



On rotational surfaces 1071

References
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[4] Ö. Boyacıoğlu Kalkan and R. López, Spacelike surfaces in Minkowski
space satisfying a linear relation between their principal curvatures, Dif-
fer. Geom. Dyn. Syst., 13 (2011), 107-116.

[5] A. V. Corro, R. Pina and M. Souza, Surfaces of rotation with constant ex-
trinsic curvature in a conformally flat 3-space, Results. Math., 60 (2011),
225-234. http://dx.doi.org/10.1007/s00025-011-0172-3
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