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Abstract

For given two graphs G1 and G2, and integer j ≥ 2, the size multipartite Ram-

sey numbers mj(G1, G2) = t is the smallest integer such that every factorization

of graph Kj×t := F1 ⊕ F2 satisfies the following condition: either F1 contains G1

as a subgraph or F2 contains G2 as a subgraph. In this paper, we determine that

mj(K1,m, Pl) for l ≥ 2 where K1,n is a star on n vertices and Pl is a path on l vertices.
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1. Introduction

Let G be a graph with vertex set V (G) and edge set E(G). The neighbor-
hood N(v) of a vertex v is the set of vertices adjacent to v in G. The number
of vertices adjacent to x is defined as d(x) = |N(x)|. The minimum degree and
maximum degree of G is denoted by δ(G) and ∆(G), respectively.

Let Kj×t be a complete multipartite graph with j partite sets whose each
has size t. For given two graphs H1 and H2, and integer j ≥ 2, the size
multipartite Ramsey numbers mj(H1, H2) = t is the smallest integer such that
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every factorization of graph Kj×t := F1 ⊕ F2 satisfies the following condition:
either F1 contains H1 as a subgraph or F2 contains H2 as a subgraph.

A star K1,n is the graph on n + 1 vertices with one vertex of degree n, called
the center, and n vertices of degree 1. A path Pl is the graph on l ≥ 2 vertices
with two vertices of degree 1, and the l − 2 vertices of degree 2.

Hatting and Henning [4] studied bipartite Ramsey theory for complete bal-
anced bipartite graphs. For j ≥ 2, Day et all. [3], and Burger and van Vuuren
[2] extend the concept of bipartite Ramsey numbers to multipartite Ramsey
numbers. Several authors have considered multipartite Ramsey numbers for
paths; see for instance ([5] – [13]). Recently, Anie Lusiani et al. [1] has ob-
tained the size multipartite Ramsey numbers mj(K1,n−1, Cl) for a combination
of stars and cycles.

2. Main results

In this paper, we establish the exact value of the size multipartite Ramsey
numbers for combination Stars K1,n on n + 1 vertices and paths Pl on l ≥ 2
vertices.

Theorem 2.1. For positive integer n, m2(K1,n, P2) = n.
Proof.
For n = 1, clearly that m2(K1,1, P2) ≥ 1. Next, let F1⊕F2 be the factorization
of K2×1 such that K2×1 6⊇ P2. Since F2

∼= K2×1 then m2(K1,1, P2) ≤ 1.
Therefore, m2(K1,1, P2) = 1.

We will show first that m2(K1,n, P2) > n−1 for n ≥ 2. Consider a factorization
K2×(n−1)

∼= G = G1 ×G2 where G1 is a K2×(n−1). Clearly that G1 6⊇ K1,n and
G2 6⊇ P2. Therefore m2(K1,n, P2) ≥ n.

To show that m2(K1,n, P2) ≤ n. Suppose F ∼= K2×n. Let F = F1 ⊕ F2 be
any factorization such that F1 6⊇ P2. Since every partite sets of F consist of n
vertices then F2 ⊇ K1,n. Therefore m2(K1,n, P2) ≤ n. � �

For any integer t, clearly K2×t contains no Km for m ≥ 3. Thus m2(G,Km) =
∞ for any graph G. Therefore m2(K1,n, Km) = ∞ for any n ≥ 2 and m ≥ 3.
The following theorem gives us the exact values of m3(K1,3, Pl) for l ≥ 2.

Theorem 2.2. For any positive integer l,

m3(K1,3, Pl) =

 2 for 1 ≤ l ≤ 3,
3 for 4 ≤ l ≤ 9,
d l
3
e for l ≥ 10.

Proof.
Case 1. For 1 ≤ l ≤ 3.
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We show first that m3(K1,3, Pl) ≥ 2. Consider the factorization K3×1 :=
G1 ⊕ G2 with G1 is a cycle C3. Clearly that, G1 6⊇ K1,3 and G2 6⊇ Pl. Thus,
m3(K1,3, Pl) ≥ 2 for all 1 ≤ l ≤ 3.

Now, we show that m3(K1,3, Pl) ≤ 2. Let K3×2 := F1⊕F2 be any factorization
of K3×2 and suppose that K1,3 is not a subgraph of F1. Then, ∆(F1) ≤ 2, so
δ(F2) ≥ 4 − 2 = 2. This implies, every vertex x ∈ V (F1) adjacent to at most
two vertices in F1. Thus, F2 ⊇ Pl. Therefore, m3(K1,3, Pl) ≤ 2 for 2 ≤ l ≤ 3.

Case 2. For 4 ≤ l ≤ 9.
For 4 ≤ l ≤ 9, we will show first that m3(K1,3, Pl) ≥ 3. Consider the factor-
ization K3×2 := G1 ⊕G2 with G1 is a cycle C6. Thus, G1 6⊇ K1,3. By Case 1,
G2 6⊇ Pl for l ≥ 4. Therefore, m3(K1,3, Pl) ≥ 3 for 4 ≤ l ≤ 9.

Next, we will show that m3(K1,3, Pl) ≤ 3 for 4 ≤ l ≤ 9. Let F1 ⊕ F2 be any
factorization of K3×3 such that F1 contains no K1,3. Then, ∆(F1) ≤ 2, so
δ(F2) ≥ 4. This implies, every vertex x ∈ V (F1) connected to at most two
vertices in F1. Thus, F2 ⊇ Pl. Therefore, m3(K1,3, Pl) ≤ 3 for 4 ≤ l ≤ 9.

Case 3. For l ≥ 10.
Let t = d l

2
e. We show that m3(K1,3, Pl) ≥ t for l ≥ 10. Consider the factor-

ization K3×(t−1) := G1⊕G2 with G1 is a cycle C3(t−1). Clearly that G1 6⊇ K1,3.

Since 3(d l
3
e − 1) < l then G2 6⊇ Pl for l ≥ 10. Thus, m3(K1,3, Pl) > t − 1.

Therefore, m3(K1,3, Pl) ≥ t for l ≥ 10.

We will show that the upper bound of m3(K1,3, Pl) is t = d l
3
e. Let F1 ⊕

F2 be any factorization of K3×t such that F1 contains no K1,3. We show
that F2 contain Pl. Let A = {a1, a2, . . . , at}, B = {b1, b2, . . . , bt}, and C =
{c1, c2, . . . , ct} be the partite sets of K3×t. Since F1 contains no K1,3, then
without loss of generality, we may assume that F1 contains a cycle C3t :=
a1b1c1a2b2c2 . . . atbtct. Thus, we have a path

Pn := a1c1b2a3c3b4a5c5b1a2c2b3 . . . at−1ct−1bt

in F2. Therefore, m3(K1,3, Pl) ≤ d s3e for l ≥ 10. � �

The following corollary is as a consequence of above theorem.

Corollary 2.3. For positive integer l ≥ 4, m3(K1,3, Cl) = d l
3
e.

Proof.
Let aPc be the final path obtained in F2 of the proof of Theorem 1. This path
consists of at least l vertices. Since ab is a edge in E(F2), then by joining the
two vertices a and b, we have a cycle Cl in F2 with at least l vertices. � �
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For j = 2 and n = 1, clearly that mj(K1,(j−1)n, P2n−1) = 1. The following the-
orem gives us the exact values of Ramsey number multipartite for combination
stars and paths with j, n ≥ 2.

Theorem 2.4. For positive integers j, n ≥ 2,

mj(K1,(j−1)n, P2n−1) =

{
3 for 2 ≤ j ≤ 3 and n = 2,
n for j ≥ 2 and n ≥ 3.

Proof.
Case 1. For 2 ≤ j ≤ 3 and n = 2.
We will show first that m2(K1,(j−1)2, P3) ≥ 3. Let G1 ⊕ G2 be a factorization
of K2×2 such that G1 is a perfect matching. Clearly that G1 6⊇ K1,(j−1)2 and
G2 6⊇ P3. Therefore, m2(K1,(j−1)2, P3) ≥ 3.

To show that m2(K1,(j−1)2, P3) ≤ 3. Consider F1 ⊕ F2 is any factorization
of Kj×3 so that F1 ⊕ P3. Since δ(F2) ≥ 2 then F2 ⊇ K1,(j−1)2. Thus,
m2(K1,(j−1)2, P3) ≤ 3.

Case 2. For j ≥ 2 and n ≥ 3.
We show first that mj(K1,(j−1)n, Pjn−1) ≥ n. Let Kj×(n−1) = G1 ⊕ G2 be any
factorization of Kj×(n−1) and suppose that K1,(j−1)n is not a subgraph of G1.
Since the number of vertices of Kj×(n−1) is j(n−1) then clearly that the longest
path in G2 has order j(n − 1). So, G2 contains no path on jn − 1 vertices.
Thus, mj(K1,(j−1)n, Pjn−1) ≥ n.

Now, we show that mj(K1,(j−1)n, P2n−1) ≤ n. Let Kj×n = F1 ⊕ F2 be any
factorization of Kj×n such that F1 contains no K1,(j−1)n. Let V1, V2, . . . , Vj be
the vertices of Kj×n. Since F1 contains no K1,(j−1)n then we may assume that,
there are two vertices x ∈ Vj−1 and y ∈ Vj such that F3

∼= (K(j−1)×n\{x})+{y}
is a multipartite complete graph on jn−n−1 vertices. Since jn−|F3| = n and
F1 6⊇ K1,(j−1)n then there are n vertices in F3. Thus, all vertices of two sets |F3|
and |F3| will form a path on 2n+ 1 vertices. Therefore mj(K1,(j−1)n, P2n−1) ≤
n. � �
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